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Abstract The purpose o f  t h i s  paper i s  t o  study the behaviour o f  a l a t -  
t i c e  theory where spontaneous symmetry breakingoccurs.We c a l c u l a t e  and 
discuss the e f f e c t i v e  p o t e n t i a l  and o b t a i n  t h e  p h a s e  d i a g r a m  o f  
an Euclidean theory using Monte Car lo me thods  o n  a h y p e r c u b i c  
l a t t i c e  w i t h  b 4  s i t e s  and pe r i od i c  boundary cond i t ions .  We haveexamined 
the vacuum expectat ion value < 8 > j i n  the presence o f  an externa1 source 
j ( x ) ,  keeping the parameter B=l/h f i xed .  We ca l1  @, the l i m i t  o f  < O > .  
as j ->O.  We have found t h a t  f o r  values o f  fi l a r g e r  than Bc i we havg 
kPO,  wh i l e  f o r  values o f  B smal ler  than @critical, we o6 ta in  @,=O. We 
thus observe t h a t  the  I$: f i e l d  theory e x h i b i t s  two phases, ad isordered 
phase i n  which the vacuum expectat ion value o f  the f i e l d  vanishes, and 
an ordered phase character ized by spontaneous magnet izat ion.  The value 
o f  1 i s  estimated through the  behaviour o f  the  s p e c i f i c  heatand 
suscep t l b lT i t y  as func t ions  o f  8 .  

I.  INTRODUCTION 

The s implest  o f  i n t e r e s t i n g  f i e l d  theor ies ,  h@", has eluded a 

complete a n a l y t i c a l  understanding f o r  q u i t e  some t ime. Long ago, ques- 

t i o n s  about the existence o f  a renormalized A@: were ra isedl .  Recently, 

much work has been devoted t o  the c l a r i f  i c a t i o n  o f  the reno rma  1 i z e d  

s t r u c t u r e  o f  t h i s  theory.  A r igorous upperbound on t h e  r e n o r m a l  i zed  

coupl ing o f  i t s  continuum 1 i m i t  was es tab l  ished2. There are  many i n d i -  

ca t i ons  t h a t  X4: i s  a t r i v i a l  (non- in terac t ing)  theory, t h a t  i s ,  i t s  

r e n o r m a l  i z e d  c o u p l  i n g  c o n s t a n t  i s z e r o 3 .  They come from a l a t -  

t i c e  strong coup l ing  ser ies  expansion, where e i t h e r  the  e f f e c t i v e  po- 

t e n t i a l "  o r ,  by using ~ a d é  approximants, the renormal i z e d  c o u p l  i n g  

constant i s  analyzed5. Also, a Monte Car lo numerical s imula t ion  o f  t h i s  

theory shows t h a t  the renormalized coup l ing  constant  goes t o  zero i n t h e  

continuum l i m i t 6 .  More r igorous arguments using the  random wa I k rep- 

resenta t ion  o f  sca lar  l a t t i c e  f i e l d 7 " ,  a l s o  support the  n o t i o n  o f  

t r i v i a l i t y  o f  A+:. l n  con t ras t  w i t h  the t r i v i a l i t y  o f  the  theory i n  4 
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dimensioni;, i t can be r i go rous l y  shown t h a t  i s  an i n t e r a c t i n g  (non- 

t r i v i a l )  theory I n  3 dimensions3. 

On the o ther  hand, there  a r e  c la ims t h a t  ~ $ 4  can be a non 

t r i v i a l  theory when the bare coupl i ng  constant  i s  small and n e g a t i v e l o .  

There, a v a r i a t i o n a l  c a l c u l a t i o n  o f  the  e f f e c t i v e  p o t e n t i a l  i s  done and 

the phenornenon o f  "quantum ressuc i ta t ion" " ,  i .e. ,  the r e n o r m a l i z e d  

coup l ing  constant  becoming pos i t i ve ,  i s  shown t o  occur. These statements 

are  der ived from s tud ies  o f  the  theory i n  the  symmetrlc phase, when the  

quadra t ic  bare mass i s  p o s i t i v e .  

