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Abrtract Formulas f o r  Clebsch-Gordan Coeff i c i e n t s ,  6 - j  and 9 - j  symbol s 
o f  S U ( ~ )  a r e  presented i n  a ready-to-program way f o r  obta i n i n g  a1 gebra i c  
tables.  An excerpt  o f  the complete tab les  i s  a l so  presented. 

1. INTRODUCTION 

Formulas f o r  S U ( ~ )  Clebsch-Gordan Coe f f i c i en ts ,  6 - j  and 9 - j  

symbols can be found i n  any book on appl i c a t l o n  o f  Group Theory t o  Quan- 

tum ~ e c h a n i c s ' - ~ .  These formulas can be eas i 1 y programmed t o  p r o d u c e  

7~0nem'caZ values. Fromthemcan a lsobeobta inedformulas  w i t h  the simple 

s t ruc tu re  o f  a polynomial m u l t i p l i e d  by the  square r o o t  o f  the  r a t i o  o f  

two polynomials. We do tha t  i n  the  fo l l ow ing  sect ions.  

Algebraic formulas o f  the  W ( 2 )  q u a n t i t i e s  w i t h  the  s t r u c t u r e  

mentioned above, bestdes having an i n t e r e s t  by t h e i r  own, a re  usefu l  i n  

severa1 instances. With one s i n g l e  such a lgebra ic  formula one ob ta ins  

not  o n l y  one but  an i n f i n i t y  o f  numerical values r i g h t  away by using a 

pocket ca l cu la to r  (o r  even by hand c a l c u l a t i o n )  j u s t  by a s c r i  b i n g  nu- 

m r i c a l  values t o  the  va r i ab les .  The formulas f o r  the  analogous quan -  

t i t i e s  f o r  h igher dimensional u n i t a r y  and orthogonal groups4 have some- 

times the ~ ~ ( 2 1  q u a n t i t i e s  as interna1 blocks.  Hence, s impler  a lgebra ic  

formulas f o r  the  previous would requ i re  s impler  a lgebra ic  formulas f o r  

the l a t t e r .  These s impler  a lgebra ic  formulas f o r  h igher d i m e n s i o n a l  

u n i t a r y  and orthogonal groups are  a l s o  re levant  i n  the development o f  

the so c a l l e d  Mlcroscopic Hodel o f  the C o l l e c t i v e  Nuclear Mot ion5.  This 
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was i n  f ac t  our maln motlvat ion f o r  the present work. Even the numeri- 

cal  evaluation o f  the SU(2) quanti t t e s  w i l l  be benif  i t ed  by these sim- 

p l e r  algebraic formulas i n  the numerlcal prec is ion as wel l  i n  the com- 

put ing time. 

Another posslble appl icat ion o f  these formulas 1s the study o f  

the non- t r i v ia l  zeros o f  the Racah (6- j )  cue f f i c ien ts 6.  

The most extensive algebralc tables o f  these SU(2) quanti t i e s  

have been publlshed by D . A .  V a r c h a l o v i t c h ,  A. N .  Moskalev and 

V.K. Khersonski i'. Our tables are an independent checke and an extension 

o f  t he i r  tables. 

2. CLEBSCH-GORDAN COEFFICIENTS 

For the sU(2) Clebsch-Gordan Coeff ic ients we s t a r t  f rom wel l  
1 - 3  

known Raca h ' s  f ormu 1 a  1 

. . ) (jl+j2-j) ! ( i l - j2+j)  ! (-jl+j2+j) ! (j+m) ! (i-m) ! 

C 
jlJ2' = 6(m1+m2,m) 
m1m2m ( j l+jz+j+~ 1 ! (jl+ml) ! (jl-ml) ! (j2ii7z2) ! (jz-mz) ! 1- 

In  order t o  obtain formulas w i th  the s t ructure mentioned l n t h e  

introduct ion, l l k e  those glven i n  Condon-Shortley's tables, one must 

sac r i f i ce  the genera l i ty  o f  eq. (2.1) by assignlng numerlcal values t o  

some o f  i t s  ent r ies .  The procedure i s  bet ter  seen i f  we r e - w r i t e  eq. 

(2.1) pu t t ing  j = jl + a, j 2  = b; mz = a, thus obtaining 

1 ( 2 j 1 + 2 a + l )  (b- a)  ! (2 j l+a -b )  ! (b+a) ! ( j ~ + m + a )  ! ( j l -m+a )  

= i( l j1+b+a+l) ! ( j l+m-a) !  ( j l -m+a) !  (bis)! ( b - a ) !  

