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Abtract Mul t i p h o t o n  t r a n s i  t i o n s  i n  d i r e c t - g a p  c r y s t a l s  a r e  s t u d  i e d  
c o n s i d e r i n g  a "non-per tu rba t l ve"  approach, s i m i l a r  t o  K e l d y s h  a p -  
p rox imat ion .  We cons ider  a s lmp le  two p a r a b o l i c  band model i n  the  e f -  
f e c t i v e  mass approx imat ion,  so t h a t  exac t  s o l u t i o n s  assoc ia ted  t o  t h e  
f u l  I, c r y s t a l  p l u s  f i e l d ,  Hamil t o n l a n  may be approximated b y  V o l  k o v  
w a v e f u n c t i o ~ i s .  I n  t h i s  manner we c o n s t r u c t  an S-matr ix  wh ich  i n c o r p o r -  
a t e s  t h e  e lec t romagnet i c  f i e l d  t o  a11 o r d e r s  i n  an a p p r o x i r n a t e d  way, 
l e a d l n g  t o  a n a l y t i c a l  s o l u t i o n s  f o r  t h e  m u l t i p h o t o n  t r a n s i t i o n  r a t e s .  
We d iscuss  the use o f  the  sadd le- po ln t  method and i t s  l i m i t a t i o n s  as 
w e l l  as t h e  connec t lon  between m u l t i p h o t o n  a b s o r p t i o n  and tunnel inq.We 
show t h a t  f c i r  near  t h r e s h o l d  e x c i t a t i o n s  t h e  Keldysh approach i s f a i r l y  
accura te  as long  as terms a r i s i n g  f rom t h e  sadd le- po in t  i n t e g r a t i o n  a r e  
c o n s i s t e n t l y  accounted. 

1. INTRODUCTION 

We Iiave r e c e n t l  y  used a "non-per turbat  i ve "  approach t o  s tudy  

m u l t i p h o t o n  t r a n s i t i o n s  i n  d i r e c t - g a p  c r y s t a l s l  by c o n s i d e r i n g  a s imp le  

two p a r a b o l i c  band model i n  t h e  e f f e c t i v e  mass approx lmat ion.  Theexact  

s o i u t i o n  f o i  t h e  ~ c h r g d i n ~ e r  equa t ion  f o r  c r y s t a l  p l u s  t h e  e lect romag- 

n e t i c  f i e l d  i s  approximated by a Volkov wavefunct ion2.  T h i s  leads t o a n  

S-mat r i x  which c o n t a i n s  approx imate ly  t h e  e lec t romagnet i c  f i e l d  i n  a11 

o r d e r s  and which may be a n a l y t i c a l l y  eva lua ted .  T h i s  approach i s  an 

ex tens ion  of. t h e  work o f  Jones and Reiss (JR) assuming t h e  f i e l d  1 i n -  

e a r l y  p o l a r i z e d ,  which i s  t h e  exper imenta l  s i t u a t i o n  f o r  most o f  t h e  

exper iments concern ing m u l t i p h o t o n  a b s o r p t i o n  i n  c r y s t a l s .  

Work p a r t i a l l y  supported by CNPq, FINEP and CAPES ( B r a z i l i a n  Government 
~ ~ e n c i e s ) .  



The most famous a l t e r n a t i v e  approach t o  h igh  o rde rpe r tu rba t l on  

theory I s the scheme suggested by Keldysh ' almost two decades ago which 

throughout t h i s  paper we denominate Keldysh approximatlon (M). 

