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Abstract ble cons ider  a problem o f  thermal d i s t r i b u t i o n  I n  an i n f  i n i  t e  
medium w i t h  a c y l i n d r i c a l  c a v i t y  o f  r a d i u s  a .  The Weber t r a n s f o r m  i s  
used t o  o b t a i n  t h e  s o l u t i o n  o f  t h e  problem. We t r e a t  t h e  s p e c i a l  case 
i n  which t.he s u r f a c e  r=a i s  crossed by a cons tan t  heat  f l u x  Q, per  u n i  t 
t ime per  u n i t  a rea .  

C.arslaw and ~ a e g e r l  have d i  scussed b r  i e f  1 y  severa1 b o u n d a  r y  

v a l u e  problems as examples o f  t h e  appl  i c a t i o n  o f  t h e  Laplace t rans fo rm-  

a t i o n  t o  c y l i n d r i c a l  regions.When t h e  v a r i a b l e  i s  d e f i n e d  i n  the i n t e r -  

v a l  (a,-)  i t  i s  convenient  t o  use t h e  Weber t ransforrn2.  I n  p rev ious  

papers, B a t t i g  and Kal la3,and Bat t ig ,  Luccioni and Kal l a 4  have considered 

problems c ' f  thermal conduc t ion  u s i n g  t h e  Weber trans' form. I n  t h i s  paper 

we cons ider  a n o t h e r  boundary v a l u e  problem and s o l v e  It by means o f  

t h e  Weber t rans fo rm.  The purpose o f  t h i s  n o t e  i s  n o t  o n l y  t o  s o l v e  a 

s imp le  boundary v a l u e  problem, b u t  t o  p resen t  an e x p o s i t i o n  o f  t h e  use 

o f  Weber t r a n s f o r m  which might  be use fu l  t o  t a c k l e  o t h e r  s i m i l a r  

problems . 

2. T H E  WEBEIR TRANSFORM 

I f  f ( r )  i s  p iecewise  cont inuous and a b s o l u t e l y  i n t e g r a b l e  i n  

( a , m ) ,  t h e  Weber t r a n s f o r m  i s  d e f i n e d  as 

where 



The f u n c t i o n s  J (x) and yV(x)  a r e  t h e  Bessel f u n c t i o n s  o f  
v 

f i r s t  and second k ind ,o rder  v , r e s p e c t i v e l y .  

The inverse  o f  e q . ( l )  i s  g i v e n  by 

We s h a l l  use t h e  f o l l o w i n g  p r o p e r t y  o f  t h i s  t ransforrn4 

3. APPLICATION 

We cons ider  t h e  problem o f  thermal conduc t ion  i n  an i n f i n i t e  

rnediurn w i t h  a  c y l i n d r i c a l  c a v i t y  o f  r a d i u s  a. The i n t e r v a l  o f  

v a r i a t i o n  o f  r a d i a l  c o o r d i n a t e  i s  ( a ,  4 .  Our problem i s  t o  s o l v e  t h e  

hea t equa t i on 

where v i s  t h e  temperature, 3 i s  t h e  d i f f u s i v i t y  o f  t h e  m a t e r  i a l , d e -  

f i n e d  as k = K / W ,  where K, p and c a r e  t h e  c o n d u c t i v i t y  d e n s i t y  and 

s p e c i f i c  heat  o f  t h e  m a t e r i a l .  L e t ' u s  p r e s c r i b e  the  i n i t i a l  and bound- 

a r y  c o n d i t i o n s  as 

t = 0  , r > a , v = o  

As the  temperature f u n c t i o n  v í r )  a t  r = a  i s n o t  g iven  we can- 

n o t  use t h e  Weber t rans fo rm i n  a d i r e c t  form i n  t h i s  problern. We s h a l l  

t rans fo rm the  equa t ion  ( 5 )  f o r  t h e  ternperature f u n c t i o n  v ( r )  t o  t h e  

corresponding equa t ion  f o r  t h e  heat  f l u x .  As the  heat  f l u x  fr i s  de-  

f i n e d  as 

(8) 

eq. ( 5 )  becomes 



Mud t i p l  y i n g  b o t h  sides o f  eq.(9) 

g ra t i ng  w i t h  respect r from a t o  si we ob ta in  

b y r z V ( q r )  and i n t e -  

(1 0) 

Using eq. ( 4 ) ,  the  s o l u t i o n  o f  (10), w i t h  the given i n i t i a l  and. 

boundary condt t ions  (6) and (71, i s  

O 

Appiying the invers ion  formuiae (3)  we ob ta in  the  general s o l -  

u t i o n  o f  the d i f f e r e n t l a l  equation (9) as 

4. A SPECIAL CASE 

If: we se t  

, + ( t )  = Q (a constant)  

then the so lu t i on  (12) reduces t o  the fo l l ow ing  form 

Defining the new var iab les  

the so lu t i o i i  (13) can be w r i t t e n  as 

U ~ i n g  the known recurrence formulae 



and 

we o b t a i n  t h e  temperature 

which reproduces the  resu l  t g iven  i n  re fe rence  1 ,  p.338. 

The p resen t  work was supported i n  p a r t  by CONDES o f  the  Un i-  
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Resumo 

Tratamos o problema de d i s t r i b u i ç ã o  té rmica  em um meio i n f i -  
n i t o  com uma cavidade c i l í n d r i c a  de r a i o  a .  A t ransformada de Weber é 
usada para se o b t e r  a s o l u ç ~ o  do problema. Um caso espec la l  conside-  
rado, no qual  a s u p e r f i c i e  r=a é at ravessada por  um f l u x o  de c a l o r  
cons tan te  e uni forme.  


