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Abstract I n  t h i s  paper we consider the n o n - r e l a t i v i s t i c  approximation 
f o r  the c,; system i n  order  t o  study the J / $  f a m i l y  spectrum and some 
o ther  p rope r t i es  o f  these resonances such as hadronic, l e p t o n  i c ,  and  
e l e c t r i c  d i p o l e  t r a n s i t i o n  widths.  The p o t e n t i a l  used i s  phenomenologi- 
ca l ,  w i t h  a sp in  dependent pa r t ,  o f  the types square r o o t  and 1inear.The 
~ c h r g d i n ~ e r  equat ion i s  solved w i t h  the v a r i a t i o n a l  method w h e r e  t h e  
conf igura  t i o n  space i s  spanned by a se t  o f  harmonic o s c  i 1 1 a t o r  wave 
func t  ions.  

1. INTRODUÇTION 

The spectrum and decay p rope r t i es  o f  the J /$  f am i l y  have been 

the sub jec t  o f  a number o f  s tud les  i n  recent  years. These r e s o n a n c e s  

can be inkerpreted as bound s ta tes  o f  the charmed quark-ant iquark (c:) 

system. Experimental e f f o r t s  t o  f i n d  f r e e  quarks have been unsuccessful 

and the re fo re  i t  i s  made the assumption tha t  quarks are  conf ined some- 

how. The chsrmed quarks a re  supposed t o  be so heavy tha t  a n o n - r e  I a -  

t i v i  s t  i c  treatment i s  j u s t i f i e d .  

Yn t h i s  paper we i nves t i ga te  the  a p p l i c a b i l i t y  o f a v a r i a t i o n a l  

method - eihere con f i gu ra t i on  space i s  spanned by a se t  o f  harmonic os- 

c i  l l a t o r  (HO) wave func t ions  - i n  order t o  study the mass spectrum and 

some decay p rope r t i es  (hadronic, lep ton ic ,  and e l e c t r i c  d i p o l e  t r a n -  

s i t i o n  wiclths) o f  the charmonium. The confinement i s  achieved through a 

phenomenological p o t e n t i a l  o f  the types square roo t  and l inear .  I t s  par-  

ameters are  chosen by f i t t i n g  the  $ '  - $ mass d i f f e r e n c e  and the $ mass. 

2. CALCULATION 

We s t a r t  w i t h  the i n t r i n s i c  hami l tonian f o r  two p a r t i c l e s  of 

masses m, and m,, i n t e r a c t i n g  v i a  the p o t e n t i s l  ~ ( r ' )  



where $' = - z; is the relative coordinate, = mlm2/(ml+m2) is the 

reduced mass, and c' = - i$'. Primed variables means they have dimen- 

sion. 

Considering, on the other hand, the same two particles interac- 

ting now through the harmonic oscillator potential yu2r12 the corre- 

sponding hamiltonian is given by 

Theref ore 

H1 

lntroducing dimens 

the above hamiltonians becorne 

ionless (unpr imed) coordinate and mornenturn 

where 

is taken as a non-linear variational parameter. 

Each eigenfunction of HI is expanded in a basis of eigenfunc- 

tions of HHO with well defined spin, orbital and total angular mo- 

rnetita, i.e., the trial wave function is 

Y = 1 av / v  S, JM > 
v 

with 

I V  S ;  JM> = 1 (R%, M-~IJM) ln~nr>l~,~q> (10)  
m 

and v stands for the pai r of H0 quantum numbers (nR) ; av are taken as 

1 inear variational parameters. 

In order to obtain the mass spectrum we diagonalize the matrix 

IIfII// whose elernents are calculated with respect to the wave functions 



given i n  eq.( lO).  I n  the diagonal i z a t i o n  process we get  the  eigenvalues 

(energy o r  mass spectrum) and the e i g e n f u n c t i o n s o f  eq.(6) ( i . e . ,  the 

c o e f f  i c i e n t s  a") .  We considered a  basis o f  dimension 28 i n  our ca lcu-  

la t i ons ,  t ha t  i s ,  O É n  4< 27 i n  the expansion (9 ) .  We v e r i f y  t h a t t h i s  

dimension i s  s u f f i c i e n t  t o  assure the convergence i n  t h a t  expansion by 

diagonal i z i n g  submatrices o f  1 1  H 1 1  . For instance, comparing the masses I 
obtained using a  basis o f  dimension 20 w i t h  the  ones ca l cu la ted  w i t h t h e  

dimension 28 we n o t i c e  t h a t  there  i s  a  v a r i a t i o n  o f  no more than 0.1%. 