The e f f e c t i v e  p o t e n t i a l  i n  the broken phase, i .e., when the  

quadra t ic  bare mass i s  negat ive,  has been s tud ied us ing  the loop expan- 

s ion  techriique12. However, t h i s  p e r t u r b a t i v e  der i v a t  ions leads t o  a 

compiex expression f o r  the e f f e c t l v e  potent ia113.  The complex c o n t r i -  

b u t i o n  a r i s e s  whenever the c l a s s i c a l  p o t e n t i a l  i s  non-convex14, and a 

perturbat i ive expansion o f  the e f f e c t i v e  p o t e n t i a l  i s  performed. Actual i  y, 

i t  i s  easy t o  show t h a t  the e f f e c t i v e  p o t e n t i a l  ( i n  E u c l  i d e a n  s p a c e )  

must a l w a p  be convex15. Callaway and Maloof gave a p r e s c r i p t i o n  on how 

t o  const ruc t  the  e f f e c t i v e  p o t e n t i a l  even on regions where i t  i s  unde- 

f ined, whi l e  maintaining the convex i ty  p roper ty16,  which i s  reminiscent  

o f  the  therrnodynamic Maxwell cons t ruc t i on  used i n  p h a s e  diagrams de- 

r i v e d  from Van der Waals forces,  1 i ke  t ha t  o f  water14. The numerical 

s imulat ior i  o f  the  e f f e c t i v e  p o t e n t i a l  g ives support t o  the appropr ia te-  

ness o f  t h i s  Maxwell c o n s t r ~ c t i o n ' ~ .  

I n  t h i s  paper we descr ibe the  complete phase diagram o f  A+:, 

w i t h  spontaneous symmetry breaking a t  the t r e e  l e v e l ,  doing a numerical 

s imulat ior i  us ing  the Monte Car lo method. This numerical s i rnulat ion i s  

performed on a l a t t i c e  o f  dimension b4,  app ly ing  an ex terna l  c u r r e n t  

(which p leys  the r o l e  o f  a magnetic f i e l d )  j t o  d r i v e  the  order  par-  

ameter ( t t ie  average f i e l d  o r ,  equ i va len t l y ,  the magnetization)..We con- 

s t r u c t  the  phase diagram i n  the  space o f  coup l ing  constant, which plays 

the r o l e  o f  temperature i n  t h i s  rnodel, and ex terna l  cu r ren t  j. This 

ex terna l  cu r ren t  j i s  instrumental  i n  the computation o f  t h e e f f e c t i v e  

p o t e n t i a l ,  as w i l l  be shown l a t e r .  

This paper i s  organized i n  the  f o l l o w i n g  way: i n  s e c t i o n 2  we 

g i e  the d e t a i l s  o f  the  model and the def  i n i t i o n s  o f  q u a n t i t i e s  which we 

w i l l  la te i -  compute numerical ly .  Sect ion 3 has a b r i e f  r e v i e w  o f  the 



Monte Car lo method o f  numerical s i rnulat ion and discusses the way we 

implement i t  i n  t h l s  problem. We descr ibe the numerical r e s u l t s  i n  the  

sec t i on  4, where we est imate the c r i t i c a 1  " temperature" o f  t h e  model ,  

d iscuss the sources o f  e r r o r ,  the f i e l d  d i s t r i b u t i o n  i n  the l a t t i c e  and 

the hys teres is  curve generated by our a lgor i thm.  We present the  compu- 

t a t i o n  o f  the e f f ec t i ve  p o t e n t i a l  t n  sec t i on  5 and present a summary 

and conclusions i n  sec t ion  6. 

2. h@: IN THE LATTICE 

We w i l l  study the  l a t t i c e  ve rs lon  o f  the  Euclidean Lagrangian: 

1 1 rn L = T I  ( a , @ ) 2  + - m 2 ~ 2  + (h@'++ (1 

We scale up the f i e l d ,  d e f i n i n g  

@ e =Li -  m  (2) 

making I t  dimensionless, as wel l as the  space var iab les ,  redef ined by 

gi = mxi. The p a r t i t i o n  func t ion ,  

w r i t t e n  i n  terms o f  the scaled var iab les  and w i t h  the  scaled c u r r e n t  

def  i ned by 

i s  now 

I n  the  d i s c r e t e  vers ion  o f  t h i s  theory, the f i e l d s  e ( ; )  are  
+ 

def ined a t  the  l a t t i c e  s i t es ,  l a b e l l e d  by the  number vec tor  n. The l a t -  

t i c e  s i t e s  a re  separated by a d is tance a and we impose per iod ic  boundary 

c o n d i  t i o n s  o v e r  the f i e l d s  on the  surface o f  the  f i n i  t e  l a t t i c e  

volume. The l a t t i c e  vers ion  o f  the d e r i v a t i v e  i s  def ined by 



+ 
where e i s  the u n i t  vec tor  i n  the d i r e c t i o n  i. We w i l l  use i 

f3 z l / X  (7) 

t o  be i n  accord w i t h  n o t a t i o n  used i n  s t a t i s t i c a l  mechanics. The l a t -  

t i c e  vers' ion o f  the p a r t i t i o n  func t ion ,  

has the  Eiicl idean Hami l tonian def ined by 

i n  a  space o f  dimension d.  