Although the present approach 1s s i m i l a r  t o  KA, t h e r e  e x i  s t  

three baslc d i f fe rences among them: the f l r s t  concerns the c h o i  c e  o f  
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the gauge if.1 = 0, @ = O instead o f  Keldyshls V. A =  O, @ = -&.r. O f  

course, l f  we consider an exact S-matrix formalism, any r e s u l t s  de- 

r i ved  from i t  i s  gauge independent, but  s ince a l l  " n o n - p e r t u r b a t i v e "  

approaches are approximated, d i f f e r e n t  schemes usua l l y  lead t o  a gauge 

dependence. The second d i f f e rence  i s  t h a t  i n  KA, both i n l t i a l  and f i -  

nal  s ta tes  are assumed as modi f ied  by the electromagnetic f i e l d ,  which 

i n  p r i n c i p l e  cannot by j u s t l f i e d  from an S-matrix approach. The t h i r d  

(only apparent) i.s tha t ,  w l t h i n  the approach used by Keldysh, the non- 

-parabol i c  form, f o r  the energy d ispers ion  r e l a t i o n ,  i s  i t s  i n i  t i a 1  

assumption. However, i t  was shown by Bychkov and ~ ~ k h e n e '  t h a t  , i n  

order t o  ob ta in  a n a l y t i c a l  expresslons, Keldysh p e r f o r m e d  a p p r o x i -  

matlons whlch turned h i s  ca l cu la t i ons  equ iva lent  to theoneder ivedf rom 

a parabol i c  model. 

The purpose o f  t h i s  work i s  t o  dlscuss the  c lass  o f  "non-per- 

tu rbat ive"  approaches, o r i g i n a l l y  suggested by Keldysh, which has been 

f requent ly  used i n  the study o f  mul t iphoton absorpt lon I n  sol ids.Since 

KA í s  no t  j u s t i f i e d  from f i r s t  principies, i t  i s  o f  basic i n t e r e s t  t o  

inves t iga te  i t s  r e s u l t s  by comparison w i t h  those a r i s l n g  from others  

m d e l s .  I n  t h i s  connection, there  has been many c r i t  í c i ~ m s ~ - ' ~  concern- 

ing the a p p l i c a b l l i t y  o f  the a n a l y t i c a l  expressions o f  KA t o  processes 

invo lv ing  few photons absorpt ion,  which a re  those most studied exper- 

imenta l ly .  We must comment t h a t  these c r i t i c i s m s  a re  b a s i c a l l y  due t o  

the behavlor o f  i t s  a n a l y t i c a l  expressions (obtained a f t e r  the use o f  

the saddle-point technique) i n  the l i m i t i n g  weak f i e l d  case, as com- 

pared w i t h  o ther  t heo re t i ca l  models. We address p a r t  o f  our paper t o  

t h i s  l a s t  po in t ,  s ince our I n i t i a l  assumption o f  parabo l ic  bands allows 

us t o  de r i ve  a n a l y t i c a l  r e s u l t s  p r i o r  and a f t e r  the use o f  the saddle- 

-po in t  technlque. This provides a c r i t e r i o n  t o  determine the  accuracy 

o f  t h l s  technique, and the v a l l d i t y  o f  the a n a l y t i c a l  r e s u l t s  der lved 

from i t  as i t  i s  done i n  KA. From t h i s  l a t e r  method, i t  i s n o t p o s s l b l e  

t o  make the same type o f  ana lys ls ,  because i n  t h i s  case no a n a l y t i c a l  



r e s u l t s  a re  obtained p r i o r  the app l i ca t i on  o f  the saddle-point due t o  

the i n l t i c a l  non-parabollc character  o f  the d ispers lon  r e l a t l o n .  

We show tha t  the maln d i f f i c u l t l e s  fn  i n t e r p r e t l n g  the r e s u l t s  

o f  KA as compared w l t h  pe r tu rba t i on  theory, l i e s  i n  

perfa 

terms 

ner s 

cated 

tunne 

ming the saddle-polnt i n teg ra t i on  the KA n e g  

which a re  dominant i n  the weak f l e l d  I l r n l t .  

