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Abseact The Migdal-Kadanoff renormal iza t ion  group methods isused t o  
c a l c u l a t e  the phase diagram o f  the AF Z(5) m d e l  . We f i nd  t h a t  t h i s  

scheme simulates a f i x e d  l i n e  which we i n t e r p r e t  as the  l o c u s  o f  a t -  
t r a c t i o n  o f  a c r l t i c a l  phase. This resu l  t i s  i n  reasonable a g r e e m e n t  
w i t h  the p red i c t i ons  o f  Monte Car lo s imula t  ions. 

Recently we have reported our studied o f  the phase diagram o f  

the Z(4) and Z(5) m d e l s  on a square l a t t i ~ e " ~  using a combination o f  

Monte Carlo and renormal izat ion group techniques. I n  the  case o f  the 

Z(4) model a simple renormal i z a t i o n  group transforrnations based on the 

Migdal -Kadanof f scheme (MKRG) was shown t o  reproduce a c c u  r a  t e  1 y the 

phase diagram obtained by Monte Car lo simulationsl, both i n  the  f e r r o -  

magnet i c  (F) and ant i ferromagnet i c  (AF) regions.  

I n  t h i s  paper we repo r t  on the  r e s u l t s  o f  the MKRG c a l c u -  

l a t i o n s  f o r  the phase diagram o f  the  Z(5) rnodel on a square l a t t i c e .  We 

f i nd ,  i n  agreement w i t h  previous ca l cu la t i ons ,  t ha t  the MKRG r e s u l  t s  

p r e d i c t  on l y  two phases I n  the F region, separated by  t h e  s e l f - d u a l  

l ine. This r e s u l t  i s  i n  disagreement w i t h  o ther  c a l c ~ l a t i o n s ~ ' ~ ' ~  and 

w i t h  Monte Car lo s i m u ~ a t i o n s ~ ' ~ .  However, i n  the AF r e g i o n  t h e  MKRG 

scheme slmulates a f i x e d  l i n e .  

I n  what f o l l ows  we g l v e  some d e t a i l s  o f  the ca l cu la t i ons  and 

discuss the i n t e r p r e t a t i o n  o f  i t s  r e s u l t s .  

The Z ( 5 )  rnodel i s  de f  ined as f o l  lows. Consider a l a t t i c e  whose 

s i t e s  a re  occupied by c l a s s i c a l  spins which can take values e i e  €1=2~rk/5 

k=0,1 ,. . . ,4 .  Assuming nearest-neighbour i n te rac t i ons  on ly ,  the t o t a l  

energy o f  the ~ ( 5 )  model on a square l a t t i c e  I s  de f ined as 
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I n  Eq. (1) i s  a vec tor  t h a t  l abe l s  the  l a t t i c e  s i t e s ,  

represents the conventional p r l m i t i v e  vec tors  o f  the square 1 a t t  i c e ,  

and J ,  and J ,  are  the coup l ing  constants.  

The MKRG method cons is ts ,  as usual ,  o f  a bond- sh l f t ing  oper- 

a t i o n  f o l  lowed by decimation7, as shown i n  Fig.  1 .  The t rans format i6n  

i s  made in such a way as t o  preserve the symmetry o f  t w o  i n t e r p e n -  

e t r a t i n g  sub la t t i ces .  Th is  means t h a t  an even number of spins i s  dec i -  

mated. We a l s o  work i n  the l i m i t  o f  i n f i n i t e s i m a l  scale change, i n o r d e r  

t o  preserve the s e l f - d u a l i t y  o f  the model. The a p p l i c a t i o n  o f  t h i s  

scheme t o  the  Z(N)  models has been discussed i n  the  Appendix o f  Ref. 1 .  

Here we merely quote the  resu l  t s  obtained f o r  t h e  Z(5) model . 

F ig .  1 - Schemat i c  representar ion o f  the ~ i ~ d a i  - ~ a d a n o f f  renormal l z a t  ion  

scheme: a )  o r i g i n a l  i n te rac t i on ;  b) i n t e r a c t i o n  a f t e r  bond sh  i f t i n ç ;  

c )  new i n t e r a c t i o n .  

