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Abstract I n  t h i s  note we examine some features  o f  l o n g - r a n g e  i n te rac -  
t i o n s  between e l e c t r i c a l l y  neu t ra l  systems represented by rec tanyu lar  
Wilson loops i n  t.he presence o f  a heat rese rvo l r .  The temperature inde- 
pendente o f  the i n t e r a c t i o n  i s  obtained.  

1. INTRBDUCTION 

The ana l ys l s  o f  the i n t e r a c t i o n  o f  neut ra l  co lour  s t a t e s  i n  

non-abel ian  quantum gauge theor ies  a t  zero temperature has revealed the 

existence o f  long-range forces, l i k e  van der Waals fo rces  i n  atomic and 

molecular phys ics1 '2 .  On the  o ther  hand, i t  1s well-known t h a t  the i n -  

t r oduc t i on  o f  a heat rese rvo i r  can modify the zero-temperature physical  

phenomena 3 .  

I n  t h i s  n o t e  we a n a l  y s e  t h e s e  long-range I n t e r a c t i o n s  

i n  the  slmple case o f  a quantized electromagnetic f i e l d  i n  contact  w l t h  

a heat rese rvo l r  by coniputing the i n t e r a c t i o n  of e l e c t r l c a l l y  n e u t r a l  

systems represented by rectangular  W 

Our concluslon concerns the 

long-range fo rces .  

This note 1s planned as f o l  

Ison loops. 

temperature lndependence o f  these 

ows: I n  Sect ion 2 we compute the  

d ipo le- d ipo le  Wilson loop I n t e r a c t i o n  and the s t a t i c  p o t e n t l a l  a t  zero  

temperature. I n  Section 3 we analyse the e f f e c t s  o f  a heat rese rvo i r  on 

the i n te rac t i ons .  

20 WILSON LOOP EVALUATION AT ZERO-TEMPERATURE 

We consider a neu t ra l  system simulated as an externa1 cu r ren t  

c i r c u l a t i n g  around a rec tang le  C 
( R ,  T) 

as shown i n  F ig .  1 .  

The i n t e r a c t l o n  energy between two such neu t ra l  sources separ- 

ated by a space-l i ke d i stance h i s compu ted by eval ua t i ng the vaccum 



. i g .  1 - The rec tang le  C 
(R,T) used 

t o  def ine  the W i  l son Loop. 

energy o f  the quantized electromagnet ic f i e l d  i n  the presence o f  these 

sources and then subt rac t ing  o f f  t h e i r  sel f-energies 

1 
~ ( h )  = l i m  - -1053 

T* 
2T 

where the rectangle i s  t r ans la ted  through the distance h from the 

rec tang le  C a long i t s  s p a t i a l  d i r e c t i o n .  The f a c t o r  2 I n  eq. (1) 
(R.T) 

prevents the double count ing o f  the i n t e r a c t i o n  energy. 

The quantum average < > i n  eq. ( I )  i s def  ined by the Eucl idean 

generating func t i ona l  o f  the quantized electromagnet ic f i e l d  

where O(A ) denotes an observable, and (x)] the appropr ia te l  y  normal - 
Fi Fi 

ized func t iona l  measure (<I> = 1) i nc lud ing  gauge f i x i n g  terms. We ca l1  

a t t e n t i o n  t o  the usefulness o f  the representa t ion  of neutra1 ob jec t s  by 

Wilson loops, s ince eq . ( l )  man i fes t l y  e x h i b i t s  the gauge-invariance o f  

the c a l c u l a t i o n .  

I n  order t o  evaluate eq. (1) i t i s  convenient t o  express the 

"i ison Loops by means o f  externa1 cur rents  J,(x; c  i r c u l a  t i n g  
(R Y TI  

around the contours C (i) parametrized by x ( i )  = x ( i )  ( s )  w i  t h  i = 1  , 2 6 y 7  
(R,T) ~t L' 



The: l n t e r a c t i o n  energy i n  eq. (1) can be: exac t l y  evaluated, as 

the eucl idesn func t iona l  i n teg ra i s  involved are  of the Gaussian t y p e ,  

thus g i v i n g  the fo l l ow ing  r e s u l t  

(4) 

where we have chosen the Feynman gauge and 

means the associated (Eucl idean) Feynman propagator. 

