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&stract Semiclassical m a t r i x  elements o f  an observab le ,w i th respect  t o  
the eigenstates o f  a c l a s s i c a l l y  i n teg rab le  Hamiltonian, a r e  d e r i v e d  
us ing  the  Wigner-Weyl representat ion i n  o rd ina ry  phase space and i n  ac- 
t ion- ang le  var iab les .  For p rope r t i es  i nvo l v ing  the  e n t i r e  ma t r i x ,  such 
as the  eigenvalues, there  i s  u s u a l l y  l i t t l e  d i f f e rence  between both re-  
su l  ts ,  wli ich a re  s impler  t o  c a l c u l a t e  i n  the act íon-angle formal i sm.  The 
r e l a t i v e  d i f f e rence  f o r  s i ng le  m a t r i x  elernents can be i m p o r t a n t .  The 
theory r e l i e s  on semiclassical  approximations o f  the  Moyal m a t r i x  o r  
crsss-Wigner func t ion ,  which general izes previous work on the  p u r e s t a t e  
Wigner func t ion ,  together w i t h  i t s  i n t e r p r e t a t  i o n  i n  t e r m s  o f  t h e  
geometry o f  the i nva r i an t  t o r i  o f  in tegrab le  systems. The semiclassical  
equivalence between the Weyl t ransform o f  an operator  and t h e  cor re-  
sponding c l a s s i c a l  f unc t i on  i s  a l s o  discussed. 

1. INTRODUCTION 

The attempt t o  understand the quantum mechanicsofsystemswhose 

c l a s s i c a l  motion i s  unintegrable,  i . e . w i t h  fewer constants o f t h e  motion 

than degrees o f  freedom, has hecessari 1 y increased t h e  i n t e r e s t  o f  

a i  t e rna t  i ve  approaches t o  semiclass i c a l  (SC) mechanics. O f  these one o f  

the most promising uses the Wigner-Weyl fo rmula t ion  o f  quan tum meth- 

anics,  s ince the  rnain mathematical r e s u l t s  on un in tegrab le  systems are  

der ived i n  a phase space ra the r  than a coordinate space formalism. I n -  

i t i a l  work on the Wigner f unc t i on  of i n tegrab le  ~ ~ s t e m s ' ~ ~ ' ~ ' ~  uncovered 

a remarkable geometrical r e l a t i o n  between the SC Wigner f unc t i on  andthe 

c l a s s i c a l  i n v a r i a n t  mani fo ld  (a torus) t o  which i t  c01 1 a p s e s  i n t h e  

c l a s s i c a l  l i m i t  where Planck's constant A -+ 3 Unfor tunate ly  the SC 

Wigner f unc t i on  f o r  un in tegrab le  systems has proved as e l u s i v e  as o the r  

rep resen ta t i onso f the  S C  s ta te ,  bu t  the Wigner-Weyl fo rmula t ion  may be 

used i n  o ther  ways. 

Work p a r t i a 1  l y  supported by FAPESP, CNPq and F I N E P  ( B r a z i  l i a n  

Government  Agencies). 



'i'he ob jec t  o f  t h i s  paper i s  t o  de r i ve  the SC f o r m o f t h e  m a t r i x  

elements o f  any observable w i t h  a c l a s s i c a l  l i m i t ,  w i t h  respect t o  the 

eigenstates o f  an in tegrab le  system. I n  the p a r t i c u l a r  case where the 

observable i s  an un in tegrab le  Hamiltonian, i t s  SC m a t r i x  w i l l  be nea r l y  

diagonal i f  the bas is  used f o r  the expansion a re  the eigenstates o f  a 

good i n teg rab le  approximation o f  the Hamiltonian. The spectrum o f a n u n -  

i n teg rab le  system thus becomes access ib le  by merely d iagona l i z i ng  theSC 

Hamiltonian. Of  course the m a t r i x  elements have o ther  uses, such as c a l -  

c u l a t i n g  t r a n s i  t i o n  ra tes ,  etc. .  . 
A 

The form o f  Weyl transform o f  an operator  1 ( func t i on  o f  cf and 

5, the fundamental coordinate operators o f  a Hami 1 ton ian  system wi t h  N 

degrees o f  freedom) whlch I sha l l  use i s  

A(&$) = /d?$ <;+3/2[1(&3/2> e 
-i;. $/fi 

(1.1) 

-f -f -+ -+ 
I t i s  no t  general l y  t r u e  t h a t  A(q,p) = Ac(q,p), the c l a s s i c a l  observable, 

if A doesri ' t depend expl  i c i  t l  y on h 5. However, i t wi 1 1 be shown i n  sec- 

t i o n  2 t h a t  t h i s  e q u a l i t y  does hold semiclassical- ly .  

The m a t r i x  representa t ion  o f  Ã i n  terms o f  a complete bas is  o f  
-+ 

s ta tes  Irnz i s  then 

where I de f i ne  the MoyaZ ~ a t r i x ~ ,  o r  the cross  Wigner function 

l'he Moyal m a t r i x  elements a re  simply the Weyl t ransform o f  the 

operators ( 2 1 ~ h ) - ~  I & & ( .  A1 together they form a complete o r  t h o g o n a  1 

basis i n  the set  o f  Wigner functions corresponding t o  pure a r b  i t r a r y  

s ta tes  I + > :  



The expansion 

i n  eq.(1.4) leads t o  

The ina t r ix  elements s a t i s f y  the r e l a t i o n s 6  

and 

as we l l  as the se l f - o r thogona l i t y  r e l a t i o n s  

-i + r 4 ai; <GIZ> c>q,,> = <$i%> = 6 Z 
and 

The Ployal Ma t r i x  i s  obv ious ly  Hermit ian, 

-i 
even though the operators ~ m > < z l  a re  no t .  