I n  Sec. 2 we ob ta ln  the mul t iphoton t r a n s l t  

m i l a r  t o  (JR), and dlscuss the weak f l e l d  1 i m  

t o  dlscuss the connection between mul t iphoton 

ing  l n  the present approach, and t o  study the 

the  f a c t  t h a t a f t e r  

e c t s  o s c i l  l a t i n g  

on ra tes  I n  a man- 

t. Sec. 3 i s  dedi-  

a b s o r p t i o n  and 

impl ica t ions  o f t h e  

use o f  the saddle-polnt method as used i n  the KA. I n  Sec. 4 we present 

our conciusions. 

2. THE MULTIIWOTON TRANSITION RATES 

i n  t h i s  work we assume plane po lar ized l i g h t  and the d lpo leap -  

proxirnation f o r  the electromagnetic f i e l d .  

The T-matrix may be w r i t t e n  as 

where the i n te rac t i on  Hamiltonian H, i s  g iven by 

-+ 
and i n  the (d ipole approxlmatlon A = ~ , i ? c o s w t  Z c E , / w  &os w t .  

I n  our model the wavefunction o f  the i n i t i a l  s ta te  i s  g lven by 

the so lu t i on  o f  the zero f i e l d  schr8dinger equation assoclated t o  the 

va l  ence band 

The f i n a l  s ta te  i s  approxlmated by a Volkov type o f  so lu t i on  given by 

Assuming the parabol l c  band model , ue take E = fi2k2/2m,, and ~ ~ @ ( r ) ] =  
-+ v 

= E + @k .- ( @ / c )  Â(r ) ] ' /2rn1 ,  where m o  and rn,  are  the  e f f e c t i v e  m i r e s  
g 



o f  t h e  va lence and o f  t h e  conduc t ion  band r e s p e c t i v e l y .  

Tak ing eqs. (2.3) and (2.4) i n t o  (2.1)  we g e t  f o r  t h e  9 -mat r i x  

i e d . 2  e 2 ~ z  
O s i n  w t  - --- 

-h: [- 8m,wc2 s i  n  2wt 1 
where we have d e f i n e d  t h e  f o l l o w i n g  q u a n t i t i e s  

and 

To eva lua te  the  t ime i n t e g r a l  i n  eq. (2.5) we use t h e  r e l a t i o n s  i n v o l v -  

i n g  the  Bessel f u n c t i o n s  Jn 

i c i s i  nwt - 1 1 - - i n w  t 
coswt e n Jn(a) e (2.9) 

n=-a 

t o  o b t a i n  

I n  eq. (2.10) we have de f  ined t h e  reduced e f f e c t i v e  mass (rn*)-I= m i l +  
- 1 

+ m o  1 , and frorn energy conserva t ion  we e a s i l y  o b t a i n  t h e  t r a n s i t i o n  

r a t e  (per  u n i t  o f  volume) assoc ia ted  t o  N-photon processes 



where 

Eq. (2.12) i s  v e r y  s i m i l a r  t o  t h e  

atornic i o n i z a t i o n  by s t r o n g  l a s e r  

one ob ta ined  i n  t h e  t r e a t r n e n t  o f  

f ieldlO'll. We ment lon b r i e f l y  here 

how t o  r e l a t e  the  p resen t  t rea tment  t o  KA. I n  o r d e r  t o  make t h e  e q u i v -  

alente betrreen b o t h  forrnalisrns, i t  i s  necessary t o  express t h e  in te rband  

rnomentum m í i t r i x  elernent ( p  ) i n  terms o f  t h e  Keldysh cons tan t  va lues  
VC 

