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Abstract We discuss the use o f  se l f- dua l  c l u s t e r s  t o  i n v e s t  i g a t e  the  
c r i t i c a l  p rope r t i es  o f  the quantum transverse I s i n g  model. I t  i s  shown 
how c a l c u l a t i o n s  can be s l m p l l f l e d  by means o f  a p a r t i a l  decimation.The 
r e s u l t s  us ing  se l f- dua l  c l u s t e r s  are  genera l ly  more accurate than those 
obtained by a simple decimation scheme. 

1. INTRODUCTION 

The Renormal i z a t i o n  Group (RG) formal ism' has c o n t r  i b u t e d  t o  

a broader view o f  c r i  t i c a l  phenomena. I n  p a r t i c u l a r ,  i t s  rea l  -space (or  

b lock- spin)  v e r s i ~ n s ~ ' ~  have been ex tens i ve l y  used i n  the s t u d y  o f  

c l a s s i c a l  ( i . e .  l s i n g - l i k e )  systems. The most w ide ly  used approximation 

cons is ts  i n  t r e a t i n g  a c l u s t e r  as representa t ive  o f  the  whole l a t t i c e ,  

so t h a t  RG recurs ion  r e l a t i o n s '  a re  obtained by summing ou t  some o f  the 

degrees o f  freedom w i t h i n  the c l u s t e r .  When dea l i ng  w i t h  quantum s y s -  

t e m  (e.g. Heisenberg- l ike) ,  however, the c l u s t e r  approximation involves 

neg lec t ing  commutation aspects between c l u s t e r  and l a t t i c e  Hamiltonians. 

Provlded we keep t rack  o f  the commutation r e l a t i o n s  a t  t h e  c l  u s t e r  

l e v e l ,  t h i s  approximation has proved q u i t e  use fu l ,  and no t  too  d r a s t i c .  

Whi l e  the  success o f  b lock- sp in  scal  ings2 '3  stems from t h e i r  

s i m p l i c i t y ,  t h e i r  accuracy i s  no t  u s u a l l y  as impressive as t h a t  o f  the 

so-cal led phenomenological ~ c a l i n ~ ~ ' ~ .  Nevertheless, the simple features 

o f  b lock- scal  ing  methods make them a powerful to01 when d e a l  i n g  w i  t h  

problems such as randomness and o ther  crossover phenomena. 

Recent l y, a simple block- spin method (decimat ion) has been ap- 
6 

p l  ied  t o  the Transverse I s ing  Model (TIM) . The model i s  desc  r i bed by 

the Hami l tonian 
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where the 0 ' s  are  Pau l i  matr ices,  I' i s  the  t ransverse f i e l d  and J.. i s  
Z J  

the  excharige i n t e r a c t i o n  between nearest  neighbour s i t e s  i and j o f  a 

two-dimensional l a t t i c e .  The Hami l tonian (1.1) was f i r s t  int roduced as 

a model f o r  hydrogen-bonded f e r r o e l e c t r i c s  such as KH2P0,. Slnce then i t  

has been used t o  descr ibe a v a r i e t y  o f  o ther  systems ( f o r  a par t ia1  l i s t  

o f  referentes, see r e f . 6 ) .  ~t i s  i n s t r u c t i v e  t o  summarize some features  

o f  the TIM i n  d - d i m e n s i ~ n s ~ - ~ ' .  F i r s t l y ,  the  c r i t i c a 1  behaviour a t  f i -  

n i t e  temperatures i s  the same as t h a t  o f  the  d-dimensional I s i n g  Model 

( i  .e. r=0), the  e f f e c t  o f  the  t ransverse f i e l d  being s imply t o s h i f t  t he  

c r i  t i c a l  t:emperature t o  Tc ( r ) .  Secondl y, a t  zero temperature t h e r e  i s 

a competit:ion between the  f i e l d  and exchange i n te rac t i ons ,  so  t h a t  a 

phase t r a r i s i t l o n  takes p lace a t  some c r i t i c a 1  va lue o f  j?J/r, w i t h  the  

same c r i  t i c a l  exponents as those o f  the  (d+l) -dimensional I s i n g  model . 
Although the  r e s u l t s  obtalned6 from the  simple decimation ap- 

proach were no t  very accurate (where compari son wi t h  ser i es  r e s u  1 t s 

were ava i l ab le ) ,  i t  was poss ib le  t o  p in -po i " t  severa1 qual i t a t i v e  a s -  

pects o f  c l i l u t i o n  r e l a t e d  t o  the r o l e  o f  quantum f l u c t u a t i o n s .  

l'he purpose o f  t h i s  work i s  t o  i nves t i ga te  the  p rope r t i es  o f  

another b lock- spin method12 when appl  i ed  t o  the  TIM a t  zero  temperature. 