From the form o f  eq.(1.2) i t  i s  ev ident  t h a t  the f i r s t  s tep i n  

the S C  theory o f  m a t r i x  representã t ion  o f  observables i s  the genera l iz-  

a t i o n  o f  the SC theory o f  pure s t a t e  Wigner f ~ n c t i o n s ' * ~ ' ~  t o  Moya l  

M a t r i x  elements. Th is  i s  presented i n  sec t ion  3.  F i n a l l y  i n  sec t ion  4 

the theory i s  reworked i n  ac t ion-ang le  var iab les .  Thecomparisonof these 

wi t h  the resu l  t s  der ived i n  the  untransformed phase space revea ' l  s  t h a t  

the s i m p l i c i t y  o f  the  act íon-angle formalism may i n  some cases e n t a i l  a 

s i g n i f i c a n t  loss  o f  accuracy o f  the m a t r i x  elements. 

2. THE SEMICLASSICAL WEYL TRANSFORM 

I n  the  simple case t h a t  2 depends o n l y  on q,  i t  fo l l ows  f r o m  
-f 

the  d e f i n i t i o n  (1.1) t h a t  A(;,;) = A ( $ )  = ~ ~ ( 4 ) .  The a l t e r n a t i v e  formof 



(1.1) us ing  the momentum representat  ion, 

A(;,;) = f d; <;+$/2 lftlP-3/2> e -&.$/E (2.1) 

leads t o  i3 s i m i l a r  i d e n t i t y  between the  Weyl t ransform and the  c l a s s i c a l  

l i m i t  o f  i iny f unc t i on  o f  8. The l i n e a r i t y  o f  the  Weyl t r _ a n s f o r m  t h u s  

impl les  t h a t  Hamiltonians w i t h  the  standard form 8 + V(;) have as Weyl 

transforms 2 + V(;). 
I n  general, however, the Weyl correspondence may n o  t a 1 wa y s 

+ 
hold.  Indeed, the  best  way t o  quant ize a conipl icated func t i on  o f  p and 
-P 5 
q i s  no t  always c lea r  . I s h a l l  now shaw t h a t  these problems a r e  semi- 

+ + 
c l a s s i c a l l y  n e g l i g i b l e  by expanding A(q,p) as a superpos i t ion  o f  Wigner 

func t ions .  I n  t h i s  way I s a t i s f y  a secondary o b j e c t i v e  o f  in t roduc ing 

the s implss t  instance o f  the Moyal m a t r i x  elements t o  be discussed i n  

the  next  çect ion.  Only a s i n g l e  degree o f  freedom w i l l  be considered. 

I h e  expansion o f  the  observable 1 i n  the bas is  o f  i t s  own 

e igenfunct ions  

K = 1 lrn> ~ ~ < r n i  (2.2) 
rn 

has the Weyl t ransform 

Semic lass ica l ly  the s t a t e  m corresponds t o  the leve1 curve 

whose 

quan t 

area i s  2~ 

i z a t l o n  cond 

Ac(q,p) = Am 

Im, where Im i s  the c lass  

i t l o n  

i c a l  a c t  

(2.4) 

ion  selected by the 

Here a i s  the  M ~ S Z O V  index, which f o r  the eigenstates o f  n o n - l  i n e a r  

o s c i l l a t o r s  equals 2. I n  the case o f  more than one degree o f  freedom, 

the e igensta te  o f  a complete se t  o f  commuting observables c o r r e s p o n d s  

t o  a phase space N- torus. The quan t i za t i on  condi t ion  (2.4) then appl i e s  

t o  each orie o f  i t s  N i r r e d u c i b l e  c i r c u i t s ,  d e f i n i n g  the se t  o f  bas is  

t o r l  . 
I t was proved by ~ e r r ~ l  t h a t  i n  the  c l a s s i c a l  1 i m i t  thewigner 



f u n c t i o n  co l lapses onto  the to rus  o r ,  i n  our  case, the leve1 curve: 

I n  t h i s  l i m i t  the spacing o f  the eigen-act ions (2.5) tends t o  zero, so 

t h a t  we may approximate the sum by an i n t e g r a l .  Thus, i n t e r p o l a t i n g  the  

Am using eq. (2.41, we ob ta in  

The c l a s s i c a l  l i m i t  (2.6) o f  the Wigner f unc t i on  does no t  ho ld  

asymptot ical  1 y  f o r  smal 1 non-zero E .  The un i  form SC approximat ion, va l  i d  

i ns ide  andouts ide  the to rus ,  der ived by ~ e r r ~ '  i s  

where Ai i s  the  A i r y  f unc t i on 7.  I f  the p o i n t  (q,p) i s  i ns ide  the torus,  

the area bounded on one s ide  by the to rus  and on the o ther  by the to rus  

chord, which has ( 4 , ~ )  as i t s  mid-point ,  i s  a(q,p). A usefu l  way t o  

const ruc t  t h i s  Berry chord2 i s  t o  r e f l e c t  the to rus  through the p o i n t  

(q,p). The area sandwi tched between the to rus  and the r e f  l ec ted  ' a n t i -  

t o r u s '  i s  2 ~ ( 9 , p ) .  Th is  i s  shown i n  F ig .  1. The chord t i p s  have coo rd i -  

nates (q  .,p .) and the func t i ons  I. are  def  ined by 
3 3 3 

I n  the denominator o f  eq.(2.8) there  appear-s the Poisson Bracket 

w i t h  the de r i va t i ves  evaluated a t  the o r i g i n .  

For po in t s  ( q , p )  ou ts ide  the to rus ,  the  chords and the  areas 

u(q,p) a re  complex, so tha t  the  A i r y  f u n c t i o n  i s  exponen t i a l l y  decaying. 

Inside, where the argument of Ai i s  much greater  than one, we can use 

the ãsymptotic form7 o f  Ai t o  ob ta in  



F i g . 1  - The a n t i t o r u s  'c-' i s  

obtained by r e f l e c t i n g  the  

to rus  T through the evalu-  

a t  ion p o i n t  ( q , p )  . The i n t e r -  

sect  ion o f  T and T-' de te r-  

mines the  t i p s  o f  the  Berry 

chord. The area a(q,p) has 

been shaded i n .  

