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Abstract The energy e igenvalues o f  t h e  q u a r t i c  p o t e n t i a l  i n  a  box a r e  
ob ta ined  e x a c t l y  and p e r t u r b a t i v e l y  u s i n g  t h e  b a s i s  o f  e i g e n s t a t e s  o f  
the  f r e e  p a r t i c l e  i n  a  box. The exac t  e igenvalues a r e  ob ta ined  f r o m t h e  
d iagonal  i z a t i o n  o f  the  Hamil t o n i a n  i n  t h a t  bas,; S .  The  p e r t u r b a t i v e  
s o l u t i o n  i s  cons t ruc ted  f rom t h e  Rayle igh-Schrodinger  expansion u s i n g  
t h e  q u a r t i c  p o t e n t i a l  as t h e  p e r t u r b a t i o n .  The p e r t u r b a t i v e  s e r i e s  i s  
shown t o  be convergent f o r  small  boxes, and an upper b o u n d  f o r  t h e  
r a d i u s  o f  convergence i s  est imated.  ~adé-approx imant  s o l u t i o n s ,  v a l i d  
f o r  boxes o f  any s i ze ,  a r e  a l s o  cons t ruc ted .  The numer ica l  c o m p a r i s o n  
o f  the  p e r t u r b a t i v e  and Padé-apprpximant s o l u t i o n s  w i t h  the  exac t  ones 
con f i rms  the  v a l i d i t y  o f  t h e  former, e s p e c i a l l y  t h e  convergence a n d t h e  
r a d i u s  o f  convergence o f  t h e  p e r t u r b a t i v e  s e r i e s .  

1. INTRODUCTION 

Recent ly  Barakat and ~ o s n e r '  ob ta ined  t h e  eigenva 

pure q u a r t i c  o s c i l l a t o r  bounded by i n f i n i t e l y  h i g h  p o t e n t i a  

s u b j e c t  t o  t h e  boundary condi  t ions 

lues  o f  t h e  

l s ,  

T h e i r  method o f  s o l u t i o n  i n v o l v e s  power s e r i e s  f o r  t h e  even 

and odd wavefunct ions,  compact recur rence  r e l a t i o n s  f o r  t h e  correspond- 

i n g  c o e f f i c i e n t s ,  and numer ica l  computat ion o f  t h e  e igenvaiues v i a  an 

i t e r a t i o n  scheme. 

I n  t h i s  paper we p resen t  some a l t e r n a t i v e  s o l u t i o n s  o f  t h e  

q u a r t i c  o s c i l l a t o r  i n  a box d e f i n e d  by eqs. (1) and ( 2 ) .  I n  s e c t i o n  2 ,  
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we fo rmu la te  t h e  exac t  s o l u t i o n  o f  t h e  problem th rough  t h e c o n s t r u c t i o n  

and d l a g o n a l i z a t i o n  o f  t h e  Hami l ton ian  i n  t h e  b a s i s  o f  e i a e n f u n c t i o n s  

o f  t h e  f r e e  p a r t i c l e  I n  a  box. I n  s e c t i o n  3, we c o n s t r u c t  t h e  Ray le igh  

-schr;dinger p e r t u r b a t i v e  s o l u t i o n  u s i n g  t h e  q u a r t i c  p o t e n t l a l  as t h e  

p e r t u r b a t i o n .  The p e r t u r b a t i v e  s e r i e s  i s  shown t o  be convergent  f o r  

small  boxes through t h e  use o f  R e l l i c h ' s  theorem, and an upper b o u n d f o r  

t h e  r a d i u s  o f  convergence i s  es t imated  f o l l o w i n g  K a t o ' s  method. I n  sec- 

t i o n  4, we c o n s t r u c t  Padê-approximant s o l u t i o n s  (which a r e  expected t o  

g i v e  t h e  energy l e v e l s  f o r  boxes o f  any s i z e )  as  an i n t e r p o l a t i o n  be- 

tween t h e  p ~ r r t u r b a t i v e  s e r i e s  s o l u t i o n s  (va l  i d  f o r  v e r y  smal 1  boxes) and 