The c l a s s i c a l  p o t e n t i a l  

has i t s  extrema a t  the so lu t i ons  o f  the equat ion 

€ I 3 - 8 + j =  O 

This equat ion has e i t h e r  th ree rea l  roots,  being two o f  them minima o f  

the  poten t  ia1 and the t h i  r d  a  maximum, o r  one rea l  r o o t  corresponding t o  
.2  

a minimurn. The nature of the r o o t r  i r  c o n t r o l l e d  by A = $- - h, insuch 

a  way t h a t  when As0 the equat ion has th ree rea l  roo ts ,  wh i l e  f o r  A > O  

there  i s  o n l y  one rea l  roo t .  So the c l a s s i c a l  p o t e n t i a l  w i l l  have a  

s ing le  miiiimum i f  ( j (  > 2/3fi. 

The average o f  a  f unc t i ona l  o f  the f i e l d s  i n  the  presence o f  

the cur re i i t  j i s  

/ p e G ) ] ~ ( ~ ( t ; )  )e-BH 
< ~ ( e ( n ) ) > .  3 

3 
(12) 

r [ve e-BH 

We de f i ne  the connected p a r t i t i o n  func t i on  i n  the usual way 

I n  t h i s  work we use a  constant cu r ren t  j over the  whole l a t -  

t i c e ,  so tha t  the  d e r i v a t i v e  i n  j y i e l d s  



w h e r e N i s t h e n u m b e r o f  s i t e s  i n t h e l a t t i c e a n d z < 0 ( $ ) / ~ >  i s  the 
n j 

average value o f  the f i e l d  over the e n t i r e  volume. 

The e f f e c t i v e  ac t ion ,  the Legendre t ransform o f  W, i s  de f ined 

by 

r($) = W ( j )  - W a 4 j $  (15) 

w i t h  the boundary cond i t i on  over 4, 

The v a r i a b l e  4 o f  the e f f e c t i v e  a c t i o n  i s  equivalent  t o  t h e  a v e r a g e  

va lue o f  the  f l e l d  over the  e n t i r e  volume. 

The e f f e c t i v e  p o t e n t i a l  i s  der ived from the e f f e c t i v e  a c t i o n  

by e x t r a c t i n g  the volume f a c t o r  

1 
V ( $ )  - r($) (1 7) 

Na * 
I n  general the e f f e c t i v e  p o t e n t i a l  i s  der ived from the e f f e c t i v e  a c t i o n  

by making an expansion i n  terms o f  constant ( i n  space) va 1 ues  o f  the 

v a r i a b l e  4, however, the  e f f e c t i v e  a c t i o n  contains more t h a n  t h a t ,  

naiitely terms which dependon s p a t i a l  v a r i a t i o n s o f  $ ( i . e . ,  terms i n  

de r i va t i ves  o f  4 ) .  I n  our case, as W ( j )  i s  a  f unc t i on  o f  a  constant  j , 
t h i s  impl ies t h a t  the e f f e c t i v e  p o t e n t i a l  co inc ides  w i t h  the e f f e c t i v e  

a c t  ion  . 
From the def  

equa t i on 

i n i t i o n  o f  the  e f f e c t  

6= 
64 

i v e  p o t e n t i a l  we w r i t e  the 

The e f f e c t i v e  p o t e n t i a l  can be in tegra ted using the invers ion  o f  the 

func t i on  $ ( i ) .  However t h i s  can o n l y  be done i n  an unambiguous way i f  

j i s  a  continuous and s i n g l e  valued func t ion  o f  4. However, one o f  the  

signs o f  a  phase t r a n s i t i o n  i s  a  d i s c o n t i n u i t y  i n  t h i s  func t ion ,  and 

t h i s  i s  the cause o f  t r oub le  i n  the cons t ruc t i on  o f  the e f f e c t i v e p o t e n-  

t i a l .  I n  our numerical s imula t ion  we p l o t  j aga ins t  5 <O(;)/N> do a  
n i' 

f i t t i n g  o f  the curve and then i n teg ra te  nuiner ical ly  eq.(18).  I n  a  f i -  



n i t e  l a t t i c e ,  s t r i c t l y  speaking there  i s  no phase t r a n s i  t i o n  so the  

problem w i t h  j ( @ )  i s  non e x i s t e n t  and the e f f e c t i v e  p o t e n t i a l  can be 

constructet l  w i thout  ambiguity. 

The second d e r i v a t i v e  o f  the e f f e c t i v e  p o t e n t i a l  can be de- 

r ived f rom 

Th is  q u a n t i t y  i s  analogous t o  the  inverse magnetic suscept i -  

b i l  i t y  i n  a sp in  system 

The term ins ide  the  bracket  i n  equat ion (19) i s  p o s i t i v e  de f i -  

n i t e ,  which impl ies  t h a t  the  e f f e c t i v e  p o t e n t i a l  must be convex. How- 

ever, some caut ion  should be taken w i t h  t h i s  statement, f o r  i t  i s  t r u e  

when 4 i s  i3 continuous func t i on  o f  j. Had t h i s  func t ion  a d i scon t i nu i t y ,  

as i s  the case when the  system undergoes a phase t r a n s i t i o n ,  then the 

e f f e c t i v e  p o t e n t i a l  i s  undefined a t  the 'gap i n  $. 

