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Abstract l'he expression f o r  the charge renormal i z a t i o n  (up t o  second 
order )  i s  obtained i n  a  simple way by using the Abel ian  Wilson Loop. 

As i s  we l l  known we can ob ta in  the renormalized charge inQuan- 

tum Electrodynamics (QED) by c a l c u l a t i n g  the  e lec t ron  sca t te r i ng  by an 

externa]  f i e l d  whose i n t e r a c t i o n  i s  appropr ia te ly  described by QED. 

For t h i s  i t  i s  necessary t o  consider sys temat ica l l yl  a11 posç ib le  d i a -  

grams tha t  con t r i bu te  cor rec t ions  (known as rad ioac t ivecor rec t ions)  t o  

the sca t te r i ng  amplitude f o r  the process under cons idera t ion  . Thecom- 

pu ta t i on  o f  the con t r i bu t i on  o f  these so-cal led rad ioac t i veco r rec t i ons  

due t o  the e lec t ron  self-energy, ver tex  mod i f i ca t i on  and photon s e l f -  

-energy, mustofcoursebe combinedtoobtain the charge renorrnal izat ion.  

I t  i s  v e r i f i e d ,  then, t h a t  the charge renormal izat ior !  i s  due exclus-  

i v e l y  t o  photon sel f- energy e f f e c t s 2 ,  i .e., t o  vacuum po lar iza t ionmodi-  

f i c a t i o n s  inser ted  i n t o  photons l i n e s .  I n  t h i s  procedure there  appear 

two d i f f e r e n t  types o f  divergences: the u l t r a v i o l e t  divergence, t ha t  

can be e l lm inated by the renorrnal izat ion theory, and the i n f ra red  d i -  

vergence. The d i f f i c u l t i e s  associated w i t h  the i n f ra red  divergence can 

be overcome by apply ing the func t iona l  method developed by Bloch and 

~ o r d s i e c k ~ ,  which involves n o n - t r i v i a l  ca l cu la t i ons .  

Here we ob ta in  the expression f o r  the charge renormal izat ion 

(up t o  second order )  by a  s t ra igh t fo rward  way. For t h i s ,  we make use 

o f  the Wilslsn Loop f o r  Quantum Electrodynamics by consider ing i t s p e r -  

tu rba t i on  expansion up t o  the second order term. I n  t h i s  p r o c e d u r e ,  

processes such as the e lec t ron  sel f- energy and the ver tex  mod i f l ca t i on  

do not  appear, and therefore we take i n t o  account on l  y  photon se1 f - 
-energy co r rec t i on .  Then, we ob ta ln  t ha t  the Wilson Loop w i t h  correc-  

t i o n  due t o  the p h o t o n  se1 f - e n e r g y  e f f e c t s ,  i n  t h e  lowest order 



a p p r o x i m a t  i o n  , h a s  a s  coupl  i n g  cons tan t ,  the  

o f  Quantum Elect rodynamics.  

Now, cons ider  t h e  Wi lson Loop average, whi 

Theory, I l k e  QED, i s  de f ined  ky;\the f o l l o w i n g  Eucl 

renormal ized charge 

ch i n  t h e  A b e l  i a n  

idean f u n c t i o n a l  i n -  

g r a  1 

where S 1s t h e  a c t i o n  of t h e  f r e e  e lect romagnet  

f i x i n g  terms and i s  g i v e n  by 

i c  f l e l d  w i t h o u t  gauge 

w i t h ~  = a ~  - a ~ .  
Fiv Fiv v1-1 

The p e r t u r b a t i v e  s e r i e s  corresponding t o  eq. ( I )  i s  

where <A x . . A (x )>_  Da ( x ,  . x a r e  t h e  a n ..an n 
Green's f u n c t i o n s  ( i n  t h i s  case, the  propagator  o f  t h e  e lec t romagnet i c  

f i e l d )  and can be computed accord ing  t o  t h e  usual diagram technique.  

The lowest- order  diagram t h a t  corresponds t o  s e r i e s  (3)  i s g i v e n  

by 

where DaB(x-y) i s  t h e  photon Green's  f u n c t i o n  i n  t h e  z e r o - o r d e r  ap- 

prox imat  i o n 5.  

A t  t h i s  p o i n t  we i n t r o d u c e  a m o d i f i c a t l o n  i n  t h e  l o w e s e - o r d e r  

diagram by t h e  a d d i t i o n  of a f e r m i o n i c  loop,  t h a t  i s ,  t a k i n g  i n t o  

account t h e  photon se l f - energy .  