t h e  asympto t i c  s o l u t i o n s  ( v a l l d  f o r  v e r y  l a r g e  boxes and cor respond ing  
2 - 6  

t o  t h e  l i m i t  o f  the  unbounded o s c l l l a t o r  ) .  F i n a l l y ,  i n  s e c t i o n  5, we 

p resen t  and compare t h e  numer ica l  r e s u l t s  o f  o u r  exac t  and approx lmate 

s o l u t i o n s .  The convergence o f  t h e  p e r t u r b a t i v e  s o l u t i o n s  i s  e x p l i c i t l y  

i l l u s t r a t e d  f o r  boxes o f  s i z e s  c o n s i s t e n t  w i t h  t h e  r a d i u s  o f  c o n v e r -  

gente es t imated  accord ing  t o  t h e  d i s c u s s i o n  o f  s e c t i o n  3. The Padê- ap- 

prox imant  s o l u t i o n s  show a  f a i r  agreement w i t h . t h e  exac t  s o l u t i o n s  f o r  

boxes o f  any s i z e .  

2. EXACT SOLIJTION 

Our procedure t o  o b t a i n  t h e  exact  e igenvalues o f  t h e  problem 

c o n s i s t s  i n  d i a g o n a l i z i n g  t h e  Harn i l ton ian m a t r i x  c o n s t r u c t e d  t h r o u g h  

f r e e - p a r t i c ' l e  wavefunct ions,  namel y 

]2n+1> = (UL) 'I2 cos ~ I ( ~ Z + I )  VX/U í3a)  

f o r  t h e  everi l e v e l s  and 

(2n> = ( 2 / ~ )  'I2 s  i n  ( ~ ~ I T x / L )  (3b) 

f o r  t h e  odd ones. 

The wavefunct ions (3a) and (3b) o b v i o u s l  y  sa t  i s f y  t h e  bondary 

c o n d i t i o n s  ((2).  I n  o r d e r  t o  o b t a i n  t h e  exac t  e igenvalues,  we have d i a g -  

o n a l i z e d  f i n i t e  rnat r ices co r respond ing  t o  a  f i n i t e  nurnber o f  w a v e f u n c -  

t i o n s .  

l'he convergence and accuracy can be assured by changing t h e  

dimension OS t h e  bas is  sub-space. 

l'he Hami l ton ian  m a t r i x  elements a r e  g i v e n  by 



(N-N ') /2 
+ (-1) (L/z) * E/ (N-EI ') - )/2 (N-1 I) *n4 

where N and N r  a r e  b o t h  even (=2n) o r  odd (=2n+l) depending on t h e  par-  

i t y  o f  t h e  leve1 t o  be computed. 

The d i a g o n a l i z a t i o n  o f  t h e  Harn i l ton ian m a t r i x  was made f o r  

severa1 va lues  o f  L a n d  t h e  f i r s t  t e n  e igenvalues a r e  l i s t e d  i n  Tab le  1. 

I n  t h e  p resen t  case, f o r  srnall va lues  o f  L, t h e  q u a r t i c  te rm can be 

thought  o f  as a p e r t u r b a t i o n  over  t h e  f r e e  p a r t i c l e  i n  a box, and we 

expect  t h e  lower dimension o f  t h e  r n a t r i x  t o  assure convergence up t o  

s i x  decimal p laces .  For va lues  o f  L / 2  l e s s  then 2 ,  we h a v e d i a g o n a l i z e d  

m a t r i c e s  o f  o r d e r  5, 10, 15 and 20. Wi th  o r d e r  15, we have assured t h e  

convergence o f  t h e  f i r s t  t e n  e igenva lues .  For va lues  o f  L / 2  between 2 

and 3, t h e  convergence was assured w i t h  a 40x40 m a t r i x .  

