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Abstract Cer ta in  topo log ica l  r e l a t i o n s  between instantons and magnetic 
rnonopoles a re  presented. I n  p a r t i c u l a r , i t  i s  shown t h a t  the numbers o f  
zero mode wave func t ions  w i t h  d e f i n i  t e  c h i r a l i t y  a r e  t h e  sarne f o r  a 
g iven isosp in  representat ion.  

1. INTRODUCT'ION 

I n  t h i s  paper we present c e r t a i n  r e l a t i o n s  between the vacua 

sector  o f  a non abe l ian  gauge f i e l d  theory, Yang-Mil ls theory,  and the  

magnetic moiiopole sector  o f  a theory described by an non abe l ian  gauge 

f i e l d  and a Higgs f i e l d  t ha t  presents spontaneous symrnetry b r e a k i n g .  

These r e l a t i o n s  a re  consequence o f  topo log ica l  p rope r t i es  o f  t h e  non  

abe l ian  gauge f i e l d  A,, o f  the Yang-Mil ls t h e o r y  d e f  i n e d  i n  t h e  R~ 

eucl idean space, which can be extended t o  the  magnet i c  rnonopo 1 e f i e l d  

Ai (i = 1,2 and 3 ) .  
I n  sec t ion  2, we show t h a t  the gauge i nva r i an t  monopole f i e l d ,  

which i s  denoted by I~,8>,does not  present a def  ined c h i  r a l  i t y ,  and de- 

pends o f  the parameter 8 which can vary between O and 2a. We a l so  show 

i n  t h i s  sec t ion  t h a t  the  c h i r a l i t y  non conservat ion i n  the [M,8> f i e l d  

i s  large,  i , ,e. o f  O ( ] ) .  

I n  sec t ion  3, we show t h a t  the numbers o f  fe rmion ic  zero modes 

w i t h  definecl c h i r a l i t y ,  so lu t i ons  o f  the Dirac i n  presence o f  the mon- 

opole f i e l d  w i t h  topo log ica l  charge, a re  the same f o r  a g iven i s o s p i n  

representa t i on . 

2. 1 M, 0 > STATE (Chirality Breaking) 

The! ' t  ~ o o f t - ~ o l  yakovl magnetic monopole s o l u t  ions are obtained 

by consider ing a Lagrangean w i t h  SU(2 )  gauge symmetry broken, by Higgs 
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mechanics, t o  U ( I ) ,  namely 

where we have used the standard no ta t i on .  

The magnetic monopole s o l u t i o n  of eq. (1) i s  g iven by 

c% + ( I - K ( r ) )  ~a  
Ai (x) = E 5 -- --r 

a i j  j r 22 

cR + 
Ao (x) = O  ( 2 ~ )  - 

where r = Jz2 , and d; = xi/r; H ( r )  and K ( r )  a re  func t ions  t h a t  obey the 

fo l l ow ing  boundary cond i t ions  

H ( r )  and K ( r )  decreases exponential l y  f o r  l a rge  r ,  i .e., f o r  r>>c-'/A 

and. ~ > > c - ' / ~ .  

The topo log ica l  charge q,the Chern number,of an an t i - he rm i t i an  

gauge f i e l d  conf i gu ra t i on  def  ined i n  the ~ : u c l  i d e a n  space  w i  t h  a  

p o s i t i v e  def ined me t r i c  and t = x, i s  

where 

and dual tensor 

For the conf igura t ion  (2a-c), we have Tr F F" = -2 $L$ = O Fiv Fiv 
because < = O ,  and i t s  topo log ica l  charge i s  q=O. We r e p r e s e n t  t h i s  

s ta te ,  w i t h  a  magnetic charge and zero topo log ica l  charge, by IM,o>. 