Then, t h e  i n i t i a l  diagram becomes 

y = - 1 e' 1 +j6 ~ ~ ~ ( z - y )  2 



where %B(z:-Y) i s  t h e  new photon propagator  which inc ludes  t h e  c o r r e c -  

t l o n  t o  DaB(x-y) due t o  t h e  i n s e r t l o n  o f  t h e  second-order photon s e l f -  

-energy. 

As i s  w e l l  k n ~ w n " ~ ,  t h e  r e l a t l o n  between t h e  F o u r i e r  t r a n s -  

( r - y )  and D ( r -y )  i s  
aB 

where M~ IS a c u t - o f f  parameter such t h a t  ~ ' > > k ~ .  The r e l a t i o n  ex- 

pressed by eq. (6) I s  ob ta ined  by t h e  use o f  c u r r e n t  conserva t ion  i n  QED 

and by c o n s i d e r l n g  t h a t  t h e  photon propagator  l i e s  b e t w e e n t w o c u r r e n t s  

( v e r t e x ) ,  a ~ i d  t h e  momentum t r a n s f e r  i s  smal l ,  t h a t  i s ,  k2%0. 

Now, we take  t h e  i n v e r s e  F o u r i e r  t r a n s f o r m  o f  express ion  (6) t o  

o b t a l n  a r e l a t i o n  between 5 ( r - y )  and D (z-y). E v i d e n t l  y, t h i s  r e -  
aB aB 

l a t i o n  i s  v i3 l i d  i n  t h e  l i m i t  o f  l ong  wavelenght ( i . e . :  x  f a r  removed 

frorn r ) ,  beoause express ion  (6) i s  v a l i d  o n l y  f o r  low f requenc ies .  How- 

ever  t h i s  i i j  a l l  we need f o r  our  purpose, as t h e  renorrnal ized c h a r g e  

can be def i r ied by t h e  c o e f f  i c i e n t  o f  the  ( l o n g  d i s t a n c e )  Coulornb law". 

P u t t i n g  the  express ion  f o r  5 ( x- y )  i n  terrns o f  D (x-y)  i n  express ion  
aB aB 

(5) and comparing i t  w i t h  e q . ( 4 ) ,  we conclude t h a t ,  i n  o rder  t h a t  b o t h  

equat ions g i v e  the  same r e s u l t ,  e 2 t h a t  appears i n  eq . (5 )  must be 

replaced by e:, g iven  by 

Eq. ( 7 )  i s  t h e  w e l  1 - k n o w n  e x p r e ç s  i o n  f o r  t h e  c h a r g e  

renormal I z a t l o n  i n  t h e  lowest  o r d e r  approx imat lon  l n  Quantum E l e c t r o -  

dynamics, o b t a i n e d  here  w i t h o u t  t h e  need o f  t r e a t i n g  t h e  i n f r a r e d  d i -  

vergence as I n  t h e  usual  procedure. Such a d ivergence does n o t  appear 

i n  t h i s  metkiod because i t  i s  assoc ia ted  w i t h  t h e  e l e c t r o n  s e l f - e n e r g y  

and t h e  v e r t e x  m o d i f i c a t i o n s  and these processes do n o t  occur  i n  t h e  

p resen t  procedure. 

I t  1s p robab le  t h a t  t h e  charge r e n o r m a l i z a t i o n  w i t h  h i g h e r -  

-order  c o r r e c t i o n s  can be ob ta lned  i n  t h i s  s imp le  way by u s  i n g  t h e  

Wi lson Loop p e r t u r b a t i o n  expansion r a t h e r  t h a n  t h e  t r a d  i t i o n a l  

methods, and t h e r e f o r e ,  t h e  A b e l i a n  Wi lson Loop, w i t h  these c o r r e c t i o n s  



due t o  t h e  se l f - energy  e f f e c t s  o f  the  photon, would be g i v e n  by eq. (I) 

w i t h  t h e  c o u p l i n g  cons tan t  ( e l e c t r  i c  c h a r g e )  r e p i a c e d  b y  t h e  

renormal ized e l e c t r i c  charge. 
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Resumo 

Obtém-se, de modo s imples,  a  expressão para a carga renorrnal i -  
zada ( a t é  segunda ordem), usando-se o Loop de W i  l son Abel i ano .  