The energy dens i t y  a t  a s i t e  

can be used i n  the d e f i n i t i o n  o f  the interna1 energy dens i t y  

where H i s  g iven by eq.(19), and 



The s p e c i f i c  heat i s  der ived from the energy dens i t y  

Th is  q u a n t i t y  i s  very use fu l ,  f o r  a  peak i n  i t s  diagram as a  func t i on  o f  

the temperature, i s  an i n d i c a t i o n  o f  a  phase t r a n s i t i o n  i n  the  system. 

3. THE MONTE CARLO METHOD 

To evaluate func t i ona l  i n teg ra l s ,  l i k e  t h a t  de f ined i n  

(12), i s  a  p r o h i b i t i v e  task i f  some method o f  " c u t t i n g  down" the  

space i s  no t  used. The Monte Car lo method17, which was f i r s t  appl i 

problems i n  s t a t i s t i c a l  mechanics by Metropol i s  and co l  labora tors '  

based on the idea o f  importance sampling o f  the phase space. I n  

eq 

phase 

ec! t o  

', i s  

t h i s  

method a  set  o f  conf igura t ions  from phase space i s  chosen i n  such a  way 

tha t  i t s  d i s t r i b u t i o n  i s  re la ted  t o  the  dens i t y  o f  the phase space. The 

estirnate Ã t o  the average c4> i s  g iven by a  weighted average over the me 
set  w o f  rn s ta tes  sampled 

Here, (ew) i s  the value o f  A computed f o r  the conf i g u r a t i o n  w. Moti - 
vated by s t a t i s t i c a l  mechanics we choose the s ta tes  0 according t o  the 

W 
Boltzman d i s t r i b u t i o n  

Then, the Monte Car lo est imate o f  <A> reduces t o  the a r  i t h -  

met i  c  average. 



This  choice o f  d i s t r i b u t i o n s  i s  par t icu1ar l .y  c o n v e n i e n t  f o r  

numerical computation, f o r  when a new s t a t e  i s  generated, o n l y  i t s  r e l a -  

t i v e  p r o b a b i l i t y  t o  the preceding one needs t o  be computed, i.e., 

I n  t h i s  Monte Car lo s imulat ion,  we se t  the system on a hyper- 

cubic l a t t i c e  w i t h  4' s i t e s  and impose pe r i od i c  boundary cond i t i ons  a t  

the surface o f  the l a t t i c e  volume. Although, i n  most o f  our  runswehave 

s t a r t e d  from a "hot" (randomly chosen) conf igura t ion ,  we have c h e c k e d  

the consistency o f  our r e s u l t s  by s t a r t i n g  some r u n s  f rom a " c o l d "  

(ordered) conf i g u r a t  ion . 
When generat ing a new f i e l d ,  instead of using the random walk 

a lgor i thm 6,  def i i ied by 

- 
'new - 'old + (2s 

w i t h  s beiny a random number i n  the  i n t e r v a l  

constant, we have chosen t o  use the  random f 

[0,1] and A some emp 

i e l d  

i r i c a l  

where A' i s  an empi r ica l  constant .  We have used A' = 3 below the c r i t i -  

ca l  temperature (so t h a t  8 i s  a random and evenly d i s t r i b u t e d  number new 
i n  the i n t e r v a l  (-3,3)) 2nd A' = 5 above i t .  We have used t h e  p s e u d o -  

-random sequence generated by the machine, but  a t  each run we changethe 

seed number o f  the random number generator. 

The acceptance c r i t e r i a  f o r  a new f i e l d ,  enew, i s  governed by 

the Metropol i s  algorithml' .  I f  the  eriergy H of the system i s  lowered by 

the replac.ement o f  8 old by enew ( i . e . ,  P (enew) > P (eold)) a t  the 
eq eq 

s i t e j , t h e n t h e f i e l d a t t h i s s i t e i s r e p l a c e d b y t h e n e w v a l u e .  I f  

ALY 0, where AV = H(anew) - H(O ) ,  then a random number, r , w i  t h  
o l d  

uni form d i s t r i b u t i o n  i n  the i n t e r v a l  @,I] i s  generated, and  t h e  new 

f i e l d  accepted o n l y  i f  e x p [ I - @ ~ ~ ]  > r ,  otherwise, the f i e l d  r e t a i n s  i t s  

previous value. I t  i s  t h i s  occasional acceptance o f  con f i gu ra t i onswh ich  

do no t  lorrer the energy which s imulates the e f f e c t s  o f  quantum f l u c t u -  

a t ions .  We update the value o f  the f i e l d s  a t  each s i t e  once a t  a t i m - ,  

and runove r  the s i t e s  i n  a sequent ia l  way, u n t i l  we complete a Monte 