- h / 3  (due t o  d i f f e r e n t  cho ice  o f  gauge), and t o  r e p l a c e  m, by m* i n  

a l  l equat ions throughout  o u r  paper (due t o  d i f f e r e n t  cho ice  o f  i n i t i a l 

s t a t e )  . 
Using t h e  p r o p e r t i e s  o f  Bessel f u n c t i o n s ,  t h e  weak f i e l d  l i r n i t  

f o r  the  rnu l t i pho ton  r a t e s  i s  e a s i l y  ob ta ined  f rom eq . (2 .12) .  I n  f a c t ,  

keeping a1 l terms p r o p o r t i o n a l  t o  (A,,)~', we ge t  

where N o  i s  the  l a r g e s t  i n t e g e r  m a l  l e r  than N/2. From eq. (2.13) we 

can e a s i l y  v e r i f y  t h a t  the  f requency behavior  f o r  t h e  rnu l t i pho ton  t r a n -  

s i t i o n  r a t e  ( o r  t h e  m u l t i p h o t o n  a b s o r p t i o n  c o e f f  i c i e n t ) ,  near the  ex-  

c i  t a t i o n  t h r e s h o l d  ( N h  = E ) ,  i s  ( N ~ W E  ) 3'2 f o r  even N ( ~ = v z ' = ( N - 2 ) / 2  ) 
g 

and ( N h - E  ) 'I2 f o r  odd N (n=nr=('-1 ) / 2 ) .  These a r e  t h e  dorninant terrns 
5 

i n  t h a t  r e c i o n  f o r  t h e  weak f i e l d  regime. 

A t  t h i s  p o i n t  we n o t i c e  t h a t  t h e  rnain d i f f e r e n c e  between t h e  

a n a l y t i c a l  r e s u l t s  f o r  t h e  m u l t i p h o t o n  t r a n s i t i o n s  r a t e  g iven  by eqs. 

(2.12), (2.13) and those o f  KA i s  t h a t  we a r e  u s i n g  a parabol  i c  band 

rnode1,while t h e  non- parabo l i c  band rnodel adopted by Keidysh r e q u i r e s  



a sadd le- po in t  i n t e g r a t i o n  i n  o r d e r  t o  o b t a i n  a n a l y t i c a l  e x p r e s s i o n s  

f o r  the  t r a n s i t i o n  r a t e .  

S ince most o f  the  work concern ing n o n- l i n e a r  a b s o r p t  i o n  has 

been done f o r  two photon processes, we use our  r e s u l t s  t o  o b t a i n  t h e  

two-photon a b s o r p t i o n  c o e f f i c i e n t  f o r  semiconductors w h e r e  t h e  p a r -  

ameters r e q u i r e d  i n  the  c a l c u l a t i o n s  a r e  w e l l  known. N o t i c i n g  t h a t  

A; = 8mr/nw2, where I i s  the  i n t e n s i t y  o f  the  r a d i a t i o n  a n d n i s  Lhe 

Index o f  r e f r a c t i o n ,  we may o b t a i n  f rom eq. (2.13) t h e  two-photon ab- 

s o r p t i o n  c o e f f i c i e n t  

I f  weuse t h e  $.c a ~ p r o x i m a t i o n ~ ~ ,  we have f o r  t h e  momentum 

m a t r i x  element p 2  /m2 = E /4m*, We may r e l a t e  o u r  express ion  f o r  B (2) 
VC 9 

w i t h  t h e  r e s u l t  o f  eq. ( I )  o f  Vaidyanathan e t  a213 f o r  the  6asov14 two 

-photon a b s o r p t i o n  c o e f f i c i e n t .  

I t  i s  p o s s i b l e  t o  show t h a t  t h e  " non- per tu rba t l ve"  approach 

d iscussed here,  f o r  low f i e l d s ,  i s  e q u i v a l e n t  t o  p e r t u r b a t i o n  t h e o r y  

i n  a l l  o rders ,  i f  i t  i s  assumed a model f o r  which the  i n t e r m e d i a t e  

s t a t e s  a r e  a l l  conduc t ion  band s t a t e s .  T h i s  model i s  an ex tens ion ,  t o  

h i g h e r  r n u l t i p l i c i t y ,  o f  t h e  one proposed by Brauns te in  a n d  0ckman15 

f o r  two-photon a b s o r p t i o n  and t h a t  o f  Hassan and ~ a o u f  l6 f o r  f o u r -  