We sha l l  show tha t ,  by a  convenient gauge t r a n s f o r m a t i o n  i n  
cR A ( r ) ,  which leaves the Higgs sector  i nva r i an t ,  a  monopole-l ike s o l -  2 



ut ion ,  w i t h  f i n i t e  energy and non t r i v i a l  topo log ica l  charge, i s  ob- 

ta ined.  The new f i e l d  con f i gu ra t i on  i s  

where g(x , t )  i s  an element o f  the SU(2 )  gauge group w i c h  l e a v e s  the 
Higgs f i e l d  i nva r i an t .  

I n  t h i s  new f i e l d  the temporal gauge i s  prererved, i.e.,~;'=0. 

The above f i e l d  conf igura t lons  are  equ iva lent  t o  a gauge 

Let  us de f i ne  the ob jec t  

which character  i zes the " local  topologi  ca l  charge", o r  "wind ing  numberl\ 

o f  an S U ( ~ )  gauge group element g&. I t  i s  known2 t ha t ,  i f  g (z )  i s  2 
independent when r tends t o  i n f  i n i  te, then nb] i s  an in teger .  The 

number nCgJ l abe l s  the d i f f e r e n t  homotopy classes o f  mapping made b y  

g(2)  i n  space, w i t h  a11 i n f i n i t e  po in t s  i d e n t i f i e d .  

With eq. (6) def ined,  we can ca l cu la te  the topo log ica l  chargeof  

the gauge f i e l d  con f i gu ra t i on  Ai, eq. (5a) 

We know t h a t  

where 



Since the gauge f i e l d s  eq. (7) are  regu lar ,  we can t r a n s f o r m  

the volume in teg ra l  i n t o  t o  a  surface i n t e g r a l ,  v i a  Gauss theorem. Then 

I f  we choose the 

f i g .1 ,  we have 

surface t o  be an i n f i n i t e  h y p e r - c y l i n d e r a s i n  

m I d3z I. d6i I;) (9b! 
111 

Fig.1 - I n f i n i t e  hyper- cyl inder used 

t o  de f i ne  q i n  eq. (9b). 

For the con f i gu ra t i on  (Ta-b), we obt:ain 

-+ 
Let the gauge g (x , t )  be such 

-+ -f 

1 i rn  g ( z , t )  = g(x )  and 1 im g(x , t )  = I 
t- *-00 

I n  t h i s  case we have 

q = n [ j ( t =m) ]  = nb] 
If we choose the p a r t i c u l a r  gauge below 



which i s  such t h a t  g,(r=0)=1, and gl(*)=-I , we have f o r  an a r b i  - 
t r a r y  poçi  t i v e  parameter A ,  t h a t  

n b i ;  = 1 (11) 

and then q=:l . 
We can a l s o  w r i t e  

g,  (x )  = exp [2i~(r)5?.:/2] (1 2a) 

where 

3 
The t o t a l ,  normalized, a c t i o n  o f  our system , w i t h  mono = O 

To evaluate eq. (13), we would use the regu lar  r e p r e s e n t a  t i o n  

f o r  the magnetic monopole f i e l d ,  i . e .  K ( r )  = 8( rM-r ) ,  where r, i s  the - 1 
monopole radius,  c f  order c . I n  t h i s  paper, we use the f a c t  t ha t  the 

parameter c i n  eq. ( I )  i s  large,  and then rM i s  an i n f i ne tes ima l  quan- 
+ 

t i t y .  For an sphe r i ca l l y  syrnmetrical gauge g (x , t )  = exp(2iw(r,t);. ~ / 2 )  

we have 

(not ice  tha t  s ince W(0,t) = 0, then, g ( 0 , t )  = I), where f(t=-m)=0 and 

f(t=w)=l, t h i s  p a r t i c u l a r  gauge f i e l d  y i e l d s  q=l ,  and 

With a convenient form 

f( t)  = (1 + e  -t/q -1 

where p i s  a rnass-' scale, then 

Def in ing  a dlmensionless parameter A '  = X/p t h i s  a c t i o n  i s  a q u a n t i t y  



a r b i t r a r i l y  small f o r  small X i  (S = O(Xi)). 

