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Abstran We der ive  add i t i on  theorems f o r  Jacobi func t ions  by meansofan 
i n teg ra l  rspresentat ion f o r  the product o f  two Jacobi func t ions .  

As f a r  as we know, no attempt has been made t o  de r i ve  a d d i t i o n  

theorems tha t  involves two Jacobi func t ions  o f  d i f f e r e n t  k i n d s  w i t h  

d i f f e r e n t  arguments. In  t h i s  paper we show how t o  obtainthesetheorems 

by using ar1 i n teg ra l  representat ion f o r  the product o f twoJacob i  func- 

t i ons  o f  d l f f e r e n t  k inds and d i f f e r e n t  argumentsl. As a  by-product we 

a l so  get  acldi t ion theorems f o r  Legendre funct ions.  

2. JACOBI FUNCTIONS 

1 
In  a recent paper we have shown tha t  f o r  t h e  p r o d u c t  o f  

P(n'm'n+m) v-n (x) and Qv-n ("-m'n+m)(xl), the fo l l ow ing  i n teg ra l  r e p r e s e n -  

t a t i o n  i s  v a l i d  

ffx + ch y )  (x' + ch ZJ))V-"-' ,F,{v+n+l, v+n+l; 2 ~ 2 ;  (ch y +1) (ch y  -1) 1 
( ch  y+x) (ch +xl) 



where 1 < 3: < x l  < m. The pararneter v i s  u n r e s t r i c t e d  and m and n a r e  

r e s t r i c t e d  by nt-m > 1 and n-m > 1 i n  o r d e r  t o  rnake t h e  weight  f u n c t i o n  

non nega t i ve  and i n t e g r a b l e .  The i n t e g r a l  i n  eq.1 means t h a t  the  p a t h  

o f  i n t e g r a t i o n  s t a r t s  a t  i n f i n i t y  on the  r e a l  a x i s ,  e n c i r c l e s  t h e  o r i -  

g i n  i n  t h e  p o s i t i v e  sense and r e t u r n s  t o  the  s t a r t i n g  p o i n t .  

The hypergeornetr ic f u n c t i o n  i n  eq.1 can be w r i t t e n  i n  an i n t e -  
2 g r a l  r e p r e s e n t a t i o n  i n  terrns o f  Bessel f u n c t i o n  . I f  we c h a n g e  t h e  

cun tour  i n t e g r a t i o n  i n t o  a  c losed  con tour  around t h e  o r i g i n  i n  t h e  

p o s i t i v e  sense and d e f i n e  

we can w r i t e  

w i t h  Re (V-n+1/2) > 0.  

I n  o r d e r  t o  perforrn 

(2) 

the  i n t e g r a l  over  TI we chose a  p a r t i c u l a r  

con tour  w i t h  an u n i t a r y  r a y  n = exp[i@/2] and we use t h e  Graff  a d d i t i o n  

theorern f o r  the  Y (y) Bessel f u n c t i o n 2  
2n 

+ m  

where w, $, z , ,  z,, and @ a r e  r e l a t e d  by rneans o f  

z l  - 2, cos O = w cos $ 

z 2  sen @ = w sen $ 



The i n teg ra l  over 4 reproduces a s ing le  Kronecker de l t a ,  - and 

we get 

2 -2,q r (v -n t l  ) i' (v+n+l ) (n-m, ntm) (n-m,ntm) 
i (v-m+i)r (v+m+i)  'v-n ("1 ( x l )  

w i t h  Re (V-n+1/2) > O and a l  >z2. 

To de r i ve  the a d d i t l o n  theorem f o r  Jacobi func t ions  wemu l t i p l y  

both members o f  eq.4 by f (x,x l )  exp(2mp) where f ( x , x t )  i s  the weight 

func t ion  

(n-m) / 2  (n+rn) / 2  
f (x ,x l )  = t ( x - I )  ( x l - I  11 { (x+ l )  (x1+1 1)' (5) 

and sum over the parameter m t o  ob ta in  

(n-m, n+m) (n-m, n+m) 
'V-n ("1 &v* (2 '  

The sum over rn i n  the second member can be performed by the 

Graf f  add i t i on  theorem. Then we get  

s :L 
TT 

exp [in(p+i$)] dt J~~~ ( ~ t ) ~ ~ ~ ( w t )  (7) 
s i n  a(v-n+l/2) o 

w i t h  Re (V-n+1/2) > 0; zl > z2 and 

The i n teg ra l  over t reproduces a Jacobi f unc t i on 3 o f  second 

k ind.  Then 



p(n-m,n+m) (n-m , n+m) 
v-n (2) ( x '  

where 1 < x  < x '  <m ; O < J, < ~ r / 2  and p E R .  
T h l s  a d d i t i o n  theorem can be e a s i l y  extended t o  t h e  domain 

1x1 < I ,  Ix' I < 1. I f we de f ine  x =  cos 0 and x '  = cos O ' ,  we have 

m 

C 2 
-2n r (v-n+l ) r (v+%+! ) 

f(c0s e, cos 8 ' )  
m= -w r (v-m+l ) r (v+m+i ) 

(n-m, n+m) (n-m, n+m) 
'v-n (COS 8) (cos 8 ' )  . cxp@mp] 

71 
where cos y =  cos e c o s  6 '  + sen 9sen  8 '  cos p; O < 9 + 0 '  < n ;  O <iI, <-; 2 
p E IR. 

Legendre f u n c t i o n s  a r e  p a r t i c u l a r  cases o f  Jacobi f u n c t  i o n s  

when n=O. Using t h e  w e l l  know r e l a t i o n  between them, we have f o r  as- 

s o c i a t e  Legendre f u n c t i o n s  i n  t h e  domain 1 < x < x '  < 

where v # -1,-2 ... and D E m .  For the  domain 1x1 < I and ( x ' (  < 1 w i t h  

x = cos 9 and x '  = cos 8 



where c o s y =  c o s 9 c o s  9 '  + s e n 9 s e n  9 '  c o s p ,  O < O '  + 9 < r ;  p € I R  
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Resumo 

Der iva- se teoremas de ad ição  para as funções de Jacobi usando- 
-se uma representação i n t e g r a l  para o p rodu to  de duas funções de Jaco- 
b i .  


