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Abstract The Bel insky and Zakharov n-sol  i ton so lu t i on  t o  the Ein 
equations For s t a t i c  a x l a l l y  symmetric space-tlmes i s  general ized 

I n  a  recent paper Bel insky and ~akha rov '  found expl i c i t  

s t a t l c  n - s o l l t o n  s o l u t i o n  t o  the E ins te in  equations f o r  a x i a l l y  

me t r i c  space-times by d i r e c t  i n teg ra t i on  o f  the f i e l d  equations. 

t e i n  

sym- 

n  a  

l a t e r  paper Alekseev and Bel insky2, using the general method o f  i n te -  

g r a t i o n  described i n  Ref.l,succeeded i n  w r i t t i n g t h e  same s o l u t i o n  i n  a 

s  impler form. 

I n  the present note we genera l ize  the Bel insky Zakharov so l -  

u t i o n  i n  two d i f f e r e n t  ways: f i r s t  we take a  non- f l a t  " b a c k g r o u n d  

met r ic"  and secondly we consider d i f f e r e n t  se lec t ions  o f  the constants 

t ha t  appear i n  the one s o l i t o n  so lu t i on .  

The vacuum E ins te in  f i e l d  equations f o r  the a x i a l l y  symmetric 

me t r i c  

ds2 = f (d r2  + dz2) + gab drB hb (1 

where f and g  are  func t ions  o f  r and z onl  y, a, b run from O t o  1 ,  ab 
and det  g = -r2, can be w r i t t e n  as 

I n  t h l s  l e t t e r  the matr ices g are r e s t r l c t e d  t o  the form 



Note tha t  e:q.(5) s a t i s f l e s  the cons t ra in t  det(g)  = -r2 fo r  any A. The 

one sol  i t i o n  so lu t i on  associated t o  a "background met r ic "  go o f  the 

form 15) aclmits the four  particular cases 

where ai i s  a  complex constant and the bar denotes complex conjugation. 

By repeatir ig n-times the process ind ica ted i n  eq.(6) we get  the n- 

- sol  i t o n  so lu t  lon 

where the are  func t ions  o f  the form (7) r e s t r i c t e d  by 
P~+~=;~.E 1 s+m 

= E  = f -  s w i t h  1 6 s S n .  I t  can be proved d i r e c t l y  t ha t  (8) i s  a  
so lu t i on  t o  eq.(2), t ha t  f o r  matr ices l i k e  (5) reduces t o  the usual 

Laplace equation f o r  an a x i a l l y  symmetric p o t e n t i a l  A o ,  i.e., reduces 

t o  the i n t e i g r a b i l i t y  cond i t i on  o f  the E ins te in  equations (3) and (4) 

f o r  the "ba~ckground met r ic"  9,. From eqs. ( 3 ) ,  (4) and (8) we get  

and 



where the indices k and C run f rom 1 t o  2n. A d i  r e c t  computation shows 

t h a t  the i n teg ra l  o f  eqs. (9) and (10) i s  

where the indices p and q run from 1 t o  m, m i s  the numbero fd i f f e ren t  

uk appearlng i n e q . ( 8 ) , ~  i s  the number o f  times t h a t  appears i n  P P 
eq. (8), and 

where C, i s  an In teg ra t i on  constarit .  The existence o f  R, and f, i s  

guaranteed by the f a c t  t h a t  and A, s a t i  s f y  Laplace equatlon i n  

c y l i n d r i c a l  coordinates. 



For the p a r t i c u l a r  A g iven by 
o 

where a, b ,  c are  constants, the expressions (12) and (13) can be ex- 

p l  i c i t l y  Ir i tegrated, y i e l d i n g  

and 

a Rrif, = Rnr + az(b-cz) + r2 (ac/2 - b2/4 + c2r2 /8  

respect ivell y .  

The so lu t i on  presented i n  reference 1 can be obtalned tak ing  
1 j ; S = p S , ~ : ; + m = ~ S = 2 , v  = 2 , m = n , R o = 0 , a n d R n f o = R n C o  i n e q .  

P 
( l i ) .  

Ttie s o l u t i o n  presented here i s  v a l l d  f o r  any but  i f  # 
1 # I we hsve tha t  the expression (8) does not  c o r r e s p o n d  t o  a pure 

s o l i t o n .  Ttie same i s  t r u e  i f  V  > 2 f o r  some p ,  because pure s o l i t o n  
P 

so lu t i ons  a re  associated t o  simple poles o f  the " scat te r lng  m a t r i x  I '  

1 
t ha t  a 1 l ows us t o  w r i  t e  eqs. (6) and (8) .  For ER # 2 T (2k-1) we. have 

an essent ie l  s i n g u l a r i t y ,  and f o r  v 7 2 we have non-simple poles, i n  
P 

the above nientioned ma t r i x .  
t 
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Resumo 

A solução n-sol l ton de Bel insky e Zakharov das equações de 
E lns te in  para um espaço-tempo com s imet r ia  a x i a l  é general izada. 