i t  i s  poss ib le  t o  const ruc t  an s t a t e  (M,I>, w i  t h  m a g n e t i c  

charge, and topo log ica l  charge equal t o  one, From the s t a t e  IM,o>, v i a  
+ 

a convenient gauge t ransformat ion g(x , t ) ,  w i thout  a s i g n i f  i can t  s u p-  

presslon fac to r .  Let us remark t h a t  f o r  instantons, i .e.  i n  the vacum 

sector ,  the t r a n s i t i o n  amplitude I s  supressed by e -8'2'g2 . ~ h u s  we 

have 

IM,I> = li] IM,OÈ (15a) 

Repeated a p p l i c a t i o n  o f  gl(x), i .e. app ly ing  

(r E Z), t o  IM,O> produces a s ta te  wi t h  a topo log ica l  charge equal t o  

The gauge i nva r i an t  s ta te  w i l l  be obtained from a l i n e a r  com- 

b ina t i on  o f  lM,r> s ta tes  (see r e  

Iw, e> 

This s ta te  does not  have a d e f l n  

. (5) f o r  the instantons case), i .e. 

t e  c h i r a l  i t y .  

The above r e s u l t  suggest t ha t ,  i n  the monopole s e c t o r ,  t h e  

c h i r a l i t y  i s  no t  conserved, and the amplitude For t h i s  non conservat ion 

i s  large,  o f  order 0 (1 ) .  

Note: we can const ruc t  gauge f i e l d  conf igura t ions ,  by the same 

method used above, w l t h  a r b i t r a r y  topo log ica l  charge, semi-integer i n  

p a r t i c u l a r ,  w i thout  an i n f i n  

cond i t i on  f o r  ~ ( r , t )  i s  open 

w(Z-=m, t =m)  =71/2, 

3. ZERO MODES 

Mass 

simply by add 

i t e  ac t íon .  Th 

. For q = 1/2, 

i s  i s  because t h e  b o u n d a r y  

i t  1s on l y  n e c e s s a r y  t h a t  

less ferrnions can be >included i n  the system under study 

ing t o  eq. (1) the term 

= k(ig)+ (1 7) 



where 

and 

The gauge f i e l d  A presents, i n  t h i s  case, a  non t r i v i a l  topo- 
Fi 

l o g i c a l  charge. By the Atyah-Slnger index theorem, we can ob ta in  i n f o r -  

mation about the zero mode waves, and t h e i r  respect ive  c h i r a l i t y .  

For a  I M , +  s ta te ,  the  numbers o f  zero modes w i t h  p o s i  t i v e  

c h i r a l i t y  (i?+), and w i t h  negat ive c h i r a l i t y  (n_) s a t i s f y  the f o l l o w i n g  

r e l a t i o n  

' I  n - - n  = -  d4x T r  Fuv FUv + ( i 9a) 
1 6.rr2 

We a re  us ing  the no ta t i on  A = $p, where p i s  a  represen- 
'A 

t a t i o n  o f  the  isosp in  group. We have 

Tr Ta Tb =(L) T(T+I) (2T+1)6ab 3 

where T  1s the  t o t a l  i sosp in  o f  the fermion f i e l d .  Then 

2 
n- - n = (-) ~ ( ~ + 1 ) ( 2 ~ + l ) r  

+ 3 (19b) 

For T  = 'C /2, T  = 1/2, and n-'- n+ = r. a a 
Jackiw and ~ e b b l ~  have shown f o r  an Ins tanton (an t i - i ns tan ton )  

gauge f i e l d  conf igura t ion ,  r = l  ( r=-1) ,  t h a t  n =O (n-=O), i .e., there  i s  + 
n o z e r o m o d e f e r m i o n w a v e w i t h p o s i t i v e  (negat ive)  c h i r a l i t y .  We now 

show t h a t  t h i s  r e s u l t  i s  a l so  v a l i d  f o r  any non-abelian mnopo le  f i e l d  

w i t h  a  n o n - t r i v i a l  topo log ica l  charge. ( ~ e  cont inue t o  use theeuc l idean 