Thus, as discussed i n  ref .2, the c l a s s i c a l  l i m i t  eq.(2.6) i s  no t  a r e s u l t  

o f  the amplitude i ns ide  the to rus  going t o  zero, bu t  o f  t h e o s c i i l a t i o n s  

o f  the Wigner f unc t i on  becoming i n f i n i t e l y  f a s t .  As (q,p) a p p r o a c h e s  

the to rus  {1~,1,) -+ O and a -+ O. The indeterminacy i n  eq. (2.8) i s  re -  

solved i n  the t r a n s i t i o n a l  approximation o f  the  Wigner f unc t i on  

where 

measures i3 k ind  o f  ' cu rva tu re '  o f  the torus,  as d iscussed in  re f .3 . ln  the 

l i m i  t ti + O eq. (2.12) reduces t o  the 6- func t ion  (2.5). 

The quest ion i s  now whether the o s c i l l a t i o n s  o f  the SC Wigner 

f unc t i on  break the e q u a l i t y  between the Weyl t ransform and the c l a s s i -  

ca l  observable. To answer t h i s  quest ion we must improve on the crude 

procedure., o f  approximating a d i s c r e t e  sum by an i n teg ra l ,  through the 

use o f  thí: exact  Poisson summation formula8 



m 

1 f, = 6 dm f (m) e x p ( 2 n i j r n )  ( 2 . 1 4 )  
m=-m j=-cc 

The terms w i t h  j#O supply o s c i l l a t o r y  co r rec t i ons  t o  the  s t a n d a r d  ap- 

proximat ion.  Appl ied t o  eq.(2.3) the Weyl representa t ion  o f  A becomes 

where <111>(q,p) stands f o r  the  Wigner funct  i on  correspond i ng  t o  the  

(not  necessar i 1 y quant ized) t o rus  wi 

( 2 . 1 1 )  i n s i d e  the to rus  f o r  each 

SC c o n t r i b u t i o n  t o  A(q,p) by evaluat  

o f  s ta t i ona ry  phase. Since Ac( I )  i s  

j ' t h  i n teg ra l  i s  j u s t  

t h  a c t i o n  I. Using theapproximat ion 

i n t e g r a l ,  we ob ta in  any o s c i l l a t o r y  

ing  the integrais through themethod 

non- osc i l la to ry ,  the  phase o f  the  

Note t h a t  now i t  i s  the cent re  o f  the chord (q,p) which i s  held f i xed,  

whereas the  to rus  I i s  va r i ab ie .  The s t a t i o n a r y  phase cond i t i on  i s  

But, s ince (2a I) i s  the  area o f  the whole torus,  the  chord a r e a  c a n  

grow w i t h  I o n l y  as a f r a c t i o n ,  no t  as a m u l t i p l e  o f  271 I. The o n l y  

s ta t i ona ry  p o i n t  i s  thus f o r  

So the approximation o f  the  sum i n  eq.(2.3) by an i n t e g r a l  i s  j u s t i f i e d  

a f t e r a l l .  Moreover the  dorninant s ta t i ona ry  a c t i o n  i s  t h a t  of the to rus  

passing exac t l y  through (q,p) - the  one w i t h  oI(q,p) = O .  Thus, instead 

o f  eq.(2.11), we must use the  t r a n s i t i o n a l  a p p r o x i m a t i o n  (2.12) i n  

(2.15). Replacing the A i r y  f unc t i on  by i t s  i n t e g r a l  representa t ion  

we get  

68 



The on ly  s ta t i ona ry  po in t  i s  a t  

t = o  , I*I(~,P) 

and the Hessian ma t r i x  o f  the phase a t  t h i s  p o i n t  has zero s ignatureand 

determinarit (2(2~'6'1)'/~)', so t h a t  the method o f  s t a t i o n a r y  phase  

gives again 

~ ( q , p )  = Ac(q,p) (2.22) 

7'he SC o s c i l l a t i o n s  o f  the  Wigner func t i on  do no t  a f f e c ~  the  

Weyl correspondente f o r  systems w i t h  one degree o f  freedom. For two 

degrees o f  freedom the t r a n s i t i o n a l  approximation o f  to rus  Wigner func- 

t i ons  reduces t o  a product o f  one dimensional Wigner funct ions,  f o r  the 

simple c lass  o f  t o r i  discussed in r e f  . 3  .This permi t s  t he  general i z a t  ion of  

the foregoing deduction w i t h  the same simple r e s u l t .  

3. THE SEMICLASSICAL MOYAL MATRIX 

7'0 de r i ve  the SC l i m i t  o f  the Moyal ma t r i x  elements, one uses 

the SC form o f  the wavefunction 

+ + 1 1 = - det -& (q,?;) 
JTn i a q a I  

where 

i s  the cZassicaZ a c t i o n  along the j ' t h  sheet o f  the c lass i ca l  t o r u s ,  
-+ 

labeled by the  independent ac t i on  var iab les  I, each o f  them quantized 

accord ing t o  eq. (2.5). The index a changes by two i n  pass ing f rom sheet 
j 

t o s h e e t .  F o r a f u l l  i r r e d u c i b l e c i r c u i t o n  t h e t o r u s C a  = a, the 
3' 



Maslov index. (A more d e t a i l e d  expos i t i on  o f  the SC wave f u n c t  i o n  i s  

g iven i n  ref .2.)  I nse r t i ng  eq.(3.1) i n t o  eq.(1 .3) we get  the i n teg ra l  

representa t ion  o f  the SC Moyal ma t r i x :  

T h i s  i n teg ra l  w i l l  be dominated by i t s  s ta t i ona ry  po in t s  even i f  these 

are  too c lose together f o r  the simple s ta t i ona ry  phase me thod  t o  be 

app l ied  d i r e c t l y .  A l i n e a r  canonical (metaplect ic)  t ransformat ion among 

the phase space coordinates w i l l  u s u a l l y  b r i n g  a11 t h e s t a t i o n a r y  po in t s  

onto a s i n g l e  p a i r  o f  sheets j,jl, so t h a t  henceforth, s ince the meta- 

p l e c t i c  invar iance o f  the  Wigner f unc t i on  proved i n r e f . 2  can beextended 

t o  the Moyal rnatr ix , these ind ices  and the surn sha l l  be omrnitted. 