3. PERTURBATIVE RAYLEIGH-SCHRODINGER SOLUTION 

Cons ider lng  o u r  unper turbed system as t h e  f r e e  p a r t i c l e  i n  a 

box and t h e  q u a r t i c  p o t e n t i a l  as  t h e  p e r t u r b a t i o n ,  we have computedthe 

p e r t u r b a t i v e  ~ a ~ l e i ~ h - ~ c h r g d i n ~ e r  s e r i e s  up t o  t h e  t h i r d  o r d e r  f o r  t h e  

t e n  lowest  energy l e v e l s .  As an i l l u s t r a t i o n ,  we have f o r  t h e  ground 

and f i r s t  e x c i t e d  s t a t e s ,  respec 

E(+) (L) = 2.467401 ( ~ / 2 ) - ~  + O .O4 

+ 0 .000003(~ /2 )  l 6  

t i v e l y ,  

1099 ( ~ / 2 )  * - O .  000306 ( ~ / 2 )  l 0  

One o f  t h e  purposes o f  t h i s  paper i s  t o  prove t h e  conver-  

gente o f  t h e  above s e r i e s  f o r  smal l  boxes. An i n t u i t i v e  argument was 

g i v e n  by p rev ious  a u t h ~ r s ~ ' ~ ' ~ ,  as  f o l l o w s .  As t h e  m a t r i x  elements a r e  

p r o p o r t  lona1 t o  (L/z)', and t h e  d i f f e r e n c e  between unper turbed energy 



l eve l s  deci-eases w i t h  ( ~ / 2 ) - ~ ,  we can say t h a t  the p e r t u r b a  t i o n  i s 

small compared w i t h  the unperturbed system f o r  values o f  ( ~ / 2 )  l ess  

than 1 .  

Ve now g i ve  a more r igorous argument based on R e l l i c h ' s  

theoremlO, which states t h a t  if the Hamiltonlan can be w r i t t e n  a s  a 

convergent power ser ies  i n  some pe r tu rba t i ve  parameter, o r  p a r t i c u l a r l y  

H = H ,  + XV 

w i t h  V  beirig a bounded operator ,  then the perturbed eigenvalues a re  

a n a l y t i c  funct ions of A and they a re  convergent power ser ies  i n a  neigh- 

bourhood of' A=O. The proof  o f  t h i s  theorem can be found i n  Re l  1 i c h ' s  

book' O .  

As the  convergence o f  the pe r tu rba t i ve  ser ies  i n  assured, i t  

imate the convergence region. This i s  o b t a i n e d  a s  

r the p ro jec to r  formal 1 y def ined by 

i s  na tura l  t o  e s t  

f o l  lows". 

C:ons i de 

Ln 
where the c i r c u i t  Cn involves on l y  the unperturbed eigenvalue d o ) .  Let 

i t  be, f o r  instance, a c i r c l e  o f  radius d/2,  where d i s  the distance 

between E:') and the nearest eigenvalue. The perturbed wave f u n c t  i o n  

can be obtained by apply ing P,(A) over any t r i a l  func t ion .  

I&(h)  can a l so  be w r i  t t e n  as 

I n  order t o  ob ta in  a convergent ser ies  f o r  the perturbed wavefunction, 

the ser ies  (7) must be convergent. The s u f f i c i e n t  cond i t i on  which sa t -  

i s f i e s  our requirements i s"  

111. 1 1 ~ ~ 1  kU21- l  < 1 (8) 

and if V  i s  a m u l t i p l i c a t i v e  operator ,  i t s  norm i s  g iven by 



From eq. ( I ) ,  by making the change o f  va r i ab le  x = yL/2, we 

see t h a t  the pe r tu rba t i ve  parameter i s  ( ~ / 2 ) ~ ,  where now the boundary 

cond i t ions  are  $ ( i l )  = $ ( - I )  = 0. 

The upper bound fo r  the convergence rad ius  i s  obtained from 

eq. (8) ,  and the resu l  t f o r  p ra t ica1 purposes i s  

~ / 2  < (d/2) (9) 

where d i s  expressed i n  terms o f  the unperturbed energy l eve l s  I n  the 

box m u l t i p l i e d  by ( ~ / 2 ) ' .  