To be able t o  perform the surnmation, the terms have t o  be ex- 

pressed as r a t i o s  o f  polynomials. This i s  done by matching, f o r  each 



factorial in numerator, a factorial in denominator such that the dif- 

ference of thelr arguments be a numerical integer. From eq. (2.1) one 

sees that the only way to obtain this is by asslgning numerical values 

to a, b and a. 

By use of the following generalization of Pochhamner's symbol 

p(f;k;A) = f(f+A)(f-t2A) ...(f+ (k-l)A), for k = integer > 0, 

(2.3) 
= 1 ,  f ~ r k = O ,  

and the relatlons 

b+a = integer 2 O ; b k  = integer 2 O ; a m  = integer, (2.4) 

ensured by the branchlng rules, eq. (2.2) can be wrltten as 
1 

3, b jl+a r (b-a) ! (2j1+2a+l) - - 
m - a  a rn Lb+u) ! (b-a) ! @+a) !~(2j,+a-b+l;2b+l; 1 ) li 

where 
p = 1 , for even b 

= 2 , for odd b 



and i n  the round brackets one must take the terms t h a t  have Pus w i t h  

second argument p o s i t i v e .  

AI1 the numerical constants t h a t  appear I n  eq. (2.5) a r e  i n -  

teger,  so i t  can be evaluated e x a c t l y  us ing  Integer a r i t h m e t i c .  We have 

made a  computer program t o  evaluate eq. (2.5) as an exact  a lgeb ra i c  ex- 

pression having j and rn as f r e e  va r i ab les  and b ,  a and a  as numerical 
1 

values. This program produced a  t a b l e  o f  a lgeb ra l c  formulas f o r  b =1/2, 

1 ,  3/Z,. . . ,8 and -b ,<a, a s b .  I n  t a b l e  1 we present p a r t  o f  t h i s  tab le .  

Izhe complete t ab le ,  as we l l  those f o r  6 - j  and 9-j symbols, a re  a v a i l -  

ab le  upon request from the author J.A.c.A]. 

3. ( 6 - j )  SYMBOLS 

Taking the  f ~ r m u l a l - ~  

and  p u t t  

one o b t a i r  

a b  c _ (-)a+b+c+L,+a (-a+b+c) ! (a-b+c) ! (a+b-c) ! (-a+b+c+atB) ! 
' e ,  c+a b + ~  L (a+b+c+l) ! (a+b+c+a+B+l) ! 

(a+b-c-a+B) ! (a-b+c+a-0) ! (26-11,+0) ! (Ll+B) ! (111-8) ! (2c-El+a) ! (%]-a)  ! ( l l + a )  ! 
X 

(2b+4+0+1) ! (2c+ll,+a+l) ! I? 



Table I - Cllgebi-arc expresr, ioi is o f  Cleh%chi;oi.daii C o e f f i c i e t i t s  ohtainecl 
from Eq.(2.S). For p r i n t ~ n g  canvenience ue  put J in place o f  J and M 
in p l a c e  o f  m. 



As I n  the case o f  the Clebsch-Gordan c o e f f i c i e n t s ,  the gener- 

a l l t y  rirust be s a c r i f l c e d  I n  order  t o  have an expression w i t h  t h e  de- 

s i r e d  simple s t ruc tu re .  I n  t h i s  case the greates t  g e n e r a l i t y  i s  l i m i t e d  

t o  3 var iab les ,  We take a, b ,  c as f r e e  va r i ab les  and asc r i be  numerical 

values t o  R,, a and 6. With t h i s  choice, there  a r e  i n  eq. (3.3) f ou r  

numerlcal cons t ra in t s  on the values o f  z :  

from which i t  fo l l ows  t h a t  

= rnax(0, a-@) ; z = rnin(~~+u,R,-f3) min rnax (3.5) 

There a re  then 4 poss ib le  ranges f o r  z, according t o  the poss i - 
b i l  i t i e s :  

l ) a + B , < O  and a - 6 6 0  ; 2) a +  6 $ 0  a n d a  - 6  > O  

3 ) a + B > O  and a - B , < O  ; 4 ) a c B a O a n d a - $ > O  

(3.6) 

Taking i n t o  account eq. (3.6) one can re-express eq. (3.3) i n  

terms o f  general ized Pochhammer's symbols as 

where 



and the o~ther  parameters are  given i n  the t a b l e  2, accordlng t o  the 

four  p o s s i b i l i t i e s  o f  eq. (3.6). 

Table 2 - Parameters o f  eq. (3.7) f o r  the  fou r  p o s s i b l l i t i e s  given i n  

eq. (3.6). 

For tabu la t l on  purposes l t  I s  enough t o  consider one o f  the  

4 cases o f  eq. (3.6), s ince the o ther  cases can be obtained by u s i n g  

the symmetries o f  the  6 - j  symbol S.  For general use however i t i s  be t te r  

t o  rnake a s tng le  prograrn tha t  includes a l l  the cases. 