This methcid, though c lose  i n  s p i r i t  t o  decimation, i s  u s u a l l y  more ac- 

cura te  and can be e a s i l y  extended t o  t r e a t  ant i ferromagnet ism and l a t -  

t i c e  anisotropy,  i n  both pure and random cases. 

The p lan  o f  the paper I s  as fo l l ows .  I n  Sect ion 2 we p r e s e n t  

the  c l u s t e r s  used i n  our c a l c u l a t i o n s  and discuss the  a p p r o x i r n a t i o n s  

invclved;  the r e s u l t s  a re  presented and discussed i n  Sect ion 3 ,  and  

Sect ion 4 sumrnarizes our  f i nd ings .  

2. CLUSTER AWROXIMATIONS 

The c l u s t e r s  i n  F igs .  1 and 2 have been used w i t h  considerable 
1 2- 1 5  success i n  the study o f  c l a s s i c a l  systems , w h e r e  se1  f -dua 1 i t y  

p lays a c r u c i a l  ro le16 i n  the  l o c a t i o n  o f  the  c r i t i c a 1  p o i n t .  The RG 

p r e s c r i p t i o n  f o r  the c l u s t e r  i n  F ig .  2 preserves s u b- l a t t i c e  symmetry15 

as we l l  as the  symmetry under the interchange o f  l a t t i c e  ca r tes ian  d i -  

r ec t i ons .  For c l a s s i c a l  systems, the  summatfon o f  degrees o f  freedom i s  

equ lva lent  t o  performing a sequence o f  ser i es  and para1 l e l  combinat i on  

o f  bonds w i t h  the  a i d  o f  the break-col lapse methodZ2. 



Fig.1 - A four-site cluster (a) i s 

renormalized into a two-site cluster 

(b) by summing out spins 3 and 4. 

Fig .2  - A six-site cluster (a) is 

renormal ized into a two-si te cluster (b) 

by sumning out spins 3 ,  4, 5 and 6. 



For quantum systems a t  zero temperature, t h e  se1 f - d u a l  i t y 

nature o f  these c lus te rs  i s  not important, since the Hami l ton ian does 

not share t h i s  property. Nevertheless, the other symnetries present i n  

the c lus te r  o f  Fig. 2a are s t l l l  very important i n  the study o f  l a t t i c e  

anisotropy and o f  spin-glass behaviours. 

In order t o  define the RG transformation, we f i r s t  n o t e  t h a t  

the Hamiltonian f o r  both renormal ized c e l l s  ( ~ i ~ s .  I b  and 2b) i s  ( i n  

un i t s  o f  r ' )  
H' = -(< + <) - jr o: 02 (2.1) 

where j' := J1/l". For the o r i g i na l  c e l l s  o f  F i g s .  l a  and 2a, t h e  

Hamiltoniens can be w r i t t en  ( i n  un i t s  o f  r) as 

respect ivaly.  Note that,  according t o  Fig. 2a each o f  the terms 4 0 5  
z z and a ,  a ,  appears twice i n  eq.(2.3). At zero temperature, t h e  g round  

s ta te pro'jector plays the r o l e  o f  the densi ty matr ix,  so that  the R G  

recursion re la t ions  j l ( j )  anc c l ( j )  (where c '  i s  a normal i za t ion  con-  

stant)  cari be obtained i m p l i c i t l y  from6 

where ~ ' ( j ' , c ? )  and P (j) are the ground-state pro jectors  f o r  eq. (2.1) 
o O 

and for eq. (2.2) ( for eq. (2.3) one must a l  so include m, and m,) , res- 

pect ive l  y .  The Imi>'s are eigenstates o f  tZ and the sum runs over a1 1 

states of non-terminal spins. 

Cine should make the fol lowing remarks about the above prescr ip- 

t ion:  ( i )  for zero longl tud ina l  f i e l d ,  which i s  our case, eq. (2 .4)on ly  

y ie lds two independent equations ( f o r  the unknowns j 'and c ') namel y, when 

rnl=m2 and when m,=-m,; (i i )  onl y the diagonal elements are considered, 

which i s  sin approximation that  can be j u s t i f i e d ,  t o  some extent, by the 

f ac t  that  the f u l l  t race i s  preserved2 under t h i s  transformation; ( i  i i )  



the RG t rans format ion  thus def ined i s  c r i t i c a l l y  dependent on the bas is  

used, bu t  i t  can be shownl7 t h a t  f o r  the  Hami l tonian (1 . I )  the s t a t e s  
Z 

o f  a form an ap rop r i ê te  bas is  ( e s s e n t i a l l y  i t  i s  because t h e  o r d e r  
Z 

parameters i s  <a >) .  Ac tua l ly ,  these r e s t r i c t i o n s  a r e  re la ted ,  bu t  can 

be l i f t e d  i n  some ~ a s e s ' ~ ' ' ~ .  