C a r l o  sweep. We do 8 t r i a l s  (sometimes 10) t o  change the f i e l d  a t  a 

s i ng le  s i t e ,  before proceeding t o  the  next  s i t e .  Th ls  procedure reduces 

the  c o r r e l a t i o n  amng d i f f e r e n t  conf igura t ions ,  increases the  r a t e  o f  

change o f  the f i e l d s  a t  each i t e r a t  ion (sweep) and i n  addi t ion makes the 

system converge t o  e q u i l i b r i u m  a t  a f a s t e r  ra te .  With 8 t r i a l s  per up- 

date, 92% o f  the s i t e s  has i t s  f i e l d  value change between s e q u e n t  i a 1  

sweeps. 

Our t y p i c a l  run f o r  a p a i r  o f  parameters ( B ,  j) has 6000 

Ronte Car lo sweeps, each sweep being an e n t i r e  update o f  the  whole l a t -  

t i c e .  We wa i t  f o r  about 600 Monte Car lo sweeps, a l l ow ing  the system t o  

thermalyze, before co l  l e c t i n g  data. We s e p a r a  t e  t h e  sequence  o f  

thermalyzed con f i gu ra t i ons  i n  is lands,  w i t h  an i n t e r v a l  o f  20 sweepsbe- 

tween them. We c o l l e c t  the cen t ra l  con f i gu ra t i on  o f  each i s l and  and use 

the o thers  t o  do s t a t i s t i c s  and have some çon t ro l  over c o r r e l a t i o n s  i n  

the sampl e. 

We est imate the s t a t i s t i c a l  e r r o r s  by computing the var iance 

u of  the q u a n t i t y  being measured and then using the f ~ r m u l a ' ~  

where rn i s  the number o f  con f i gu ra t i ons  used. 

Th is  Monte Car lo program requ i red 8 . 4 ~ 1 0 - ~  sec f o r  a s i ng le  

s i t e  update, i n  a CDC-CYBER 170-835. 

4. NUMERICAL RESULTS 

We have inves t iga ted the behaviour o f  the model A$:, i n  the 

space o f  parameters B(=I/X) and j ,  wh i l e  keeping the  l a t t  i c e  s p a c i n g  

constant and equal t o  1.0. We have measured the  expecta t ion  v a l u e o f t h e  

f i e l d e ,  i n  t h e p r e s e n c e o f  a n e x t e r n a l  source i t s  v a r i a n c e ,  
j' 

the e f f e c t i v e  mass and the  s u s c e p t i b i l i t y ,  f o r  values o f  j i n  the i n -  

t e r v a l  (-3.0,3.0), f o r  severa1 values o f  8 .  I n  addi  t ion ,  we havemeasured 

the i n t e r v a l '  energy dens i t y  and the spec i f  i c  heat a t  1 j = 0.0 1 and 

I j l  = 0.001 f o r  values o f  1 /B  ranging between 0.2 up t o  3.0. I n  the 

f o l l o w i n g  we w i l l  comment on the behaviour o f  each o f  the  q u a n t i t i e s  we 

measured, the numerical r e s u l t s  obtained and eventual sources o f  errors.  

We can i d e n t i f y  the l i m i t  j + O  o f  the vacuum expecta t ion  value 



o f  t h e  f i e l d ,  <O> as t h e o r d e r  parameter o f  the theory, i n  analogy 

w i t h  s t a t l s t i c a l  mechanics. We expect <O>j,O # O f o r  B>Bcritical, wh i l e  

<O>j=O f o r  B g c r i t i c a l .  When generat ing the sample conf igurations, which 

w i l l  be used i n  the measurement o f  var ious q u a n t i t i e s ,  a t  low tempera- 

tu re  ( l a rge  8) and small j, the sequence o f  c o n f i g u r a t i o n s  may g e t  

trapped i n  a  metastable s t a t e  (or  I n  a  f a l se  vacuum), w i t h  a  very long 

Monte Car lo r e l a x a t i o n  t ime. This can be checked r i g h t  away, by inspec- 

t i n g  the value o f  the average f i e l d  o f  each con f i gu ra t i on .  We h a v e  

avoided the contaminatio< a f  our data from spur ious metastable s t a t e ,  

by imposing a  c u t  over the ' a ~ e r a ~ e  f i e l d  <O> before a c c e p t  i ng a  new 
j 

con f i gu ra t i on  i n  the Monte Car lo sample. We have checked thecons is tency  

o f  t h i s  procedure by repeat ing  the runs a t  some spec i f  i c  s e t  o f  par-  

ameters, w i t h  a  d i f f e r e n t  s t a r t i n g  con f i gu ra t i on  and pseudo-random num- 

ber sequence. 