-photon a b s o r p t i o n  where t h e  i n t e r m e d i a t e  s t a t e s  a r e  chosen t o  be con- 

d u c t i o n  band and energy h i g h e r  than t h e  f i n a l  s t a t e .  The d i f f e r e n c e  i s  

t h a t ,  i n  t h e p r e s e n t ,  a l l  i n t e r m e d i a t e  s t a t e s  a r e d e g e n e r a t e  t o  t h e  

f i n a l  s t a t e .  Basov zt a214, f o r  2-photon a b s o r p t i o n  considered i n t e r -  

mediate s t a t e s  va lence and conduc t ion  bands degenerate t o  t h e  i n i t i a l  

and f i n a l  s t a t e s  r e s p e c t i v e l y .  We may i n t e r p r e t  o u r  r e s u l t s  a s a  conse- 

quence o f  a model which can be understood as a h y b r i d  e x t e n s i o n  o f  

Braunste i  n15, ~ a s s a n ' ~  and Basov14 model S .  

3. THE TRANSITION RATE AND TUNNELING 

I n  t h i s  s e c t i o n  we s tudy  t h e  t o t a l  t r a n s i t i o n  r a t e  which i s  



obtained f'rom eq. (2.11) by summing over a l l  mul t iphoton p r o c e s s e s ,  

and discuss i t s  r e l a t i o n  w i t h  a t unne l i ng- l i ke  process. I t  isnecessary 

t o  evaluate the summation over the Bessel func t ions  i n  eq. (2.12); th is 

can be done approximately using the method o f  steepest descent as i n  

Refs. 4, 10, 1 1 .  In  order t o  evaluate the i n f i n i t e  summation weusethe 

i n teg ra l  representat ion 

a <(NO - a  s i n o +  b s i n  28) C (N+2n) ~ ~ + ~ ~ ( a )  J, ( h )  = - I de cose e 
n 27T 

- 7 ~  (3.1) 

Since one o f  the purposes o f  t h i s  work i s  t o  discuss some 

questions concerning the KA i t  i s  convenient t o  de f ine  the f o l  l o w i n g  

q u a n t i t i e s  Y = w m / e ~ ~ ,  V = Ê: /h and i n  analogy w i t h  the atomic 
g g 

problem we introduce a c h a r a c t e r i s t i c  f i e l d  Ec = E T / e E .  Using 
9 

eq.(3.1) we may r e w r i t e  eq.(2.12) as 

The i n teg ra l  i n  the above equation may be obtained uslng the s a d d l e -  

-polnt  method as i n  Refs. 4, 10, 1 1 .  I t  i s  important t o  comment t ha t the  

i n teg ra l  t s  evaluated under the cond i t i on  E /Eu = 'C>> 1, and tha t  
g 7% 

l n  the l l m l t  y+O the saddle po in t s  coalesce and the method cannot be 

app l ied  t o  a r b i t r a r i l y  la rge electromagnetic f i e l d s .  I n  f a c t  the useof  

the saddle-point method r e s t r i c t s  the a p p l i c a b i l i t y  o f  the a n a l y t i c a l  
1 o expressions t o  f l e l d  strengths s a t i s f y i n g  the cond i t l on  E ,  << 9 E c  . 

F u r t h e r m o r e ,  i n  t h e  i n teg ra t i on  over 0 we conslder the f a c t  t h a t  

the e f f e c t i v e  values o f  FzkZ and Fzk are much smal l e r  than and 
$7 

, rc:spectively, and there fore  a1 1 q u a n t i t i e s  appearlng i n  the 
g 

argument o f  the exponential i n  eq. (3.2) should be expanded i n  powers 

o f  ?ikz/&;6; and d k / m  t o  inc lude quadrat ic  te r rns .  We should 
g 

mention th i i t  i t  1s t h l s  approxlmation tha t  makes t h e  K A ,  w h i c h  i s  



a p p a r e n t l y  a  non- parabo l l c  theory ,  e q u i v a l e n t  t o  a p a r a b o l i c  ap- 
5, proach . 