m e t r i c ) .  The Dirac equation i s  i n  t h i s  case 

O r 

where 

The fermion f i e l d  may be decomposed as 



where + r e f e r t o t h e  h e l i c i t y ,  and x i s  a  2x2 mat r i x ,  one index r e f e r i n g  

t o  sp in ,  and the o t h e r  t o  i sosp in .  The 

í ( a 4 - i A q )  iui(ai-iAi) 

n a t r i x  equa t ion  i s  

We o b t a i n  f rom eq. (21 b) two independent equat ions  

- 
[(a ,- i~,) + -iai (ai-iAi)Jx+ = O 

and 

[(a , - iA,)  - i a  z . (a  2 .-di)lX- = O 

- * 
D e f  i n i n g  the  a a t r i c e s  & and ay = , whrre = ( i u i , I ) ,  we 

'ti u 
may r e w r i t e  the above equat ion  i n  a  compâct n o t a t i o n  

; ( a  - i ~ j x  = O  
1-i 1.i 1-i + 

aU(au - aA)x- = O 

The mat r i ces  and a s a t i s f y  the  f o l l o w i n g  r e l a t i o n s  
Fi U 

- 
a, ctv = OUv + 2ia. 

civ 

4 6 = 6UV + 2iÜ 
U v 1-iv 

- 
rs = -a = 1/2 a, 

i 4  i 4  

- 
aij = 0 . .  = 1/2 EijkOk 

The artt isymrnetr ic mat r i ces ,  a (Ü ) ,  a r e  s e l f  ( a n t i - s e l f )  dua l ,  
UV ,v 

s a t i s f y  t he  O(4) a lgebra .  

where 

We r n u l t i p l y  eq. (23a) by o l v ( a v - . i ~ y )  and use (24a) t o  o b t a i n  

2 - [ ( a l - i - i ~ l . i )  + O, F,,] X+ = O (25)  

For the  gauge f i e l d  (!ia), we have 



We wi l l use the  regu lar  monopole conf igura t ion ,  ~ ( r )  = %(r
M

-r). 

For fermion energies E<*, the rnonopole core looks l l k e  p o i n t - l i k e  and  

we can make r = I / c g  + O .  Then 
M 

For t h i  s  gauge conf i gu ra t  ion  wi t h  q=l (>O) we have aratw(r,t)2o. 
+ + + +  

The operator  J=L+S+iJ the t o t a l  angular moment, commutes w i t h  

the Harniltonian def ined i n  eqs. (Zoa-c). The zero mode wave func t i on  i s  

character ized by z2=6 =O. For t h i s  zero mode we have ( z . 2 )  (?í.2) < O ,  and 
Z 

then Ü F i s  a non-neçative operator ,  which i s  zero a t  ?=O. 
P V  U'J 

( a U - ~ ~ U )  2, def i ned over R~ eucl idean space, i s a nssi t i v e  def i - 
. . 

n i t e  operator .  Then 

Consequent 1 y, by eq . 
w i t h  p o s i t i v e  c h i r a l  

have X- = 0. 

We conclude 

and a monopole f i e l d  

(25) , X, = O.  There are  no normal i zabl e zero modes 

i t y  f o r  the [M,l> s ta te .  For the IM,-I> s ta te ,  we 

+ 
t h a t  f o r  an a r b i t r a r y  representa t ion  o f  i sosp in  T, 

IM,~>,  there wi i l be 

(2) T (T+1) (2T+l) I r1 3 
zero mode wave func t ions  w i t h  d e f i n i t e  c h i r a l i t y ,  as i t  happens f o r  the 

vacuum sector 6.  
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Resumo 

São apresentadas cer tas  relações de origem topol6gicas entre os 
ins tanton e os monopolos magnéticos. Em p a r t i c u l a r ,  mostramos os núme- 
ros de funções de onda de modos zero fermfÔnico com q u i r a l  idade d e f i n i -  
da são os mesmos para uma dada representação de Isospin do campo de 
gauge. 