The modulus o f  the Moyal m a t r i x  elements i s  un ique ly  d e t e r -  

mined, but, u n l i k e  the Wigner func t ion ,  the phase i s  p a r t l y  a r b i t r a r y .  

This a r b i t r a r i n e s s  does not  a f f e c t  i n teg ra l5  over phase space, so we 

separate i t  out  by d e f i n i n g  

The Hoyal m a t r i x  then takes the form 

where I have used the equal i t y  



The two phases i n  eq. (3.5)' have geometrical i n te rp re ta t i ons .  O u t s  i d e  

the i n teg ra l  appears the a c t i o n  sandwitched by the mf'th and the  f ' t h  
-+ + 

t o r i  between the po in t s  w i t h  coordinates q 0  and q. For one d e g r e e  o f  

freedom t h i s  i s  j u s t  the  shaded area between the two leve1 curves shown 

i n  F ig .  2. To understand the phase i ns ide  the i n t e g r a l  i t  i s  best  t o  
use the ' a n t i - t o r u s '  cons t ruc t i on  introduced i n  the previous s e c t i o n .  

This cons is ts  i n  i n t e r p r e t i n g  

Fig.2 - The f i g u r e  shows po r t i ons  

of two t o r i  T and L, charac ter -  k 
ized by ac t i ons  Ik  and Im and the - 
ant  i to rus  -ck obta ined by r e f  l e c t  i ng  

T~ through the eva luat ion  p o i n t .  

The sum o f  rhe cross-hatched and 

the black areas i s  p ropor t iona l  t o  

the phase o f  the integrand i n  eq. l i l i  - (3 .5 ) ,  whereas the sum o f  t h e  

I simply hatched and the  black areas 

90 (I2 q ql q 
i s  p ropor t iona l  t o  t h e  phase  

outs ide  the i n teg ra l  

-+ + 
as the a c t i o n  from the p o i n t  w i t h  coordinate q  a long the to rus  I = li, 

-+ + + -+ 
obtained by r e f l e c t i n g  the  to rus  I = Iz through the p o i n t  (q,p), i .e. 

we take 

-f--+ -+ + -+ -+ 
I z ( q l  $ 1 )  = 1~(-gl+2~,-~'+2;) (3.8) 

The phase o f  the integrand i s  thus the a c t i o n  between the to rus  ~ 2 ,  the  
-+ + 

a n t i t o r u s  T a n d  the po in t s  w i t h  coordinate q and q  + 3/2, as shown for  
one degree o f  freedom i n  Fig.2. I n  t h i s  case there  a re  two s ta t i ona ry  

po in ts ,  where the t o r i  i n te rsec t ,  as w i t h  the Wigner func t ion ,  bu t  the 

s ta t i ona ry  po in t s  ql and q, a r i s e  f o r  d i f f e r e n t  moduli o f  Q and the 

s ta t i ona ry  phases a l s o  have i n  general d i f f e r e n t  moduli .  The d i f f e r e n c e  

between the s ta t i ona ry  phases 4 .  o f  the Moyal ma t r i x  i s  i nva r i an t  under 
3 



metap lec t ic  t ransformat ions as long as the i n i t i a l  po in t s  on the two 

t o r i ,  from which the ac t i ons  a re  evaluated, are kept  f i xed.  Th is  i s  

exempl i f ied  f o r  a system w i t h  one degree o f  freedom i n  Fig.  3. 

Fig.3 - The two  t e r m s  

o f  t h e  Moya l  m a t r i x  

element <klm> ( q , p )  have 

p h a s e s '  which d i f f e r  by 

the cross hatched area 

i n  both the @,q) and the 

(p',q') frames. 

+ -f 
For po ln t s  (qpp)  such t h a t  the a n t i  t o rus  Tz i n t e r s e c t s  t h e  

to rus  T+, the s ta t i ona ry  phase eva luat ion  o f  eq. (3.5) f o l  lows t h a t  o f  

the Wigner func t ion  i n  re f . 2  w i t h  the r e s u l t  

where the m a t r i x  o f  Poisson Brackets 

N r ar, a i  a, 
G ; , ~ I  = 1 a ---4 

n= 1 Ln 3% 3% aqn 

are  evaluated a t  the s t a t  ionary (q ?+)I. For one degree o f  f reedom 
+ jy 7 '  m 

and 7: = m  eq.(3.9) reduces t o  the SC Wigner f unc t i on  (2.11). 

As the  evaZuatíon point (q,p) i s  taken ou t  o f  the inner to rus  

(Ik i n  Fig.2), f o r  a s i n g l e  degree o f  freedom, the s ta t i ona ry  phases o f  

the integrand i n  eq.(3.5) become smaller arid, i n  the l i m i t  w h e r e  t h e  

to rus  and a n t i t o r u s  meet non- transversely,  the  s i n g l e  Poisson b r a c k e t  

i n  eq. (3.10) goes t o  zero. It i s  easy t o  see t h a t  the locus o f  these 

'catastrophes ', where s ta t i ona ry  po in t s  coalesce, i s  a c l o s e d  c u r v e  

i n te rpo la ted  between the tw t o r i .  l f  m = k t h i s  Wígner caustic, d i s -  



cussedin re fs . l ,2  coincides w i t h t h e  to rus  i t s e l f . T h e r e  i s  another Wigner 

caus t i c  corresponding t o  the locus o f  eva luat ion  po in t s  f o r  which the  

a n t i t o r u s  o f  Tk touches Tm from the i ns ide  instead o f  the outs ide ,  re-  

f e r r e d  t o  ais t h e L c u r v e  i n r e f . 1 ,  where i t  i s  shown t h a t i t  conta ins  cusps 

(F ig .  4 ) .  The s i  t u a t  ion fo r  two degrees o f  f reedom anal ysed i n  ref.2 i s  much 

more complicated, s ince the Wigner caus t i c  i s  then a connected t h r e e -  

dimensional surface which envelops the two-dimensional t o r u s  where  i t  

becomes s ingu la r .  