A f t e r  t h e  In tegra t ion ,we  o b t a i n  an a n a l y t l c a l  approx imat ion  

Por eq, (3.2) which i s  E 

A 

2 s i n 1  m % 
Y .  lld + -  N cos i f (Z . i , y ) )  

m1(l+Y ) 

where 

and 

I n  d e r l v l n g  eq. (3.3) we have f o l l o w e d  refs.4,7,10and 1 1  b u t  d i d  

n o t  n e g l e c t  o s c i l l a t i n g  terms o f  t h e  c o s i n e  type  as i n  re fs . l ,4 ,11.  I n  

f a c t  f o r  small  va lues  o f  y, which correspondsto l a r g e  f l e l d s ,  these 

terms o s c l l l a t e  r a p i d l y  g l v l n g  n e g l i g l b l e  c o n t r i b u t t o n ,  b u t  t h l s  i s  n o t  

t h e  case f o r  l a r g e  Y. As we show below i t  i s  due t o  t h e  o m i  s s i o n  o f  

these terms t h a t  t h e  KA leads t o  a f requency dependence n e a r  t he 

t h r e s h o l d  (N&-E ) ' I 2  f o r  a1 1 N ' s .  
9 

A t u n n e l i n g - l i k e  express ion  i s  ob ta lned  from eq.(3.3),  I n  t h e  

l i m l t  Y << 1 .  I n  f a c t  a f t e r  I n t e g r a t i o n  over  k we o b t a i n  t h e  f o l  l ow ing  



approximated expression f o r  ey. (2.11 ) 

where 

and 

i s  the p r o b a b i l i t y  i n teg ra l .  We have a l so  def ined the fo l l ow ing  quan- 

t l t l e s  

The t o t a l  t r a n s i t i o n  r a t e  i s  obtained by summing eq.(3.6) over 

a l l  al lowed processes, which corresponds t o  the absorpt lon o f  an i n -  

teger number o f  photons E v ;  there fore  

For the tunnel ing region which corresponds t o  Y<<1 there i s  

a la rge number of important terms i n  the sum i n  eq.(3.10). For t h i s  

reason i t I s convenient t o  mod i f y  eq. (3.10) in t roduc i  ng the parameter 

6 = b] + 1 - v, where 13 represents the integer p a r t  o f  V.  I n  t h i s  

way we have 

where + ( z , s , v )  i s  the general 

the property 

1 im( 

z+ 1 

i zed 

1 -z) 

(3.11) 

Riemann zeta func t ion"  wtiich has 



To evaluate the i n teg ra l  i n  eq. (3.10) i n  the l i m i t  y < < l  we use eq. 

(3.12) t o  ob ta in  

The use o f  eq. (3.4) shows tha t ,  i n  t h i s  case, the exponential 

dependence of W, (y)  has the tunnel ing  behavior ( s i m i l a r  t o  KA) 

The present scheme i s  very convenient t o  understand q u a n t i  - 
t a t i v e l y  the accuracy o f  the saddle-point method because i t  al lows the 

deterrninatlon o f  the mul t iphoton t r a n s i t i o n  r a t e  I n  a closed a n a l y t i c a l  

form p r i o r  t o  the saddle-polnt i n teg ra t i on  i n  the weak f i e l d  1 i m i t . h s t  

o f  the experlments are  performed i n  t h i s  region o f  f i e l d  i n t e n s l t l e s  

m i c h  corresponds t o  y>> l ,  and very simple r e s u l t s  can beobta inedf rom - 
eq. (3.6) very near the e x c i t a t i o n  threshold ( E  = N h  o r  N 2 v ) .  For 