4. PADÉ-APPROXIMANT SOLUTIONS 

Modif ied one-point Padé-approximant was constructed w l t h h e l p  

o f  expressions 1 i ke  (5a) and (Sb) , va l  i d  i n  the region o f  smal 1 boxes, 

and the asymptotic eigenvalues obtained by d i a g o n a l  i z a t  i o n  o f  the 

Hamiltonian ma t r i x  f o r  la rge boxes. These asymptotic elgenvalues a re  

numerical ly  obtained f o r  boxes w i t h  s i ze  L/2 greater  then 3, which are  

named D N '  

The Padé-approximants are const ructed f o r  the funct  ion G ( L )  

def i ned by 

and they have the form 

We should po in t  ou t  t ha t  M must be greater  then N i n  order 

t o  reproduce the asymptot i c  behav iour  (see eq. (1 0 ) )  . We have performed 

the computation fo r  M=7 and N=2, and the r e s u l t i n g  approximant can be 

w r i  t t e n  as & r L / Z ]  



The coe f f i ( - , i en ts  f o r  t h e  ground and f i r s t  e x c i t e d  s t a t e s  a r e  g i v e n  i n  

t h e  1  i s t  below. 

ground s t a t e  

c 0  = 2.467401 

c i  = -1.905316 

c 2  = 0.315769 

b l  = -0.342447 

b 2  = -0,019190 

b3 = -0.024904 

b 4  = -0.004998 

b5 = -0.001828 

b 6  = -0.000247 

b7 = -0.000065 

f i r s t  e x c i t e d  s t a t e  

c 0  = 9.869604 

c1  = -5.889344 

c 2  = 0.839951 

bI  = -0.211728 

b 2  = 0.003592 

b 3  = -0.010176 

b 4  = -0.001470 

b5  = -0.000608 

b 6  = -0.000064 

b 7  = -0.000019 

The eigenveil ues a r e  ob ta  ined by us i ng eq. ( I  O) . 

5. NUMERICAI. RESULTS AND DISCUSSION 

Me presen t  

e igenvalues o f  a  pure 

exact  e igenvalues,  wh 

m a t r i x  f o r  severa1 va 

i d l y  decrease t o  i t s  

n  Table 1  our  numer ica l  r e s u l t s  f o r  t h e  f i r s t t e n  

q u a r t i c  bounded p o t e n t i a l .  We d iscuss  f i r s t  t h e  

ch  a r e  ob ta ined  by d i a g o n a l i z i n g  t h e  Hami l ton ian  

ues o f  L. We observe t h a t  t h e  e  i g e n v a l  u e s  rap-  

nbounded behav io r .  For va lues  o f  L/2 g r e a t e r t h a n  

3, t h e  e igenvalues do n o t  change s u b s t a n t i a l l y ,  and we can t a k e  i t  

a lmost  as t h e  unbounded ones. 

I n  second p l a c e  we observe t h a t  t h e  p e r t u r b a t i v e  e igenva lues  

a r e  shown t o  agree v e r y  w e l l  w i t h  t h e  exac t  ones, f o r  va lues o f  L / 2  

l e s s  than 1.7. T h i s  agreement a l ç o  v e r i f i e s  t h e  good e s t i m a t e  f o r  t h e  

r a d i u s  o f  convergence. I n  Table 1 t h e  r a d i u s  o f  convergence is, e s t i -  

mated u s i n g  eq. ( 9 ) .  

As  a  t h i r d  p o i n t ,  we have t h a t  t h e  e igenvalues ob ta ined  by 

t h e  m o d i f i e d  one- po in t  Padé-approximant a r e  shown t o  rnatch v e r y  w e l l  

i n  t h e  r e g i o n  o f  small  boxes ( p e r t u r b a t i v e  s o l u t i o n )  and t h e  r e g i o n  o f  

v e r y  l a r g e  Joxes (ob ta ined  by d i a g o n a l i z i n g  t h e  Hami l ton ian  m a t r i x  f o r  

L /2  = 3 ) .  Thi s  r e s u l  t i s  due t o  t h e  f a c t  t h a t  t h i s  Padé-approximant has 

i n f o r m a t i o n  e i t h e r  f rom small  and l a r g e  boxes behav io r .  



Table 1. Energy levels for severa1 box SiZeS. 