I n  ac tua l  ca l cu la t i ons ,  we diagonal i ze  a  zNxzN m a t r i x  (N i s  the 

number o f  spins i n  the o r i g i n a l  c l u s t e r )  t o  ob ta in  t h e  g r o u n d - s t a t e  

p r o j e c t o r .  This task i s  considerably harder when we a1 l o w  f o r  r a n -  

domness, s ince con f i gu ra t i ona l  averages have t o  be performed. N e v e r -  

t h e l e s s ,  one  can simpl i f y  the c a l c u l a t i o n s  f o r  the  c l u s t e r  i n  Fig.2a 

i f ,  before us ing  eq. (2.4), we make a  "ser ies" c o m b i n a t i o n  ( p a r t i a l  

decimation) o f  the bonds l i n k i n g  1 t o  3 and 3 t o  4 ( t he  same f o r  2, 6 
and 5) based on an exact r e s u l t  f o r  the  Transverse I s i n g  cha in  a t  zero 

temperaturezo : under scal ing, a  "ser ies" cumbination o f  b bonds y i e l d s  

Note tha t  the f 

length  exponent 

one dimension21 

The ne 

j' = 'b 
3 (2.5) 

xed p o i n t  o f  eq. (2.5) i s  j * = l  and the c o r r e l a t i o n  
I 

v = Rn b/Rn ('J ) .*=I , wh i c h  a re  the  exact  resu l  t s  i n  
r 3  

e f f e c t  of t h i s  p a r t i a l  decimation, together w i thadd ing 

up the  two bonds between 2  and 4  (and 1 and 5) i s  t o  reduce t h e o r i g i n a l  

c l u s t e r  i n  Fig.2a t o  t h a t  i n  F ig . la ,  bu t  w i t h  d i f f e r e n t  c o u p l  i n g s .  

C lea r l y  one may quest ion whether t h i s  p a r t i a l  decimation cou ld  invo lve  

neg lec t ing  c o m u t a t i o n  aspects a t  a  c l u s t e r  l e v e i ;  we w i l l  r e t u r n  t o  

t h i s  p o i n t  i n  the f o l l o w i n g  sec t ion .  

3. RESULTS AND DISCUSSION 

The f i x e d  p o i n t  y'* o f  the  recurs ion  r e l a t i o n  j t ( j )  i s t h e  

c r i t i c a 1  value f o r  the reduced coup l ing  j : J / r ,  above (below) which the 

ground s t a t e  i s  ordered (d i  sordered) . As usual ', l inear i z a t  ion o f  the  

recurs ion  r e l a t i o n  around the f ixed po i n t y  i e 1 d s  t he e i  genva  I u e  

h =  ($$-)j*, f r omwh ich  the s o r r e l a t i o n  length  exponent i s  r e l a t e d  

through 

where b=2 fo r  the c l u s t e r s  used i n  t h i s  work, a l though i n  the context  

o f  h i e r a r c h i c a l  l a t t i c e s  b=3 seems t o  be a  more ap rop r i a te  ~ h o i c e ~ ~ .  



The r e s u l t s  o f  our c a l c u l a t i o n s  a r e  summarized i n  T a b l e  1 ,  

where comparison i s  made w i t h  decimation6 and w i t h  ser iese.  T h e r e  i s  

an o v e r a l l  improvement over the decimation approach, and the  good  r e -  

s u l t s  f o r  the c l u s t e r  i n  F ig .  2  i s  a t t r i b u t e d  t o  i t s  l a rge r  c o n n e c -  

t i v i t y ,  being more s i m i l a r  t o  the r e a l  l a t t i c e .  C lear ly ,  the a c c u r a t e  

r e s u l t  f o r  v we get  using Fig.2 w i thou t  p a r t i a l  decimation s h o u l d  be 

regarded as fo r tu i t ous ,  a l though the choice o f  b=3 would imply i n  v=1 .00. 

Table 1 - Resul ts f o r  f i x e d  p o i n t  ( j * )  and c o r r e l a t i o n  l eng th  exponent 

(V) from our RG ca l cu la t i ons ;  f o r  comparison we a l s o  quote o t h e r  r e -  

s u l t s .  