We have made a l so  a computer program t o  evaluate eq.(3.7) as 

an exact a lgebra lc  expression having a,. b , c as f r e e  var lab les  and R,, 

a and 8 as numerical values. Thls program produced a t a b l e o f a l g e b r a i c  

expressions f o r  !L1= 1/2, 1, 3/2,. . . ,8 and a l  l a1 lowed values o f  a and 

f? such t h a t  a + f3 4 O and a - 8 ,< O (case 1 o f  eq. (3.6)). I n  t a b l e  3 

we reproduce p a r t  o f  t h i s  tab le .  

4. (9:j )  SYMBOLS 

1- 3  
We s t a r t  agaln from a wel l  known formula 

Taking R,, R,, !L3 as numerical constants, the branching ru les  

requ i re  t h a t  k l ,  k,, k, have the form 



Table  111-Algebra ic  e x p r e s s i o n s  u f  ( 6 - J )  5ym~~o:L.~ ubta ined  f rm  Eq.(S.8) 
The q u a n t i t y  X i 5  d e f i n e d  a s  - a ( a + l ) + b ( b + l ) + c ( c + l ) .  For p r i n t i n g  conve-  
n i e n c e  w e  p u t  c a p i t a l  l e t t e r s  A.13.c i n  p l a c e  o f  l o u  rase l e t t e r s  a . b . c  
and P ( f ; k )  i n  p l a c e  o f  F ' ( f ; k ; l ) .  



Therefore eq. (4.1) can be re-wri  t t e n  as 

where X = R,-R1 and 6 runs through -11, É 6 R, sub jec t  to-Ri-<(@-6).dl. 

The entanglement o f  the  ( 6 - j )  syrnbols i n  eq. (4.4) and  t h e  

need o f  hsving R1,a and B i n  eq. (3.7) as numerical values prevent us 

o f  ob ta in ing  general tab les  o f  ( 9 - j )  symbols i n  more than 3 f r e e  v a r i -  

abl  es. 

We have made a computer program t o  evaluate eq. ( 4 . 4 )  a s  a n  

exact  a lgeb ra i c  expression using a subrout ine t o  evaluate t h e  ( 6 - j )  

symbols. Thts program produced a t a b l e  of a lgeb ra i c  expressions f o r  the  

(9-j) syrnbols,eq. (4.4),wi t h  R1<R2<R3s3, f o r  RI= 1/2,1,3/2,2,5/2,3 and 

a11 p o r s s i b i l l t i e s  f o r  a,  6 and Y. Using the symmetries o f  the  ( 9 - j )  

syrnbols, e11 the  case w i t h  Ri,< 3 a re  covered by t h i s  tab le .  I n  t a b l e  

4 we present some i tems o f  the complete t ab le .  

I n  desp i te  o f  the apparent s i m p l i c i t y  of eq. (4.4), the  coding 

o f  a program t o  evaluate i t  as an exact  a lgeb ra i c  expression r e a c h e s  

p r a c t i c a l l y  the greates t  degree o f  cornplexity i n  group t h e o r e t i c a l  a1 - 
gebraic ca l cu la t i ons .  

One o f  us (V.Vanagas) wishes t o  thank the  B r a z i  1 i a n  a g e n c y  

FAPESP f o r  the f i n a n t i a l  support o f  a six-month s tay  i n  the  I n s t i t u t o  de 

F ís i ca  Te8rlca, when t h i s  work was i n i t i a t e d .  



Tahle I V  - A l y e b r a ~ c  r x p r e s s i o n s  o f  (9- J)  ç g n ~ h o l s  o b t a i n e d  f ~ ~ u n i  Eq . (4 . i ) )  
The q u a n t i t y  Z 1s d e f i n e d  a s  a ( a + l ) + h ( b + I ) - c ( c + l ) .  For p r i n t i n g  conve- 
n i e n c e  we prit c a p i t a l  l e t t e i - s  FI,E:.C xn place o f  l o u  c a s e  l e t t e r s  a.h~c 
and Y ( f ; L )  in place o f  P ( f : k ; l ) .  

2 2 3 2 2 
( ( Z O B  C-lOkE:C+8DE:C-1OA C-3lAC+70C-208 +14AE: -9263 i 

P(2C-1;7) 
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Resumo 

Apresentam-se fórmulas para Coef ic ientes de Clebsch - Gordan,  
símbolos 6 - j  e símbolos 9 - j  apropriadas para construção de tabelas a l -  
gébricas v i a  computador. Um resumo das tabelas completas obt idas des- 
sas fórmulas é também apresentado. 