The eva luat ion  o f  eq. (4) can be accompl ished by w r i t i n g  i t  i n  

momen tum spece 

As the rectangles C are  contained i n  a  two-diinensional sub 
(R,T) 

-space o f  ttie space-time R ~ ,  we can decompose the vec tor  $ as $ = k?, 
+ - A A 

+ klel + k, where k  i s  the p ro jec t i on  o f  k over the sub-space perpen- 

d i c u l a r  t o  the sub-space {zo;$,} conta in ing  C I n  add i t i on ,  the 
(RJ) - 

space coordinate system i s  chosen so tha t  the x -ax ls  d  i r e c  t i o n  co- 

incides w i t t i  the one def ined by the spa t i a l  sides o f  . the rectangles 

Thiri coordinate choice impl ies the v a l i d i t y  of the f o l  l o w i n g  
' 

r e l a t l o n s  between the contour- func t iona ls  i n  eq.(6) 

and 

A riimple eva luat ion  of eq.' (6) provides the so lu t i ons  



and 

I n s e r t i n g  eqs. (7) and (8) i n t o  eq. (5), we o b t a i n  

lR 
8e2 ,  m d k l  -iki.h sin2(--1 ~ ( h )  = l i m  1 2  

T- - Q) 
k 

1 
(9) 

The i n t e g r a t i o n  i n  k , -var iab le  i s  e a s i l y  performed b y  u s  i n g  

the  formulas 3.824-1 and 3.826-1 f rom Ref. 8. A f t e r  t a k i n g  t h e  1 i m i  t 

T-, we ge t  

I n  o rder  t o  c a l c u l a t e  eq . ( lO)  we use t he  d imensional  r e g t i l a r i z -  
9 a t i o n  sctieme . By making use o f  the  I -e l a t i on  (3.8) f rom Ref. 9  ( a n a l y t i -  

c a l  l y  con t  inued t o  Eucl idean spãce-t ime) we can per fo rm the i n t e g r a t  i on  

i n  k - v a r i a b l e  

D  
e 2 r ( 2  -2) 

dkl ~ k ~ l ~ - ~  [e 
- i k l  @+h) i k ,  . (R-h) 

F ( h )  = - ,O-1 (D-Z)/2 r m ( m -  + e  - e  
Tl 

(1 1) 

The Fou r i e r  t rans fo rms i n  eq. ( i  1) a r e  tabu la ted1°  i n  t he  form 

F i n a l l y ,  we o b t a l n  the  express ion  f o r  t he  i n t e r a c t i o n  e n e r g y  

between Wi lson loops  a t  ze ro  temperature 



I r i  order to studyeq. (13) for the physical 1 imit D=4 we note that - 
U 

the poleof the gama-function r(2 cancels the zero of the sine 
TI 

function sin(D-4) namely 

D ~r I im r(2 - $sin(~ - 4) = -R (14)  
i P 4  

which provides the four-dimensional interaction energy as a multipole 

expans ion 

F r m  eq.(15) we readi ly observe that the dominant term in the asymp- 

totic limit h-KO comes from the classical Jipole-dipole interaction.Fur- 

thermre, the interaction is attractive since the dipolar rnoments of the 

neutra1 systems analysed are parallel. 

For completeness we have evaluated the static potential of two 

sources (see sect. VI Ref. ( 4 ) )  using Wi lson loops and the dimensional 

regularization scheme, which is 

The resul t yields the (D-i) dimensionaZ C'ouLomb Zaw 

where we have used the dimensional regularization rule which assigns 

the value zero to the tad poZe R-independent integral 

The usual Coulornb law in three dimensions is obtained bytaking 

the physical limit Ot4 in eq. (li'), resulting V(R) = - e2/4rR. 

3. WILSON LOOP EVALUATION AT NON-ZERO TEMPERATURE 

We now examlne the presence of a heat reservoir at temperature 

T = l/k# ( k g  is the BOI tzmann's constant) in the quantum gauge system. 



We f i r s t  e v a l u a t e  t h e  f r e e  energy o f  two s t a t i c  sources3 

where now t h e  r e c t a n g l e  C 
(R,@) 

has i t s  temporal s i d e s  ex tend ing  f rom O 

t o  6. The quanturn average < > i n v o l v e d  i n  eq. (19) i s  d e f  ined by the  

Euc l idean  p a r t i t i o n  f u n c t i o n a l  o f  t h e  quan t i zed  e lec t romagnet i c  f i e l d  

a t  ternperature T " 

Here v [A~(z ) ]  means t h e  normal i zed  f u n c t  i o n a l  rneasure over  a l  1  
6 thermal gauge f i e l d s  A (x)  s a t i s f y i n g  t h e  p e r i o d i c i t y  c o n d i t i o n  
Fi 