9 
srnall N t h i s  could be an unfavorable s i t u a t i o n  f o r  the app l i ca t i on  o f  

the steepest descent method ( E  /h >> I ) ,  nevertheless as we show below 
g 

f o r  the case E = , which corresponds t o  one photon absorption,the 
g 

method may lead t o  f a i r l y  accurate resu l t s .  I n  f a c t  i f  i n  eq.(3.8) we 

approximate S(x) x and exp[-a(N-V)] =" 1 we rnay ob ta in  an expression 

v a l i d  f o r  odd N , n o t i c l n g  tha t  the i n t roduc t i on  o f  the o s c i l l a t i n g  

term leads t o  a mul t i p l  l c a t  ion  f a c t o r  2 (see eq. (3.3) w i t h  J, -+ +n/2) 

(3.14) 

This r e s u i t  must be compared w i t h  the domlnant term near the 

threshold f o r  odd fl I n  the weak f i e l d  l i m i t  before the sadd le -po ln t i n -  

t eg ra t i on  (see eq.(2.12)). This term i s  obtained tak ing  n = n r  = N-1 
- T 9  



It I s  c l ea r  t h a t  the use o f  the saddle-point method P r e s e r v e s  the 

o r i g i n a l  frequency dependence ( N - v ) " ~  f o r  a l l  mul t iphoton p r o c e s s e s  

6 f  odd m u l t l p l i c i t y  Invo lv ing  exc i t a t i ons  c lose t o  the threshold.  
(N) 0') The r a t i o  W t o  W w a f ,  i s  r e a d i l y  obtained from eqs. (3.14) 

and (3.15) 

(1) 
Wodd I- 1 cc",!y 

exp (N) (3.16) 

(N) (odd) 
lT 

Ww.f, NN 

which f o r  h'=l g ives 

ãnd Increases w l t h  lncreaslng N. We should n o t i c e  t h a t  l f  we had f o l -  

lowed KA, neg lec t ing  the o s c i l l a t i n g  terms the expresslon (3.13) should 

be d i v i ded  by 2. Most impor tant ly  i s  t h a t  a l s o  f o r  even photon m u l t i -  

p l l c l t l e s  the omisslon o f  those terms, i n  the saddle-point in tegra t ion ,  

leads t o  a f requency dependence (N-V) and t o  a mul t i photon t r a  n - 
s i t i o n  rate: g iven a l so  by t h a t  o f  eq.(3.14) d iv ided by a f a c t o r  o f  2 

( t h i s  could account f o r  the smal lness o f  the values obtained from KA 

f o r  even photon processes). This r e s u l t  i ç  no t  i n  agreement w i t h  the 

per turbat ion  theor ies  as developed, f o r  instance, by Braunsteln and 

0ckman15 arid by Basov e t  aZ. ", which p red i c t s  a "forbidden absorption" 

propor t  ional  t o  ( N - V )  3 / 2 ,  f o r  two-photon absorpt ion. This feature, con- 

cernlng a theory o f  the KA type, may be corrected tak ing  i n t o  account 

the above nientioned o s c i l l a t l n g  terms. The r e s u l t  f o r  t r a n s i t i o n  r a t e  

i nvo l v lng  processes w i t h  an even number o f  photons, a f t e r  the use o f  

t he sadd 1 e-po i n t met hod I s 

This expresslon should be compared w i t h  the weak f l e l d  I i m i t  

obtained from eq.(2.13) p r i o r  t o  the saddle-point i n teg ra t l on .  The 

leadlng t e m ,  near threshold, I s  obtained tak ing  N- 2 n = n' = T ,  which 

glves 



(3.19) 

The f requency behavior  (N-V) 3 / 2  i s ,  t h e r e f o r e ,  kep t  a f t e r  t h e  

s teepes t  descent i n t e g r a t f o n .  

The r a t i o  f o r  t h e  even m u l t i p l i c i t y  processes i s  

For N=2 t h i s  r a t i o n  i s  9e2/32'n = 0.66, f o r  N=10 

increases w i t h  i n c r e a s i n g  N. 