I t  i s  chosen a  value o f  E which minimizes the lowest eigenvalue fo reach  

se t  o f  (RsJ) s ta tes .  

Fol lowing r e f .  1 ,  we assume t h a t  the c: p o t e n t i a l  i s  

v ( r l )  = v 0 ( r 1 )  + V ( r i)  + Va,(rl) ss ( 1  1 )  

where the con f i n ing  and coulombic pa r t s  a re  given by 

4 
w i t h  B = - a fie, and the sp in  dependent p a r t s  which come from a gener- 3 s 
a1 i z a t i o n  3 f  the Fermi-Brei t p o t e n t i a l  a re  

-+ -+ -+ 
where S = , S I  + S, and m i s  the mass o f  e  
the cases 'y = 1/2 (square roo t  po ten t i a  

mentioned e a r l i e r ,  the parameters A and 

quark c. Here we consider 

I )  and y=l ( I  inear po ten t i a  

C a re  chosen 50 t h a t  t o  

respec t i ve l y  the $ '  - $ mass d i f f e rence  and t h e $  mass.The s t rong 

l i n g  constant a was var ied  from O t o  0..2. 
S 

onl  y  

1. As 

f i t  

oup- 

I n  comparison w i t h  the numerical c a l c u l a t i o n  o f  r e f .  1 o u r f o r -  

l i s m  has the advantage o f  inc lud ing a  p r i o - i  the sp ln  dependent p a r t s  

(13) and ( 1 4 ) ,  w h i c h  means t h a t  t h e  wave func t ions  obtained here 

are  expectl-d t o  descr ibe f u l l y  each s ta te  carac ter ized by t h e  quan tum 

numbers ( R W )  . 
Tlie ma t r i x  elements o f  1 1  H ~ I I  using the above p o t e n t i a l  can be 

found t o  be 



and the c o e f f i c i e n t s  B(nlR, nk, p )  are  def ined i n  r e f .  3 .  For numerical 

computation reasons we used, instead o f  the above summation i n  p , the 

f o l  lowing expression3 

where p = k + k ' + R and 

Once the wave func t ions  have beeri obtained according t o  t he 

ment ioned procedure we ca l cu la ted  some decay proper t  i es  o f  t he J / J i  

f am i l y ,  namely, l ep ton i c ,  hadronic, and e l e c t r i c  d i p o l  e t r a n s  i t i o n  

widths.  The corresponding expressions are  



leptonic decay width4 * ( ~ a n  Royen-We i sskopf formula 

16a a2 e: ( z d 3  
r ($ -t e+e-1 = 

3a J 

2 
where e - -  i s  the charge o f  the quark c ( i n  u n i t s  

c 3 
charge) and cr i s  the  f i n e  s t ruc tu re  constant. 

o f  t h e  p r o t o n  

I n  the expressions above the value o f  the  squared wavefunction 

a t  the o r i g i n  can be w r l t t e n  as ( fo r  S sta tes)  

e Zectrfc dipole transition width7 

where i and f stand f o r  i n i  t i a 1  and f i n a l  states,  respect ive ly ,  and R 

I s  t h e i r  m e r g y  gap (we used ca lcu la ted values).  The above t r a n s i t i o n  

w i t h  x = (;./c and (R+Rr)/2 S p  n (R+R ' ) /~  + n + nl. The c o e f f i c i e n t s  C f 
are def inad i n  re f .  8. When si = cf ( i .e., Si = S f =  5) i t  i s  p re fe r -  

able t o  use 

w i t h  p = (R+Rr)/2 + k  + k ' .  



3. FIT AND RESULTS 

We have performed the c a l c u l a t i o n s  w i t h  f ou r  d  

f o r  the  charmed quark mass, v i z . ,  rn = 1.5,  1.6, 1.8, 2  
C 

the l a s t  value we obtained a  b e t t e r  o v e r a l l  agreement w 

i f f e r e n t  v a l  ues  

1 G ~ v / c ~ .  Using 

i t h  the e x p e r -  

imental J/@ f am i l y  mass spectrum. The r e s u l t s  a re  presented i n  F igure  1 

and Table 1 ,  inc lud ing the po ten t i a l  parameters and the  values o f  E . 
1 We n o t i c e  tha t  f o r  y = T a n d  y = 1, wh i l e  a increases from O t o  0.2, 

S 

the agreement w i t h  the experimental masses
g 

o f  the 1 3 ~ , ,  1 3 ~ 1  and 1 3 ~ 2  

s ta tes  i s  improved. The r e s u l t s  f o r  the D s ta tes  a re  low, i n  general. 