The un i fo rm approxima 

ments, v a l i d  through the caust 

because o f  the  lower symmetry 

Fig.4 - For the case o f  one degree o f  

freedom t h e  Moya l  m a t r i x  e l e m e n t  

<klm>(q,p) has two W i  g n e r  caust ics :  

The r e f l e c t i o n  o f  the to rus  Tk w i t h  

respect t o  any p o i n t  o f  the  i n t e r p -  

o la ted  to rus  ; (the  dot ted  1 ine)  wi 1 1  

be tangent t o  from the o u t s i d e ,  

whereas r e f l e c t i o n  o f  T~ w i t h  respect  

t o  a p o i n t  on L leads t o  t a n g e n c y  

from the i ns ide  o f  L. 

t i o n  o f  the non-diagonal Moyal m a t r i x  e l -  

i c ,  i s  more complicated than eq .  ( 2 . 8 ) ,  

i n  t h e i r  geornetrical const ruc t ions .  For 

our purpose, which involves i n t e g r a t i o n  over phase space ,  i t i s  s u f  - 
f i c i e n t  t o  de r i ve  the c l a s s i c a l  de l t a- func t i on  type o f  a p p r o x i m a t  i o n  

1 i k e  eq. (2.6) .  To do t h i s  f o r  the case o f  one degree o f  f reedom we must 

expand the a c t i o n  func t ions  S(~',I~) and S(ql,Ik) near the  po in t s  q+Q/2, 

f o r  which 

T h i s cond 

k 
a q r  

i t i o n ,  t h a t  a pa i r  o f  po in t s  on the two t o r i  have p a r a l l e l  

tangents, Yocates t h e i r  midpoint  on the  Wigner caus t i c  as can be seen 

i n  Fig.  5. Se t t i ng  Q =  Q, i n  the amplitude o f  the integrand o f  eq. (3.5), 

expandlng the exponent t o  f i r s t  o rder  i n  Q - Q a  (or  second order ,  u s  i n g  
eq.(3.11) and using 
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F ig .5  - The Wigner c a u s t i c  i s  t h e  

locus  o f  m i d p o i n t s  o f  segments o f  

j o i n i n g  p o i n t s  on -rk and -rm w i t h  

p a r a l l e l  tangen ts .  - 
q-Qo4~ q+Q04 q 

t h e  Moyal ma t r  i x  becomes 

For t h e  Wigner f u n c t i o n  (m=k, Q ~ = O )  t h i s  s i r n p l i f i e s  t o  eq.(2.6).  I n  t h e  

1  i m i t  Ik -i Im Q, becomes sma l l ,  so t o  second o r d e r  i n  (I,-I~) and i n  

f o r  t h e  o f f  d iagona l  e lements.  General 1 y, however, t h e  Wigner c a u s t i c  



on which t:he 6- funct ion  o f  eq. (3.13) i s  defined, depends exc lus i ve l y  on 

the geometry o f  the t o r i  Ik and I and i n  no way on any i n t e r v e n  i n g  m 
to rus  o f  t:he fami ly .  

l'he der i v a t  ion  o f  eq. (3.13) has been phrased i n terms o f  the  

Wigner caus t i c  which co inc ides  w i t h  the  to rus  when I. &+L,  but  i t i s  

equa l l y  v a l i d  f o r  the inner Wigner caus t i c  shown i n  Fig.  4. The o n l y  

d i f f e r e n c e  i s  t h a t  i n  t h i s  case the  o s c i l l a t i o n s  i n  the "amplitude" o f  

the 6- func t ion  a re  much f a s t e r  and do no t  disappear i n  the Wigner func- 

t i o n  l i m i t .  

The p i c t u r e  i s  more complicated when another degree o f  freedom 

1s added. The Wigner caus t i c  i s  then def ined by the cond i t i on  

which def ines  a three-dimensional surface i n  phase space. I n o t h e r  words, 

one o f  fhe eigenvalues o f  the above m a t r i x  i s  zero, i n d i c a t i n g  t h a t  the  
+ + +  + + +  

tangrn t  planes t o  the t o r i  a t  p ( p + ~ o / 2 , ~ )  and p(q-~o/2,?z) have a 

d i rec t i o r !  i n  common. The cond i t i on  t h a t  the o the r  e igenvalue i s  a l s o  

zero - the case o f  st rong tangency, occurs on a two dimensional surface. 

I n  the case o f  the Wigner func t ion ,  thoroughly analysed i n r e f . 2 , t h i s  i s  

the to rus  i t s e l f  which i s  an umbil i c  (hyperbol i c  o r  e11 i p t i c )  s i ngu la r -  

i t y  o f  the Wigner caus t i c .  For Ik c lose t o  Im t h i s  must a l s o  have the 

g loba l  topology o f  a to rus :  

de f ines  an u m b i l i c  i n t e r p o l a t i n g  to rus .  