4. CONCLUSIONS 

i t  i s  = 1.03, and 

We have used al 'non-perturbativeHapproach which 

a n a l y t i c a l  r e s u l t s  f o r  t h e  m u l t i p h o t o n  t r a n s i t i o n  r a t e s  

c r y s t a l s  t h a t  can be descr ibed  by a two parabol  i c  band m 

1 eads t o  c losed  

i n  d i r e c t - g a p  

odel  . We have 

compared our  r e s u l t s  w i t h  a Keldysh t y p e  o f  f o r m u l a t i o n  hav ing  i n  mind 

two p o i n t s :  t h e  connect ion between m u l t i p h o t o n  a b s o r p t i o n  and tunne l ing ,  

and t h e  use and accuracy o f  t h e  sadd le- po in t  method as a p p l i e d  i n  t h e  

KA. A tunnel  ing-1 i k e  express ion,  f o r  t h e  t o t a l  t r a n s i t i o n  r a t e ,  has been 

ob ta ined  by summing over  a11 a l lowed m u l t i p h o t o n  processes. 

I n  t h e  weak f i e l d  l i m i t ,  t h e  use o f  t h e  s t e e p e s t d e s c e n t t e c h -  

n ique  does n o t  i n t r o d u c e  m o d i f i c a t i o n s  on t h e  expected frequency de- 

pendente, a t  l e a s t  near th resho ld ,  p rov ided  t h a t  t h e  o s c i l l a t i n g  terms 

neg lec ted  i n  t h e  KA a r e  p r o p e r l y  considered.  Concerning s p e c i f i c  nu- 

m e r i c a l  va iues  f o r  t h e  m u l t i p h o t o n  t r a n s i t i o n  r a t e ,  we m u s t  r n e n t i o n  

t h a t  t h e  sadd le- po in t  i n t e g r a t l o n  may lead  t o  u n r e l i a b l e  r e s u l t s .  Fur-  

thermore i f  t h e  o s c i l l a t i n g  terms a r e  ignored,  as i n  t h e  KA, t h e  f r e -  

quency dependence may be i n c o r r e c t .  

As a f i n a l  conc lus ion  we emphasize t h a t  t h e  main p r o b l e m s w i t h  

a KA type  o f  approach i s  n o t  w i t h  t h e  use o f  t h e  sadd le- po in t  method7 

b u t  w i t h  t h e  n e g l e c t i o n  o f  impor tan t  o s c i l l a t i n g  terms i n  t h e  weak 

f i e l d  r e g i o n .  
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Resumo 

Estudamos t r a n s i ç õ e s  mul t i f o t o n i c a s  em c r i s t a i s  de "gap" d i  r e -  
t o  usando um método "nao-per tu rba t i vo"  do t i p o  suger ido  por  K e l d y s h  . 
Consideramos um modelo de duas bandas parabõl  i c a s  na aproximação de mas- 
sa e f e t i v a ,  de modo que as soluções exatas da Hami 1 ton iana  t o t a l  podem 
ser  aproximadas por  uma solução do t i p o  de Volkov.  Assim c o n s t r u  i m o s  
uma m a t r i z  ,? que i n c l u i ,  de modo aproximado, o campo e le t romagnét i co  em 
todas as ordens, p e r m i t i n d o  a obtenção desoluções anal  i t i c a s  para a t a -  
xa de t r a n s i ç ã o  m u l t i f o t ô n i c a .  Discut imos a a p l i c a ç ã o  do método de pon- 
t o  de s e l a  e suas l i m i t a ç õ e s ,  bem como a re lação  e n t r e  absorção m u l t i -  



fo tôn ica  e tunelamento. Mostramos que, para excitações per to  do l i m i a r ,  
o mêtodo de Keldysh pode ser apl icado desdeque se leve em conta os t e r -  
mos adequados na integrasão pelo mêtodo ponto de sela. 