I n  Table 2  are  given the exper imental9 and ca lcu la ted v a l u e s  

f o r  the lep ton ic ,  hadronic and E l  t r a n s i t i o n  widths.  The l e p t o n i c  

widths are  overestimated a  l i t t l e .  However the c o r r e c t i o n  f a c t o r s  t o  

the Van Royen-Weisskopf formula a re  no t  q u i t e  c e r t a i n 5 ' 1 0  and hence i t 

i s  more conven i ent  t o  compare the wi d t h  r a t  ios.  ~ o r  I' ($ %+e-) /r ($*e+e-) 

we have 0.49, 0.58, and 0.45 i n  the  th ree columns o f  Table 2 ,wh icha re  

i n  reasonable agreement w i  t h  the  measured value o f  0 .46  + 0 . 0 9 .  The 

hadronic widths agree we l l  w i t h  the experimental values except i n  the 

case -y = 1/2, a = 0.1. This i s  due t o  t h e i r  g reat  s e n s i b i l i t y  on a 
8 s '  

which appears ra ised t o  the t h i r d  power i n  eq. (23).  The e l e c t r i c  d i  - 
pole t r a n s i t i o n  widths are  overestimated t h ~ u ~ h n o t s o m u c h  as in t h e s i m i -  

l a r  numerical c a l c u l a t  ion o f  r e f .  1 .  The cases where e x p e r  imen t a l  r e-  

s u l t s  a r e  not  known appear i n  more o r  l e s ~  the same order  o f  o ther  c a l -  

c u ~ a t i o n s ~ ' ~ ' ~ ~ ' ~ ~ .  

Analysing our  r e s u l t s  we n o t i c e  tha t  the square roo t  p o t e n t i a l  

w i t h  a = 0.2 i s  more adequated t o  descr ibe the charmonium fam i l y  than 
S 

the l i n e a r  p o t e n t i a l .  An improvement i n  the  r e s u l t s  could p r o b a b l  y be 

achieved through the i n t roduc t i on  o f  a  tensor p a r t  i n  our p o t e n t i a l  as 

considered i n  r e f .  2  and a  c a l c u l a t i o n  i n  t h i s  l i n e  i s  i n  progress. F i -  

n a l l y ,  we conclude t h a t  t h i s  ra the r  slmple approach i s  a  u s e f u l a l t e r n a -  

t i v e  to01 t o  the study o f  the charmonium. 

One of us (o.P.) would l i k e  t o  thank Dr. M.M. de Souza and D. 

A. Ag re l l o  f o r  many d iscuss ion du r i ng  the  e a r l y  stages o f  t h i s  work. 
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Fig. 1 - Calculated and experimental mass spectrum of the 

J / $  family. The corresponding values of as and y are indi- 

cated. me = 2.1 Gev/c2. 

Table 1 - Calculated and experimental values for the mass spectrum ofthe 
J / $  family (in M~v/c'). It is indicated a11 the potential parameters and 

also the values of E (in between parentheses, in M~v). me = 2.1 Gev/c2. 



Table 2 - Calculated and experimental value!j f o r  the  l ep ton i c ,  hadronic, 

and e l e c t r i c  d i p o l e  t r a n s i t i o ~  widths ( i n  k e ~ ) .  

EXPERIMENTAL /-- = 5 y = l  
I TRANS I TI  ON 
i VALUES as = 0.1 as = 0.2 a s = 0.2 

r (+  -t hadrons) 

r (+ '  + hadrons) 

235, + I 3 ~ ,  

23s1 7 1 

2 3 ~ ,  -+ I 3p0 

1 3 ~ ,  + 1 35, 

1 3p1 + I 3s1 

1 3p0 -+ 1 3s1 
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Resumo 

Ccinside~arnos neste t raba lho a aproximação não- r e  1 a t i v í s t i ca  
para o sistema cc a f i m  de estudar o espectro da f a m í l i a  J/J, e algumas 
out ras  propriedades destas ressonâncias t a  i s como transições hadrôn icas, 
leptônicas e d ipo lares  e l é t r i c a s .  O potenc ia l  usado é f e n o m e n o l õ g i c o ,  
com uma pa r te  dependente de spi  n, dos t i p o s  r a i z  quadrada e 1 i nea r .  A 
equação de ~ c h r g d  inger é reso lv ida através do método var  iac ional  onde  
se toma por base no-espaço de configuração um conjunto de funções de os- 
c t l a d o r  harmônico. 