I n  f i g u r e  1 ,  we show t h e  d i a y r a m  o f  t h e  e x t e r n a 1  

c u r r e n t  j agains t  t h e  a v e r a g e  f i e l d  <O> f o r  t e m p e r a t u r e s  be- 
j' 

l o w ,  n e a r  and  a b o v e  t h e  c r i t i c a 1  t e m p e r a t u r e .  The d i a g r a m  

f o r  t e m p e r a t u r e s  b e l o w  t h e  c r i  t i c a l  one  shows v e r y  c l e a r l  y  

t h e  gap i n  <€I> a s  t h e  l i m i t  j + O +  and  j -+ O -  i s  crossed, 
j 

smal lest  v a l u e  o f  a t  which 

1 o b t a i n  t h e  v a l u e  o f  

iagrams w i l l  be very  u s e f u l  

s i g n a l i i i g  a phase  t r a n s i t i o n .  The 

we take rneasurements i s  l j l  = 0.001, so, t o  

= ec we do an ex t rapo la t i on .  These d  j=O 
when cons t ruc t i ng  the e f f e c t i v e  p o t e n t i a l .  

I n  f i g u r e  2, we p l o t  the measured 

tempe 

value o f  <O>. a t  d i f f e r e n t  
3 

r a t u r e s a t  I j l  =0 .001  a l o n g w i t h  the i n f i n i t e  l a t t i c e  c u r v e  

(broken t i n e ) ,  which i s  obtained from the ex t rapo la t i on  o f  j4. 

The magnet i c  suscept i b i  1 i t y  def  ined i n  eq. (20) shows a  very  

c lea r  cusp a t  the t r a n s i t i o n  temperature, as i t  i s  exh ib i t ed  i n  f i g u r e  

3. This q u a n t i t y  i s  q u i t e  s e n s i t i v e  t o  the c u t s  we impose ( t o  e l im ina te  

metastable s ta tes)  upon the  Monte Car lo sample. The value o f  <O2> i s n o t  

a f f ec ted  be the  cuts,  however <0>can  change a  l o t ;  nevertheless, the  

peak a t  the c r i t i c a l  temperature i s  i n s e n s i t i v e  t o  the  cu ts  imposed. 

The spec i f  i c  heat de f  ined by eq. (24) a l s o  shows a  very c l e a r  

peak a t  the t r a n s i t i o n  temperature, cons is ten t  w l t h  the peak a t  t h e  

magnetic suscep t i b i l  i t y ,  which i s  measured a t  I j l  = 0.001 and shown i n  

f i g u r e  4.  I n  con t ras t  t o  the magnetic s u s c e p t i b i l i t y ,  the s p e c i f i c  heat 
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Figure 2 - Average f i e l d  as a func t i on  of " t e m p e r a t u r e "  for 

j = -0.001.  The broken l i n e  i s  the r e s u l t  o f  the  ex t rapo la t i on  

Figure 3 - S u s c e p t i b l l i t y  as  a  f u n c t  i o n  o f  t h e  tem- 

perature" f o r  j = 0.01. 



I func t  i on o f  the "temperature" f o r  

I 

and,  a1  so,  the in terna!  energy dens i ty ,  a re  i n s e n s i t i v e  t o  the cu ts  

which a re  imposed upon the Monte Car lo sarnple. 

The c r i  t i c a l  temperature o f  the A@: model which we rneasure, 

e i t h e r  from the magnetic s u s c e p t i b i l i t y  o r  the s p e c i f i c  heat diagram i s  

- 
Figure 4 - Spec i f i c  h e a t  a s  a 

We have estimated the co r re la t i o r i  lenght  us ing  the expression 

1 x2G($,0) 

+ -f 
where x = an and the connected propagator I s  g iven by 

We have found tha t  the c o r r e l a t i o n  lenght i s  smal ler  than the 

l a t t i c e  dirnension even near the c r i t i c a l  temperature, e x h i b i t i n g  a 

"bump" when t h i s  ternperature i s  crossed. Th is  i s  due t o  t h e  f i n l  t e  

s i ze  o f  the l a t t i c e  f o r ,  s t r i c t l y  speaking, there  i s  nophase t r a n s i t i o n  

once the  systern í s  f i n i t e  and so the c o r r e l a t i o n  lenght i s  a l s o  f i n i t e .  