B - t  A!(~,o) = A,,(x,i3) (21 

A convenient  i n t e r p r e t a t i o n  f o r  eqs. (19) and (21) c o n s i s t s  i n  

c o n s i d e r i n g  t h a t  a t  f i n i t e  temperature t h e  space- t ime possesses t h e  t o p -  
1 D 

o l o g y  o f  a  c i l i n d e r  S x RD-' i i i s tead  o f  the  usua l  topo logy  R . 
The p e r i o d i c i t y  c o n d i t i o n s  i n  eq.(21) imply  t h a t  t h e  Wi lson loop  

con tour  i n t e g r a t  i o n  around C 
( R ,  6) 

i s  reduced t o  t h e  con tour  i n t e g r a t i o n  

a long  t h e i r  temporal s ides  o n l y ,  i . e .  

I n  order t o  e v a l u a t e  eq. (19) we express t h e  WiZson Strings 

i n  e q  . ( 2 2 )  by means of  ex te rna1  local i z e d  c u r r e n t s  

J . ( ~ , T )  = O (i = 1; ... D-1) 
'L 

and compute t h e  Gaussian f u n c t i o n a l  i n t e g r a t i o n ,  y i e l d i n g  t h e  r e s u l t  



where A ( ~ )  (&$,r- r '  ,B) denotes the thermal Eucl idean Feynman propagator 
Iiv 

i n  the Feynman gaugel , namel y 

With the o r thogona l i t y  r e l a t i o n s  

which suppress the modes w i t h  w #O n 
the form 

i n  eq.(25), we s i m p l i f y  eq.(24) t o  

dD-' Z (1 - cos R.2) 

(2T) D-' z2 
We observe i n  eq. (27) the temperature independence o f  the f ree  

energy. Now i t  i s  convenient t o  chose the kl-axis along the d i r e c t i o n  

o f  the vector  R. We thus ob ta in  the r e s u l t  

which i s  evaluated as before !see eqs. (1 1) and (12 ) ) ,  g i v i n g  

Frcm eq. (29) we no t i ce  i t s  coincidence w i t h  the e l e c t r o s t a t i c  

p o t e n t i a l  a t  zero temperature. (See eq.  (1 7 )  ) . 
F i n a l l y ,  we evaluate the f ree  energy o f  the previous W i  l son 

loops s imula t ing  neutra1 ob jec ts  i n  contact  w i t h  a heat rese rvo i r  a t  

temperature 9. 

The eval ua t  ion o f  eq.(l) i s now performed by means o f  the quantum 

average furr i ished i n  eq. (20) and i t s  resu l  t i n  coordinate space reads 



~ r i t i n g  eq. (30) i n  momentum space we ob ta in  the expressicn 

The above r e s u l t  c l e a r l y  shows t h a t  the f r e e  energy i n t e r a c t i o n  

o f  neutra1 systems represented by rectangular  Wilson loops i s  tempera- 

t u r e  Independent and tu rns  ou t  t o  be o f  the same form as the correspond- 

ing  quant i t y  i n  the zero temperature regime (sae eq. (13) ) .  

We now make some c o n c l u d i n g  r e m a r k  on t h e  r e s u l t s  i n  

eqs.(29)and (31).We understand t h a t  these r e s u l t s  imply t ha t  t o  de tec t  

the temperature e f f e c t s  I n  the  i n te rac t i ons  analysed above, one should 

consider the matter  f i e l d s  i n  the quantum system (quantum e l e c t r o d y -  

namics) s ince i n  t h i s  case the r a d i a t i v e  co r rec t i ons  induced on the N- 

p o i n t  photon propagator a re  temperature dependent, which resu l  t s  i n  a 

renormalized temperature dependent e l e c t r o n i c  charge e(R;@) i n  the i n -  

t e r a c t  ions i n  eqs. (29) and ( 3 1 ) .  

We intend i n  a forthcoming paper t o  analyse the i n t roduc t i on  O F  

the mat ter  f l e l d s  i n  the i n te rac t i ons  analysed i n  t h i s  note. 

The author i s  g r a t e f u l  t o  Profs.  C .Bo l l i n i  and J.J. Giambiagi 

f o r  usefu l  discussions. Work p a r t i a l l y  supported by CNPq ( B r a z i l i a n  

Government ~ g e n c y )  . 
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Ana1 i samos nesta nota a interação en t re  sistemas e le t r icamente  
neutros representados por Loops de Wilson retangulares na presença degm 
rese rva tó r i o  têrmlco. 