C lus ter  

Figure 1 

F igure  2 w i t h  

p a r t i a l  declmation 

F igure  2  w i thou t  

p a r t i a l  decimation 

~ e c i m a t i o n ~  

se r l ese  

I t  i s  i n t e r e s t i n g  t o  note the closeness o f  both 

the c l u s t e r  i n  Fig.2; t h i s  means tha t ,  i n  t h i s  case, the 

r e s u l t s  f o r  

p a r t i a l  dec i -  

mation i s  a  good approximation. The r e s u l t s  a re  no t  so c lose  when we 

a l l o w  fo r  l a t t i c e  anisotropyZ3 and take the  l i m i t  o f  l i n e a r  chain:  par-  

t i a i  decirriation impl i es  i n  worse r e s u l t s  because the rema i n i n g  cha  i n  

i s  smal ler .  

As a  f i n a l  remark, we should p o i n t  ou t  t h a t  these c l u s t e r s  can 

be thought of as a  c e l l  t h a t  generates the whole l a t t i c e  upon t r a n s -  

l a t i ons ,  i n  which the  boundary s i t e s  a r e  col lapsed. One would t h e n  b e  

tempted t o  assign 2 r  t o  each o f  the terminal  spins i n  the  c lus te rs ,  as 

i s  usua l l y  done f o r  c l a s s i c a l  spins i n  a  l ong i t ud ina l  f i e l d2 ' .  The c ru -  

c i a l  d i f fe rence i s  t h a t ,  i n  our case, the t ransverse f i e l d  i s  no tasym-  

metry-breaking f i e l d  but ,  ra ther ,  i t  competes w i t h  the  exchange  i n -  



re rac t l on .  Since there  a re  two "entry"  s i  tes  I n  each c e l  I, order  s e t s  

i n  through exther o f  these s i t es ,  and no t  through both simu1taneous1y. 

Thus, ass ign lng 2 r  instead o f r t o  the  terminal  s i t e s  would a r t i f i c i a l l y  

overestirnate the exchange s t reng th  necessary t o  keep the system ordered. 

I n  f ac t ,  c a l c u l a t i o n s  performed f o r  the  c l u s t e r  i n  Flg.  2, w i t h  2r f o r  

each te rmina l  s i t e ,  w l thout  p a r t i a l  decimat ion y i e l d  j*=0.76 and v=0.72, 

which compare ra the r  poor ly  w i t h  the r e s u l t s  quoted i n  Table 1 .  Another 

p o s s i b i l  i t y  (C.Tsal l i s ,  p r i v a t e  communication) i s  t o  assign toeach s i t e  

a weight equai t o  the number o f  bonds leav ing tha t  s i t e .  Although t h i s  

choice i s  c r u c i a l  f o r  o ther  systems, i t  a l s o  y i e l d s  poor r e s u l t s  f o r t h e  

TIM. 

4. WNCLUSION 

The use o f  s e l f - d u a l  c l u s t e r s  i n  t h e  c o n t e x t  o f  t h e  

Renormallzatlon Group represents an lmprovement over s impler  approaches 

t o  the  Transverse I s i n g  model . The major advantages a re  t h a t  more ac- 

cura te  r e s u l t s  a re  obtained f o r  t he  c r i t i c a 1  coupl ing  and c o r r e 1  a t  i o n  

length  exponent, and t h a t  se l f- dua l  c l u s t e r s  can be sys temat íca l ly  used 

i n  o ther  s i t u a t l o n s  o f  i n t e r e s t .  Also, p a r t i a l  decimation was shown t o  

be a good approximatfon, but  should be avoided whenever the  problem ad- 

m l t s  the l i n e a r  cha in  as a l i m i t ,  as I s  the case o f  l a t t l c e  an iso t ropy  

o r  d i l u t i o n .  The choice o f  weights a t t r i b i i t e d  t o  the terminal  s i t e s  was 

a l s o  discussed, w i t h  the r e s u l t  t ha t  1 i s  the  appropr la te  choice.Weare 

c u r r e n t l y  i n v e s t i g a t i n g  o ther  aspects o f  t h i s  model such as an i so t rop i c  

d i l u t i o n  and spin-glass behaviour. 
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b r i ng ing  the se l f- dua l  c l u s t e r s  t o  our a t t e n t i o n  and fo r  s t  i m u i a t  i n g  
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Resumo 

Discutimos o uso de " c lus ters"  auto-duais no estudo das pro-  
priedades c r í t i c a s  do modelo quânt ico de I s i n g  com campo t r a n s v e r s o .  
Mostramos como os cã l cu los  podem ser s imp l i f i cados  por meio de uma d i -  
zimação p a r c i a l .  Os resu l tados obt idos  usando c l u s t e r s  auto-duais são,  
em geral ,  mais precisos do que os obt idos  usando dizirnação simples. 