The f i e l d  d i s t r i b u t i o n  over the e n t i r e  sample f o r  a p a i r  o f  

parameters ( j , @ )  i s  r e l a t e d  t o  the quantum mechanical wave f u n c t i o n a l  

oi zhe systern. Below the c r i t i c a l  temperature, the f i e l d  d i s t r i b u t i o n  

i s  peaked around the rninirnum o f  the c l a s s i c a l  p o t e n t i a l  w i t h  a gaussian 



l i k e  shape, as i s  shown i n  f i g u r e  5. Had we not  imposed a c u t  on the 

samples we co l lec ted,  diagrams l i k e  t h a t  o f  f i g u r e  5 would show another 

much smal l e r  gaussian peak around the bottom o f  the " f a l  se" vacuum ( the  

o ther  l oca l  minimum o f  the c l a s s i c a l  p o t e n t i a l ) ,  near 

perature.  This f i e l d  d i s t r i b u t i o n  i s  very  s e n s i t i v e  t 

being a measurement taken a t  j = -0.001 .vAl though the 

small value o f  j i s  impercept ib le a t  the sca le  o f  the 

t i a l ,  the quantum mechanical system o n l y  spends very  1 

t Ime a t  the  f a l  se "vacuum". 

the  c r i t i c a l  tem- 

o j ,  f i g u r e  5 

e f f e c t  o f  t h i s  

c l a s s i c a l  p o t e n -  

i t t l e  Monte Car lo 

I n  con t ras t  w i t h  the  f l e l d  d i s t r i b u t i o n  below t h e  c r i  t i  c a l  

temperature, above i t  the  f i e l d  i s  spread a11 over the  p o t e n t l a l ,  as  i s  

shown i n  f i g u r e  6, where the measurement was taken f o r  B = 0.30 a n d  

j = -0.001. Here the  f l e l d  d i s t r i b u t i o n  i s  q u i t e  symmetric a r o u n d  both  

c l a s s i c a l  mlnima. 

We have run hys teres is  loop w i t h  j = -0.001 which i s  shown i n  

f i g u r e  7. To run t h i s  loop, we f i r s t  thermal ize  the  system a t  low tem- 

pera ture  and take measurements o f  the  i n t e r n a l  energy dens i ty .  Then we 

change the  value o f  the temperature very  s lowly  ( i n  Monte Car lo "time"). 

I n  the run shown i n  f i g u r e  7, we change the  temperature by l lSP=2.5~10'~ 

a t  each Monte Car lo sweep. The temperature i s  increased u n t i l  somemaxi- 

mum value (dots i n  the  f i g u r e )  and then decrease t o  the the rma l i za t i on  

temperatiire ( the crosses i n  the f i gu re ) .  The area o f  the  hys te res i s  loop 

becomes smal ler  i f  we reduce the  step LU', however the f l u c t u a t i o n s  i n  

the values o f  rhe i n t e r n a l  energy densi ty,  prevents using t h i s  d i a g r a m  

t o  make a good meaturement o f  the  c r i t i c a 1  temperature. 

We have tes ted the s t a b i l i t y  o f  our r e s u l t s  aga ins t  the  v a r i -  

a t i o n  o f  the l a t t i c e  s ize,  by making a few runs f o r  l a rge r  volumes, 6" 

and a4 .  The r e s u l t s  we ob ta in  a re  cons is tent  w i t h  those reported above. 

5. THE EFFIICTIVE POTENTIAL 

The e f f e c t i v e  p o t e n t i a l  can be constructed by+integrat ion eq. 
e ( d ,  (18). The f i e l d  ( i s  thevacuumexpecta t ion  v a l u e i  , so we 

have t o  i i i v e r t  t h i s  f unc t i on  and compute j ( ( ) .  We have f i t t e d  the d i a -  

grams shown i n  f i g u r e  1 w i t h  polynomials and then we i n teg ra te  eq. (18) 

a n a l y t i c a l l y .  



Figure 5 - F i e l d  d i s t r i b u t i o n  i n  the  e n t i r e  sarnple 

f o r  6 = 10.0 and j = -0.001. 

F igure  6 - F l e l d  d i s t r i b u t i o n  - i n  the e n t i r e  sarnple f o r  

6 = 30.0 and j = -0.001. 