I n  terms o f  the  Boltzmann weights 

x, = exp (-BE, 1 and x, = exp(-f3E2] 

where = l / kT  and 



E, = a J, + b J, 

E, = b J ,  + a J, 

a = 1 - cos 2 ~ / 5  

b = 1 - cos 4 ~ / 5  

the  i n f i n i t e s i m a l  MKRG transforrnat ion i s  g iven by 

x y  = x, + ~G,(x,,x,) 

x; = x, + EG, (xl ,x2) 

where E = 1 - 1 ,  X being the scale fac tor  of the t ransformat ion.  

According t o  Ref. 1 ( c . f .  Eq.  ( ~ . 1 8 ) ) ,  

This transforrnation, which i s  v a i i d  f o r  both the F and AF 

regions, coincides w i t h  t h a t  obtained by Rujan e t  aZ.' i n  the  F region, 

where the  arguments o f  the Rn are  a11 p o s i t i v e .  These authors show t h a t  

t h i s  t ransformat ion p red i c t s  a phase diagram w i t h  two phases, the  f e r -  

romagnetic and the  disordered ones. We concentrate our  d i scuss ionon the  

AF reg ion where a t  l e a s t  one o f  x, and x, a re  > I .  

The f i xed  po in t s  o f  the t rans format ion  a r e  d e f  i n e d  a s  

G,(x:,x;) = G,(x:,x;) = O .  I n  the  AF regi011 we f i n d  o n l y  one f i x e d  po in t  

x* 1 = x; = 1 ,  which i s  the s ink  o f  the disordered phase. 

However, i f  we look a t  the l i n e s  o f  zeros o f  G1 and G,, de- 

f i ned  as 
G, (x1,x2) = O : l i ne  o f  zeros o f  G1 

G~(x,,x,) = O : 1 i ne  o f  zeros o f  G, 



we f i n d  tha t  f o r  x l  and x 2  la rge they come very c lose t o  each o the r .  I t  

can be shown t h a t  they do not  cross and t h a t  t h e y  b o t h  a p p r o a c h  

a s i m p t o t i c a l l y  the  l i n e  x, = 0.1696 si as x l  and x2-, as i s  shown i n  

F ig .  2. The reg ion whei-e these two l i n e s  come very c lose  t o  each o ther  

simulates, as f a r  as the RG f lows a re  concerned, a f i x e d  l i n e  s i n c e t h e  

RG f lows slow down considerably there 9.  

The MKRG f lows a r e  shown i n  Fig.3 i n  terms o f  the  v a r i a b l e s  

y, = 1/x, and y2  = l / xp ,  which are  more convenient t o  p l o t .  The t h i c k  

l i n e  i n  the  f i gu re ,  which we i n t e r p r e t  as the  f i xed  l i n e ,  i s  such t h a t  

y2  = 5.896 y l  as y, and y,+O. Along the f i xed  l i n e ,  the  l i n e s  o f  zeros 

o f  G1 and G, are  very c lose  t o  each o ther ,  d i ve rg ing  c o n s i d e r a b l y a t t h e  

p o i n t  where the  f ixed 1 i ne  ends9. 

The MKRG flows i nd i ca te  the ex is tence o f  two phases, a c r i t i -  

ca l  phase which i s  the  reg ion of  the parameters space a t t r a c t e d  by the  

f i xed  l ine (I  i n  ~ i ~ . 3 )  and a disordered phase which i s  a t t r a c t e d  b y t h e  

s ink  H ( 1 1  'in F i g .  3 ) .  The phase boundary, a i n  Fig.  3, separates these 

two phases. 

This r e s u l t  i s  i n  agreement w i t h  recent  Mon te  C a r l o  s i m u -  

l a t i o n s  performed i n  t h i s  region1%hich a l s o  p r e d i c t  the ex is tence o f  

a c r i t i c a 1  phase. The MKRG r e s u l t s  f u r t h e r  support the ex is tence o f  a 

c r i  t i c a l  phase i n  the AF reg ion o f  the  Z(5) model . 
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Resumo 

O método do grupo de renormal ização de Migdal -Kadanof f é usa- 
do para a determinação do diagrama de fase do modelo Z(5) AF na rede 
quadrada. Encontramos que es te  &todo simula uma 1 inha f i x a ,  a qual i n-  
terpretamos como sendo o foco de atração de uma fase c r í t i c a .  Este re-  
sul tado concorda qual i t a t  i vamente com as pred i çÕes das s i m u  1 açÕe s de 
Monte Carlo. 


