
Revista Brasileira de Física, Vol. 14, n? 1, 1984 

Extension of the Dewmposition Theorem for Ising and Ciassical Spin 
Systerns 
L. L. GONÇALVES 
Departamento de Física, Universidade Federal do Ceard, Caixa Postal 3004, Fortaleza, 60000, Ceard, 
Brasil 

Recebido em 27 de março de 1984 

Abstract I t  iscons idered asystem composed o f  two subsystems cons i s t i ng  
o f  I s i n g  and c l a s s i c a l  v-dimensional spins, which i n t e r a c t  through mul- 
t i p l e  decorated bonds. I t  i s  proved t h a t  under s u i t a b l e  cond i t i ons  the 
canonical average o f  an a r b i t r a r y  f unc t i on  o f  the  spins i n  o n e  o f  t h e  
subsystems does not  depend on the  i n t e r a c t i o n  parameters contained i n  
the  0 th- r .  

We have recen t l y  considered' cwo mixed sp in  systems i n d-d i  - 
mensional l a t t i c e s  consist i .ng o f  c i a s s i c a l  and I s i n g  sp in  systems. The 

c l a s s i c a l  sp in  3E i s  a u n i t  vec tor  w i t h  V components, and oy= ' l ,  where 

the  labe l  R i d e n t i f i e s  the  l a t t i c e  s i t e .  The Hamiltonian o f  the system 

A, %(<, . . .<;?, . . .%,), was considered t o  be o f  the m s t  general form 

and the  Hami 1 ton ian  o f  the  syrtem B, ~ ~ ( 4 , .  .$M;q,. . ,%,), was r e s t r i c -  

ted  t o  a c lass  o f  syrtems where the  I s i n g  spins appear i n  even products 

o r  where the c l a s s i c a l  spins generate these i n te rac t i ons .  We a l ç o  con- 

s idered t h a t  the  two systems i n t e r a c t  through a s i n g l e  d e c o r a t e d  bond 

v i a  the i n t e r a c t i o n  Hamiltonian 

where s V  i s  the v t h  component o f  the c l a s s i c a l  sp 
jk 

connecting s i t e  j on system A t o  s i t e  k on system 

under the above assumptionsl the f o l l o w i n g  theorem 

i n ZjL on t h e  bond 

B. We h a v e  p r o v e d  

: "The c a n o n i c a l  

ensemble average o f  any func t i on  o f  the I s i n g  and/or c l a s s  i c a l  s p  i n s  

belonging t o  system A does not  depend on the  i n t e r a c t i o n  parameterscon- 

ta ined i n  HAB and HBI.This r e s u l t  i s  an extension o f  the  r e s u l t o b t a i n e d  

by ~ a l k ~  f o r  systems con ta in ing  I s i n g  spins on l y .  N a t u r a l l y  i n  t h i s c a s e  

the  c l a s s i c a l  sp in  i n  the  i n t e r a c t i o n  Hamiltonian, eq. ( I ) ,  Is s u b s t  i -  

tu ted by an I s i n g  spin.  

A p re l im ina ry  vers ion o f  t h i s  paper has been presented a t  the  15th In-  
t e rna t  ional  Conference on Thermodinamics and S t a t i s t  i c a l  Mec han i c s  , 
Edinburgh, 1983. 

Work p a r t i a l l y  financed by the B r a z i l i a n  Agencies CNPq and F INEP.  



Let  us consider more complex systemsAandBwhose Hamiltonians 

. - 
depend a1 so on I s i ng sp i  ns Ük o f  magnitude S. The Hami 1 ton ian  HA i s 

considered t o  be of the most general form. Th is  means t h a t  i t  can con- 

t a i n  a l l  poss ib le  i n t e r a c t i o n  terms formed w i t h  t h e  s e t  o f  s p i n s  

{4, ..., $;? ,..., GI;g  ,... %,.I. The Hami l tonian HB 1s r e s t r i c t e d  t o  

the  same cond i t ions  imposed on reference 1 and d e s c r i b e d  a b o v e .  Ex- 

p l i c i t y  i t  can conta in  f o r  instance terms o f  the  form 
B B 

J ~ k 2  OR,  %, 
B B B B  - B B  B - BV B 

c.T u õ o u  o (O +ok 1, Jk R R s k l ( u k 2  + c f 3 )  R , R 2 R 3 R 4  R1 R, R,  R , . . '  etc '  Jk1R2R,  R1 k 2  
1 2 3  

from L ,  and k 2 ,  where c i s  v t h  component o f  the  c l a s s i c a l  r p i n  $. 
The purpose o f  t h i s  note i s  t o  prove t h a t  the  abovetheoremis 

s t i l l  va ! id  when we a l l ow  m u l t i p l e  i n te rac t i ons  between the  systemdand 

B through decorated bonds, and the  I n t e r a c t i o n  Hami l tonian i s  w r i t t e n  

i n  the form: 

Let  

be an a r b i t r a r y  f unc t i on  o f  the c l a s s i c a l  and I s i n g  spins o f  the systern 

A. Then we have 



where 4, a; and &j,S+n a re  the elements o f  the hyperso l id  a n g l e f o r  

the  vec tors  3, E and Sj,k+n respect ive ly .  
2 

Since we knowHAB, the i n t e g r a l s  o n  t h e  h y p e r s o l i d  angle 

3, k+n cam be performed immediatel y and we get  the  resu l  t1 

A-A +A 
<f (o ,o  ,s ) >  = 

where 

and I V / 2 -  i s  the modi f ied  Bessel func t ion .  

Evaluat ing the t race  on the  spins Ü 
j,kw 

we ge t  imned ia te ly 3 

N" M" 
/ i~ ld$~,@ f ( ~ ~ , ~ , o ~ , ~ ) e x d - B ~ ~ ) e x p  ( - @ H &  exp ( - 6 1 7 ~ ~ )  

where m 

H A ~  = - 
" I  

" I  )&oB (Jj,k+n ' Jj,k+n + Jj,k+n J k+n n= 1 



and 

1.ntroducing2 the new sp in  v a r i a b l e  t = I 1 such t h a t  
R 

we can w r i i e  H H and IiAB i n  the form A' B  

where 

Subs t i t u t i ng  these r e s u l t s  i n  eq.(7) we o b t a i n  

<f(d,ãA,F)> = 

Fron the previous equatfon there  fo l l ows  immediately the  r e s u l t  

1 1 T " d 4 e x p ( - B o A )  f 
rtA,;Al i = l  

<f(oA,üA,P)> = 



which proves our initiai Statement. 

One immediate application of this result is the ca 

of the two-spin correlation function on a Cayley tree where 

alternate next-nearest-neighbour interaction. By alternate nex 

lculation 

we have 

t-nearest 

-neighbour interaction we mean that thebonds connecting thenext-nearest 

-neighboursdonot cross. By uslng the result proved above it ispossible 

after a pruning of the latttce to end up witha chain composed of tri- 

angles connected by sides and vertices. 
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Resumo 

E considerado um sistema composto de dois sub-sistemas cons- 
tituídos de spins de Ising e spins clãssicos de dimensão v, que in- 
teragern através de mÜl t iplas 1 igações decoradas. E mostrado que sob con- 
dições adequadas a media canônica de uma fun~ãu arbitrária dos spins em 
um dos sub-slstems não depende dos parâmetros de interaçao contidos no 
outro. 