There i s  no second order  term i n  the  expansion o f  the phase o f  

the integrand o f  the Moyal m a t r i x  i n  eq.(3.5) around the  po in t s  def ined 

by eq.(3.16), so tha t ,  i n  the  1 i m i t  H + 0, repeat ing  the argument t h a t  

l ed  t o  eq.(3.14), we ob ta in  



For simple tori, uniform and transitional approximations for 

the Moyal Matrix can be derived which generalize the results for the 

Wigner function3. As in the one dimensional case, these are basically 

fringes, peaked on the Wigner caustic and especially cn the interp- 

olating torus eq. (3.16) and decaying outside the caustic. Project ion 

integrals of the Wigner function, supplying the wave intensi ty, are 

correctly given by the 6-function approximation of the Wigner function, 

as shown in ref.3. This is because the integral averages ove the oscil- 

lations (where they are not stationary), inspite of the cons iderabl e 

amplitude inside and especially on the Wigner caustic but outside the 

interpolating torus. The i ntegral (1.2) for matrix elements of 

observables, is of twice the dimension of a projection integral and 

there are no stationary points. The 6-function appr~ximation over a11 

the points which satisfy eq. (3.16) should therefore give correct semi- 

classical matrix elements. Not only is the 6-function approximation 

(3.17) much simpler to work with than morei refined approximations, but 

the derivation of the former can be easily generalized to any number of 

degrees of freedom, whereas the latter depend on a thorough understand- 

ing of the geometry of Lagrõngean manifolds9 of more than two d imen- 

s ions. 

I have not made a clear distinction between the interpolating 

torus, which reduces to the quantized torus in the case of the Wigner 

function, and other curves or surfaces which satisfy eq. (3.16), 'such 

as the L curve in Fig. 4. The reason is that for neighbouring tori the 
exponential term in eq.(3.16) oscillates slowly on the interpolating 

torus and very quickly elsewhere. The phase 1s nowhere stationary, so 

that the observable matrix elements will be semiclassically negligible 
+ + 

unless a1 l components of I+-I+ are of order H for the interpolat i ng m r 
torus. The contribution of other surfaces is always negligible. 

4. ACTION-ANGLE REPRESENTATION 

1s is well known that action-angla variables cannot be quan- 

tized directlylO. However the simplicity of the classical motion in the- 

se vcariables is reflected in the semiclassical wave functions, so that 
A 

an approximate quantization-is extremely useful. The operator f have 
the discrete set of semiclasslcal eigenvalues given by the Bohr- 



-Somnerfeld quant iza t  ion r u l e  (2.5) f o r  each component. The s t  i pu - 
l a t i o n  th i i t  the corresponding eigenfunct ions 

are  pe r lod l c  I n  each conponent o f  3 impl ies  t h a t  i n  the angle represen- 

t a t i o n  
-i 

I = - $?i a l a ;  + 2 1 4  (4.2) 

-+ 
where a are the M a ~ l o v ~ i n d i c e s .  I t  i s  sometimes pre ferab le  t o  use a 

-i -+ 
simpler d e f i n i t i o n  o f  I where the a are  ommitted, a t  the  cost  o f  us ing 

Bloch (Foucault) wave funct ions".  The two a l  t e r n a t i v e  representat ion? 
-+ 

a re  re la ted  by a gauge transformat ior i .  Thus the fundamental operators I, 

8 s a t i s f y  the requ i red romnutation r e l a t i o n  

The d i f f i c u l t y  i n  working w i t h  act ion-angle va r iab les  i s  t ha t  a r b i t r a r y  
-+ 

pe r iod i c  funct ions o f  e can be Four ier  analysed I n t o  superposi t ions o f  
S -+ 

eigenfunc1:ions o f  I w i t h  p o s i t i v e  and negat ive components o f  m. The 

freedom 01: choice o f  representat ion prevents us from exc  l ud ing t h e s e  

unphysicar t o r i ,  though i n  the semiclassical  l i m i t  the  expansion coef-  

f i c i e n t s  o f  

The 

-+ 
the  terms w i t h  negat ive components o f  m, must tend t o  zero. 

Weyl t ransform o f  an operator i s  def  ined by 

I t i s  essent ia1 tha t  the  Weyl representat  ion conta in  as much informat ion 

about the operator Â 3s the angle representat ion.  This would c e r t a i n l  y 

be the case o f  the  Four ier  c o e f f i c i e n t s  o f  4 + $ I A I ~ - ~ >  taken as a 

pe r iod i c  func t i on  o f  O. But i n  the case o f  N = 1 we can w r i t e  the m ' t h  

Four ier  c o e f f i c i e n t  as 

n 



I t  f o l l ows  t h a t  the Weyl representa t ion  i s  complete i f  we a l l o w d i s c r e t e  

ac t ions  corresponding t o  h a l f  in tegers  M =  d 2 .  The cur ious  par tnersh ip  

o f  the Weyl t ransform a t  (IM,9) and (IM,9+d had a l ready a p p e a r e d  i n  

the treatment o f  the pure s t a t e  cond i t i on  f o r  the Wigne r  f u n c t i o n 4 ,  

though no reference was made i n  t h a t  instance t o  h a l f  i n t e g e r  quan- 

t i z a t i o n .  I t  i s  i n t e r e s t i n g  t h a t  i n  the quan t i za t i on  o f  l i n e a r  maps on 

the torus,  Hannay and 6e r r y l2  do use h a l f  integer ac t i ons  w i  t h o u t  any  

explanat ion.  For N degrees o f  freedom the Four ie r  c o e f f i c i e n t s  take the  

form 

-+ 
where the vec tors  E have N components equal t o  e i t h e r  zero o r  one and Y 

N 
labels each o f  the 2 p o s s i b i l i t i e s .  