Figure 7 - The hys teres is  diagram fo r  j = -0.001. 

l n  f i g u r e  8 weshow the e f f e c t i v e  p o t e n t i a l  a t  h igh  t e m p e r a -  

tu re ,  ie,  above the c r i t i c a 1  temperature, computed f o r  6=0.30. Th is  i s  

a we l l  beliaved p o t e n t i a l  w i t hou t  spontaneous symmetry breaking, i n s p i t e  

o f  the f a c t  t h a t  we s ta r ted  w i t h  a bare p o t e n t i a l  where s p o n t a n e o u s  

symmetry breaking occur. Th is  e f f e c t i v e  p o t e n t i a l  can be c o n t r a s t e d  

w i t h  the one shown i n  f i g u r e  9, constructed w i t h  f3=10.0, ie,  much below 

the c r i t i c a 1  temperature. Here, the regions o f  $I which i n t e r p o l a t e  the  

tw value!; o f  the f i e l d  which a re  a t t a ined  a t  j=O coming from above and 

from below, i s  s imply connected by a s t r a i g h t  l i n e .  This i s  the  Maxwell 

cons t ruc t i on  proposed by Cal laway and ~ a l o o f ' ~ .  I f  the Monte Car lo sam- 

p l e  i s  long enough, and i f  we take smaller and smal ler  values o f  j ,  the 

d iagram 01' f i g u r e  I .a, wi 1 l eventual l y bend and the l ine  goes t h r o u g  h 

zero, thus avo id ing  the necess i ty  t o  impose the Maxwell c o n s t r u c t i o n ; i t  

w i l l  come n a t u r a l l y  i n  the l i m i t  o f  an i n f i n i t e  volume l a t t i c e .  However, 

even a t  a small l a t t i c e  l i k e  ours,  the appropriateness o f  the Maxwell 

cons t ruc t i on  i s  evident .  

6. SUMMARY 

We have studied the phase diagram o f  A$: and the shape o f  the 

e f f e c t i v e  p o t e n t i a l  f o r  d i f f e r e n t  values o f  A .  This theory e x h i b i t  two 

d i s t i n c t  phases: an ordered phase w i t h  B>@critical (B=l/A), where the  



\ I / Figure 8 - The e f  f e c t  i v e  p o -  

t e n t i a l  a t  h iqh  Ikemperature" 

symmetry o f  the vacuum i s  spontaneously broken and a disordered phhse,  

w i t h  B<Bcritical, w i t h  unbroken symmetry. Thus, as expected, a symmetry 

which i s  broken a t  low "temperature", i s  res tored a t  h igh  "temperature'! 

We determined the c r i t i c a 1  temperature, ana lyz ing  themagnetic 

s u s c e p t i b i l i t y  and the s p e c i f i c  heat diagrams, w i t h  the . r e s u l t  

-I  

' c r i t i c a l  
0.88 it 0.01 

We have a l  so constructed the  e f f e c t  i v e  potent  ia1 a t  "tempera- 

tures" below and above the c r i t i c a l  one. Below the c r i t i c a l  " te rnpera-  

tu re"  we o b t a i n  a r e s u l t  which i s  cons is ten t  w i t h  the  Maxwell construc-  

t i o n  procedure sugested by Cal laway and ~ a l o o f ' ~ .  

Our Monte Car lo samples a r e  not  r i c h  enough yet ,  n e a r  t h e  

c r i t i c a 1  ternperature t o  study the l i m i t  t o  the continuum o f  the theory.  

I t i s p a r t i c u l a r l y  i n t e r e s t i n g t o  s t u d y  t h e  b e h a v i o u r  o f  t h e  

renormal ized coupl ing  constant ,  once we expect t h a t  i t shou  1 ci show 

F igure  9 - The e f f e c t i v e  po- 

t e n t i a l  a t  h igh  I 1 t e m p e r a t u r e "  
I Q (6  = 10.0) 



i nd i ca t i ons  o f  the t r i v i a l i t y  o f  the theory.  Work on t h i s  issue i s  i n  

progress. 
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Resumo 

O o b j e t i v o  deste t raba lho é estudar o comportamento de uma 
t e o r i a  na rede na qual ocor ra  quebra espontânea de s imet r ia .  Calculamos 
o potenc ia l  e f e t i v o  e obtemos o diagrama de fase para uma t e o r i a  A$: 
através do uso do metodo de Monte Carlo. U t  i 1 i zamos-para es te  c á  1 cu  l o 
uma rede hipercübica com b4 s í t i o s  e impomos condiçoes de contorno pe- 
r iód  icas.  Examinamos o comportamento do v a l o r  esperado no vácuo em 
presença de uma fonte  externa j ( x ) ,  mantendo f i x o  o parâmetro B=l/XCha- 
mamos de $c o 1 im i te  de <O> - quando $+O. Observamos que para valores de 
f3 maiores que ice temog +c#O, enquanto que para valores de B meno- 
res que B c r g t i c o  temos +c=O. Ver i f icamos então que a t e o r i a  A+: e x i  be  
duas fases, uma desordenada na qual o v a l o r  esperado no vácuo do campo 
é nulo,  e uma fase ordenada que é caracter izada por uma magnet  i z a ç a o  
espontânea. O v a l o r  de B C r í t i c o  é estimado com a u x í l  i o  do comportamento 
do ca lo r  espec í f i co  e da suscep t i b i l i dade  como funções de 6. 


