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Abstract Using pe r tu rba t i on  theory techniques we r e l a t e  the ~ ( 1 )  sym- 
me t r l c  f ac to r i zab le  g a l i l e a n  i nva r i an t  S matr ices t o  the exact  s o l u t i o n  
o f  the nonl inear ~ c h r g d i n ~ e r  equat ion and t o  some we l l  known s o l  u t  i o n s  
o f  the Calogero system. 

1. INTRODUCTION 

Factor ized exact S matr ices form by now a  we l l  known chapter 

o f  two diniensional f i e l d  t h e ~ r ~ " ~ .  However the n o n r e l a t i v i s t i c  1 i m i t  

has not  received enough a t ten t i on ,  and our aim i s  t o  show t h a t  w e l  l 

establ ished methods o f  quantum f i e l d  theory apply as we l l  i n  t ha t  l i m i t .  

I t  has been shown' t h a t  the n o n r e l a t i v i s t i c  f ac to r i zed  S ma t r i x  i s  ob- 

ta ined r e c a l l i n g  tha t  the  r a p i d i t y  (8) i s  subst i tu tedby n o n r e l a t i v i s t i c  

v e l o c i t y ,  %-+p/rn,  and cross ing i s  no more required.  I n  t h i s  way we con- 

s t r u c t  so lu t i ons  w i t h  ~ ( 1 )  symmetry which we i d e n t i f y  by means o f  per-  

t u rba t i on  theory w i t h  the s o l u t i o n  o f  the nonl inear schr8dinger model, 

and t o  some so lu t i ons  o f  the Calogero system K. Sogo et aZ3 have  o b -  

ta ined t h i s  r e s u l t  as a  spec la l  l i m i t  o f  Z, symmetry. 

2. NONRELATIVISTIC FACTORIZED S MATRIX WITH THE U (1) SYMMETRY 

We consider a  f i e l d  + and i t s  c o ~ j u g a t e  +*, and a  ~ ( 1 )  sym- 

metry 

u( l j )$> = x B < 2 4  ( 2 . 1 )  

The S m a t r i x  i s  def ined as fo l lows.  We ca l1  

I 1 ,%,,e,> = I + ( ~ J @ ( ~ J >  (2.2a) 
-- 
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so t h a t  

IC,8,,e2'in = sij(e,-eJIi,e,,e2> (2.3) 

Using charge con jugat ion  and U ( 1 )  symmetry, we see t h a t  3 has 

We now take the f a c t o r i z a t i o n  equationsl  

The above system can be e a s i l y  d e a l t  w i t h  by the usual pro-  

cedure, the r e s u l t  f o r  the S m a t r i x  being 

s,(e) = - "" be s ~ e )  
s i n  v 

U n i t a r i t y  g ives us 
s i n 2  v 

sF(e)sp(-e) = ( 2 . 7 ~ )  
s i n 2v  - s in2b  



and 

If we make b+O and u t O ,  w i t h  A = -b/v f i xed,  we get 

s (e )  = (i +xe)sr(e) 

1 
sP(e)sr(-e) = - 

1 - h2e2 
The mlnimal so lu t i on  f o r  ~ ( 8 )  can be w r i t t e n  as 

For b/v = -A f i x e d  whi le  b+O and v+O we ob ta in  

The nonl inear schr;dinger equation (w i th  mass m = 1/21 can be 

obta ined f rom the Lagrang ian dens i t y  

o r  equ iva lent ly  w i t h  help o f  an a u x i l i a r y  f i e l d  a, 

The Euler equation glves U(X) = 6 @ ( x ) ~ .  
Using a per turbat ion  theory i n  the parameter c we can v e r i f y  

t ha t  the rnodel has no p a r t l c l e  prcducêion and l t s  f ac to r i zed  S ma t r i x  

i s  give by eqs. (2 .8)  and (2.10). (Ihe ca lcu la t l ons  a r e  a n a l o g o u s  t o  

those made f o r  the massive Thi r r i n g  model and sine-Gordon equat lon4 '5) .  

The I$ propagator I s  given by 

_I_e_ ~ @ ( k )  = <$(k)+*(-k)> = - 1 (3.3) 
k 0  - (kl)' +i€ 

whl l e  f o r  the u propagator we have 



and t he  vertex a*$' 1s 

where k = (ko,kl) i s  the  tw-dlmensional  momentum. 

There a r e  3 con t r i bu t i ons  f o r  p a r t l c l e  p a l r  production, which 

cãn be seen t o  cancel, namely those i n  f i g .  1 ,  p lus  permutations. 

Fig.1 - The con t r i bu t i ons  f o r  p a r t i c l e  p a i r  product ion.  

Thi- e x p l i c i t  S m a t r f x  i s  shown i n  f l g .  2 and i s  w r l t t e n  

F iy .  2 - Graphs o f  the @ - p a r t i c l e  S mat r i x .  

Subs t i t u t i ng  the expresçion f o r  the propagator, taken from eq. 

(3.4), eq. (3.6) can be w r i t t e n  i n  a simple form 



I f  we reca i1  t ha t  

p :  - p: = m(el-e,) = 0/2 

we ob ta in  the same form as the exact s o l u t i o n  (2.8) by choosing 

As al ready mentioned by Zamlodchikov and ~amolodchikov' ,  the 

S ma t r i x  (2.9) can be i d e n t i f i e d  w i t h  the  S ma t r i x  f o r  t h a t  o f  Calogero 

system6. I n  t ha t  case the p o t e n t i a l s  a re  given by Welerstrass 's -func- 

t i o n s 7.  Solut  ion (2.9) descr i  bes the sca t te r i ng  by a ~ g s c h l  - ~ e l  l e r  po- 

t e n t l a l  whose complete s o l u t i o n  can be found i n  r e f .  8. 
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Resumo 

Usando técnicas da t e o r i a  de perturbação, relacionamos as ma- 
t r i z e s  S com s imet r ia  U(1) com a ma t r i z  S exata do m o d e l o d e ~ c h r ~ d i n ~ e r  
não l i n e a r  e com as matr izes S de algumas soluçÕes do sistema de Calo- 
gero. 