The Moyal ma t r i x  elements a re  p a r t i c u l a r l y  simple i n  t h e a c t i o n  

-angle representat  ion 
+ -+ 

The need f o r  h a l f  i n teg  

important t o  compare t h  

There we found t h a t  f o r  

e r  a c t i o n  l abe l s  L i s  once again mani fest .  I t  i s  
+ + 

i s  r e s u l t  w i t h  the  Moyal M a t r i x  i n  ( q , p )  space. 

purposes o f  i n t e g r a t i o n  the  ma t r i x e  I emen t s  



c o u l d  be approzimated by a D i rac  6- funct ion on an i n te rpo la ted  t o r u s  
-+ 3 

constructed from the two t o r i  w i t h  ac t i ons  I+ and 1~. Here each element 
m 

i s  exac t l y  a Kronecker 6- funct ion  on the member o f  the N-parameter fam- 

i l y  o f  t o r i  w i t h  ac t ions  

The tn terpo la ted to rus  and the one g iven$y eq. (4.8) o n l y  co inc ide  ' i n  
-f 

the case o f  the Wigner func t ion ,  f o r  wh i chm = Z. 
l'he Wigner f u n c t i o n  f o r  a s t a t e  corresponding t o  a member o f  

another f am i l y  o f  t o r i  w i t h  a c t i o n  func t i on  def ined by 

i s  obtained from the Weyl t ransform o f  I J I > ~ ~ /  6 where 

a l ready noted by ~ e r r ~ '  and decaying 

-+ -+ 
I f  the t o r i  w i t h  ac t ions  va r i ab les  = constant  a re  c lose  t o .  the 

- + 3 +  -+ 
t o r i  I(q,p) = constant  the I($,?) surfaces w i l  l be open surfaces per-  

+. 
i o d i c  i n  9, as shown i n  Fig. 6, f o r  one degree o f  freedom. The r e s u l t  

i s  again g iven by the  a n t i t o r u s  o r  Berry chord const ruc t ion ,  wh i th  the 

r e s t r i c t i o n  o f  eva luat ion  po in t s  t o  those w i t h  a c t i o n  va r i ab les  g i v e n  

by eq.(4.8). Such general Wigner func t ions  wi I 1  t he re fo re  be decorated 

by f r i n g e s  r i s i n g  approximately t o  a Di rac 6- func t ion  on the torus,  as 

exponent ia l l y  beyond a g i v e n  I'Imax 

and I<( lmi  n>O) . 
The wave in tens  

1.31t.1' = 

i t y  i s  g iven by eq. (4.6) as the sum 

I cou ld  al! jo present the Moyal M a t r i x  elements corresponding t o  s u c h  

o ther  f a m i l i e s  o f  t o r i ,  bu t  as can be seen from the Wigner func t ion , the  

advantage o f  working I n  the  act ion- angle representa t ion  i s  o n l  y f e l  t 

when dea l ing  w i t h  va r i ab les  s p e c l f i c  t o  the p a r t i c u l a r  f a m i l y  o f  t o r i .  



Fig.6 - The on l y  d i f f e rence  between the Berry 

chord c o n s t r i ~ c t i o n  i n  a c t  i o n - a n g  1 e  var iables,  

w i t h  respect t o  the o r i g i n a l  phase, i s  t ha t  the 

t o r i  may be open pe r i od i c  curves. 

Assuming the semiclassical  equivalente o f  the  Weyl t rans formof  
-+ -+ 

an observable A(I$~) wi t h  the corresponding c l a s s i c a l  func t  ion  AJI+,~), 
M 

f o l l o w l n g  the arguments o f  sec t ion  2, we a re  now i n  a p o s i t i o n  t o  de- 

r i v e  a  simple expression fo r  the ma t r i x  elements. As i n  the  case o f  eq. 

(1.2) we can w r i  t e  

-f 8 d -f = r dê d8 <Z16$/2> <8+; lbl8 - 2> '8-2 Im> (4.12) 

-v 

where the i n teg ra t i on  i s  over one u n l t  c e l l  i n  the p e r i o d i c  (x,,Cf,) 

space  as show i n  F ig .  7 f o r o n e d e g r e e o f  freedom. So, from the 

Four ie r  ser ies  w i t h  c o e f f i c i e n t s  g iven by eq. (4.6), 



Fig.7 - In the change of variable in eq. 

(4.12) the domain of integration becomes 

the shaded rectangle unit cell instead of 

the square. 

we obtain 

The greater ,intricacy of this formula compared with eq.(l .2) now disap- 

pears wheii we use the expl icit action-angle Moyal Matrix elements (4.7) 



This formula has been presented b e f o r e  b y  P e r c i v a l  and 

~ l c h a r d s ' ~  as a  gene ra l i za t i on  o f  t h e i r  w r k  on the Heisenberg c o r r e -  

spondence p r i n c l p l e  f o r  systems w i t h  one-degree o f  freedom. The present 

d e r i v a t i o n  r e l i e s  exc lus i ve l y  on the  semiclassical  v a l i d i t y  o f  workiny 

d i r e c t l y  w i t h  ã c t i o n  angle va r i ab les  i n  quantum mechanics. 

5. CONCLUSION 

I have deduced two d i f f e r e n t  expressions f o r  t h e  S C  m a t r  i x  

elements o f  an observable w i t h  respect  t o  the e igensta te  o f  a  c l a s s i -  

c a l  l y  i n teg rab le  Hami l ton ian.  Working i n  the  o r i g i n a l  (;,;I phase space 
3 

the approximate m a t r i x  elements < Z J A J ~ ~ >  are  given by eq. (3.17) together 
-+ -+ 

w i t h  eq. (1.2), which reduces t o  an i n teg ra l  o f  A ( q , p )  o v e r  t h e  t o r u s  
3 

i n te rpo la ted  between t h a t  w i  t h  ac t i ons  I-+ and the  one w i t h  a c t  i o n s  
-+ m 
I,$ The o ther ,  a simple F o u r i e r  i n t e g r a l  (4.15), i s  o b t a i n e d  b y  

working d i r e c t l y  i n  act lon-angle v a r i a b l e r  - i t  i s  exact  w i t t i i n  the 

assumpt i 

inc ide .  

w i l l  be 

o f  ij. Si 

on of SC v a l i d i t y  o f  t h i s  representa t ion .  