N=O. Rad lus  of convergence a' < 1 .24 N=4. Rad ius  o f  conve rgence  d < 1.49 

L / 2  P e r t u r b a t  l v e  Padé Exac t  

3=1. Radius of  convergence d < 1 .24  

N=2. Radius o f  convergence d < 1.35 

N=3. Radius o f  convergence ci < 1.43 

0.1 3947.841778 3947.841778 3947.841643 
0.5 157.924647 i57 .924647  157.924642 
0 .8  61.756966 61.756966 61.756963 
t . O  39.654041 39.654040 39.654039 
1.1 32.883907 32.883906 32 .a83906 
1.2 27.779680 27.779678 27.779680 
1.3 23.861416 23.861405 23.861417 
1.4 20.816167 20.816134 20.816175 
1.5 18.433540 18.433454 18.433580 
2.0 12.559499 12.577592 12.583568 
2.5 9.107625 11.673249 11.666097 
3.0 -55.746637 I1 ,693011 11.644771 

N=8. Radius o f  cc 

L / 2  P e r t u r b a t i v e  Pad6 E x a c t  

N=5. Rad ius  o f  conve rgence  d < 1.54 

8882.643979 
355.317567 
138.868708 

89.015459 
73.687121 
62 .O77331 
53.100812 
46.047861 
4O.439690 
25.296398 
2 1 ,627944 
15.606391 

=6. Rad ius  o f  conve rgence  d < 1.59 

N=7. Rad ius  o f  convergence d < 1.62 



I ' i na l l y ,  we would l i k e  t o  add t h a t  R e l l i c h ' s  theorem i s  a l s o  

a p p l i c a b l e  t o  o t h e r  systems, p rov ided  t h a t  t h e  p o t e n t i a l  i s  bounded. 

I n  t h e  conf ined hydrogen atom o r  harmonic o s c i l l a t o r ,  t h e  

p e r t u r b a t i v e  parameter i s  L o r  L ~ ,  r e s p e c t i v e l y .  The upper bound f o r  

t h e  r a d i u s  o f  convergence i s  ob ta ined  i n  t h e  same way as  we d i d ,  r e -  

p l a c i n g  ( ~ , ' 2 ) ~  f o r  t h e  a p p r o p r i a t e  p e r t u r b a t i v e  parameter. 

We w ish  t o  p o i n t  o u t  t h a t  o u r  exac t  numer ica l  r e s u l t s  d i f f e r  

s l i g h t l y  f rom those o f  Ref.1. The reason i s  due t o  t h e  f a c t  t h a t  those 

au thors  t a k e  o n l y  100 terms i n  t h e i r  eqs. (3) and (4) ( l e t  us remark 

t h a t  t h e  symbol L i n  t h e i r  Tables 1 and 2 should be s u b s t i t ~ t e d  by U2) .  

We b e l i e v e  t h a t  by t a k i n g  more t e r m  i n  t h e i r  e q s .  ( 3 )  a n d  ( 4 )  the  

corresponding r e s u l t s  w i l l  become c l o s e r  t o  ours.  

Clne o f  us (JFG) g r a t e f u l  l y  acknowledges Drs.  J.F. Perez and 

B.M. Pimentel f o r  u s e f u l  d i scuss ions  about  R e l l i c h ' s  theorem. He i s  
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Resumo 

As autoenergias do potencial quártico numa calxa são obtidas 
exatamente e perturbativamente usando como base os autoestados de par- 
tícula livre numa caixa. Os autovalores exatos são obtldos a partir da 
d iagonal ização do bani 1 toniano com respeito aquela base. A sol~çao pey 
turbat iva é construrda da expansao de Rayleigh-Schrodinger usando o pz 
tencial quártico como perturbaçao. Mostra-se que a s%r ie perturbativa e 
convergente, para caixas pequenas, e estima-se um llmlte superior para 
o ralo de convergência. Constroem-se, também, soluções a prox i-man t e-s 
(de ~adG), vã1 idas para ca lxas de qualquer tamanho. A comparaçao nume- 
rica das soluçÕes perturbativas e as de Padé com as exatas confirma a 
validade daquelas, e, em especial, a convergência e o raio de conver- 
gência da série perturbativa. 