I t  i s  easy t o  see t h a t  as Fz -+ I; the two approximat ionr co- 

Moreover, i f  Z-m has any l a rge  component the Four ie r  i n t e g r a l  
3 

negl i g i b l e ,  as A(I;+Z,~,~) i is  arsumed t o  be a  rrmot l i  f u n c t  i o n  

nce semic lass ica ly  the  quan t i za t i on  c o n d i  t i o n  ( 2  . 5 )  g u a r a n -  

tees t h a t  t he  absolute value o f  each component 



the dominant m a t r i x  elements a r e  nor: a f f ec ted  by the choice o f  approx i-  

mation. The best  way t o  c a l c u l a t e  any proper ty  which depends o n  t h e  

m a t r i x  as a  whole, such as the  eigenvalues, i s  thus t o  use eq. (4.15). 

l'ha above statement i s  v a l i d  i n  the  s t r i c t  l i m i t  6 -i O .  When 

dea l i ng  w i t h  a  l oose l y  def inab le  'smal l  semiclassical  pãrameter'  o the r  

f a c t o r s  may have t o  be taken i n t o  account. The most o bv  i o u s  i s t he 

geometry o f  the  bas is  t o r i .  I n  the s implest  case where t h e s e  a r e  t h e  

i n v a r i a n t  surfaces o f  a  c l a s s i c a l  harmonic o s c i l  l a t o r  o f  N degrees o f  

freedom, t.he i n te rpo la ted  to rus  always co inc ides  w i t h  one o f  t he  bas is  

t o r  l . 
The di f ferences $-x are  the re fo re  no t  the  o n l y  r e l  e v a n t  p a r -  

ameters, but  a l s o  the  less  r e a d i l y  q u a n t i f i a b l e  n o n l i n e a r i t y  o r  convol-  

utedness of the  t o r i .  For one degree o f  freedom the l ess  v a r i a b l e  the  

curvature  o f  the  bas is  of c losed curves, the  c lose r  w i  1 1 t h e  c l o s e d  

curve o f  average a c t  ion  approximate the  i n te rpo la ted  c  1 o s e d  curve over 

which the  i n t e g r a l  should be c a r r i e d  o " t .  A r b i t r a r y  canonical t ransform-  

a t i ons ,  s i i chas  those producing I w h o r l s a n d  t e n d r i l l s l  i n  c l o s e d  

w i l l  severely d i s t o r t  the  i n te rpo la ted  torus,  as shown i n  

F ig .  8, so t h a t  the d i r e c t  ac t ion- ang le  theory w i l l  no longer be va l  i d .  

i a )  (b) 

Fig.8 - A very non-1 inear  canonical t rans format lon  mey r n i  s p l  a c e  con- 

s ide rab l y  the i n te rpo la ted  to rus  from the to rus  w i t h  the average action. 

a) For tht! harmonic o s c i l l a t o r  they have the  same shape. b) For a  fam- 

i l y  o f  "convolutedl nested curves the  i n te rpo la ted  to rus  may even i n -  

t e r s e c t  one o f  the  bas is  t o r i .  



Even i n  the  absence o f  gross d i s t o r t i o n s ,  we must be much more 

ca re fu l  about fea tures  which depend on a s i n g l e  m a t r i x  element, such as 

t r a n s i t i o n  r a t e s L 3 .  A t r a n s i t i o n  r a t e  between two s ta tes  may be i n d i -  

v i d u a l l y  measurable, even i f  i t  i s  n e g l i g i b l e  w i t h  respect  t o  t h a t  be- 

tween o the r  s ta tes .  I n  such instances i t  i s  the  r e l a t i v e  d i f f e r e n c e  

between the  resu l  t s  i n  sect ions 3 and 4 which may requi  r e  the  use o f  the 

former more compl ica ted formulae. I n extreme cases when S C  t h e o r y  i s 

extended t o  areas o f  doubful v a l i d i t y ,  i t  may become necessary t o  i n -  

c lude i n  eq. (3.17) a i 1  the surfaces def  ined by eq. (3.16). Beyond t h a t  

a11 6- func t ion  approximations break down and f u l l  un i fo rm approximations 

t o  the  Moyal M a t r i x  must be used i n  t he  fundamental formula (1.2). 

The t rans format ion  t o  ac t ion- ang le  va r i ab les  has  l o n g  been 

known t o  s i m p l i f y  SC approximations t o  quantum mechanics, i n  analogy t o  

i t s  e f f e c t  i n  c l a s s i c a l  mechanics. I n  the  present case the  p a r a l l e l  

development o f  an untransformed theory has v i t i a t e d  t h i s  p rac t i ce ,  as a 

r u l e ,  w h i l e  supcly ing the necessary cond i t i ons  o f  v a l i d i t y .  

I thank D r .  T.B. Smith f o r : o r i g i n a l l y  drawing my a t t b n t i o n  t o  

the problems discussed i n  t h i s  w r k .  
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Resumo 

Os elementos de ma t r i z  de um operador observãvel, com respe i to  
a uma base de autoestados de uma Hamiltoniana classicamente in tegráve l ,  
são deduzidos na aproximação semicláss ica,  usando a representação de 
Wigner-Weyl no espaço de fases comum e em va r i áve i s  de ângulo e ação. 
0s resul tados d i fe rem pouco para propriedades que dependem da ma t r i z  co- 
mo um todo, t a l  como os autovalores,  embora sejam mais simples de c a l -  
cu la r  com as va r i áve i s  de ângulo e ação. A d i fe rença r e l a t i v a  para e l e -  
mentos de m a t r i z  isolados pode ser importante. A t e o r i a  reca i  em apro- 
ximações semiclássicas da ma t r i z  de Moyal ou função de Wigner c ruzada ,  
que general iza t raba lho a n t e r i o r  sobre a função de Wigner para estados 
puros, assim como a sua interpcetaçao em t e r m s  da geometria dos to ros  
invar ian tes  de sistemas in tegrave is .  Discute-Se tambêm a equivalência 
semiclássica en t re  a transformada de Weyl de um operador e a f u n ç ã o  
c láss i ca  correspondente. 


