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Abtract New i n t e g r a l  rep resen ta t  ions a r e  ob ta  ined f o r  t h e  p roduc t  o f  
two l i n e a r ' l y  independent Jacobi f u n c t i o n s .  

1. INTRODUCTION 

I r 1  a  recen t  paperl we have shown how t o  g e t  an i n t e g r a l  rep-  

r e s e n t a t i o n  f o r  t h e  p roduc t  o f  two c o n f l u e n t  hypergeornetr ic f u n c t i o n s  

o f  d i f f e r e n t  o r d e r s  and argurnents by u s i n g  an i n t e g r a l  r e p r e s e n t a t i o n  

f o r  t h e  r a d i a l  Green's  f u n c t i o n  o f  the  i s o t r o p i c  harrnonic o s c i l l a t o r .  

An i n t e g r a l  r e p r e s e n t a t i o n  f o r  t h e  p roduc t  o f  two I í n e a r l y  

independent Jacobi f u n c t i o n s  i s  d e r i v e d  i n  t h i s  paper, and as a  by- 

-product  wc: o b t a i n  a l s o  an i n t e g r a l  r e p r e s e n t a t i o n  f o r  p roduc ts  o f  

Legendre f i i n c t  ions.  

2. JACOBI FUINCTIONS 

I n  o r d e r  t o  d e r i v e  an i n t e g r a l  r e p r e s e n t a t i o n  f o r  t h e  p roduc t  

o f  two Jacobi f u n c t i o n s  w i t h  d i f f e r e n t  o r d e r s  and arguments we f i r s t  

w r i t e  the  Jacobi Green's f u n c t i o n .  

The Jacobi d i f f e r e n t i a l  op e r a t o r 2  i s  w r i t t e n  i n  t h e  form 

d2 d LZ = ( I  -x2) - + (2m - 2 (n+l )x} - + (v-n) 
dx2 dx 

where V i s  u n r e s t r i c t e d ,  and w i t h  t h e  pararneters m and n r e s t r i c t e d  by 

n+m>l and r!-m>l. These r e s t r i c t i o n s  a r e  needed t o  rnake the  we igh t  func-  

t i o n  non-negat ive and i n t e g r a b l e .  
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The Green's  f u n c t i o n  f o r  t h i s  L opera to r ,  bounded i n  1 <x<w x 
i s  g i v e n  by 

where xi> x , and P C ' b )  (x) and Q : ' ~ )  (x) a r e  r e s p e c t i v e l y  t h e  f i  r s t  

and second s o l u t i o n  o f  t h e  homogeneous Jacobi d i f f e r e n t i a l  equa t ion .  

I n t r o d u c i n g  i n  eq. 2 i n t e g r a l  r e p r e s e n t a t i o n s  f o r  t h e  Jacobi 

f u n c t i o n s  i n  terms o f  Wh i t taker  f u n c t i o n s 3  

we o b t a i n  f o r  

2-2n 

( 4 )  

t h e  p roduc t  o f  Jacobi f u n c t i o n s  

We n o t e  t h a t  t h e  p roduc t  o f  two Whi t taker  f u n c t i o n s  i n  eq. 5 

can be i d e n t i f i e d  w i t h  t h e  Coulomb r a d i a l  Greenls func t ionl ,  when t l > t  

By a s i n g l e  v a r i a b l e  t r a n s f o r m a t i o n ,  f o r  xi> x, t h e  c o n d i t i o n  tl>t can 

be eas i  l y reproduced, and t h e  product  o f  Whi t t a k e r  f u n c  t i ons  can be 

w r i t t e n  i n  t h e  form o f  an i n t e g r a l  r ep r e s e n t a t i o n 3.  Thus we g e t  



x exp4:-(x+ c h y l t  - h '  + c h y ) t l )  I ~ ~ + ~  ( 2 h F  s h y )  

(6) 

where ~ ~ ( i )  i s  the modi f ied Bessel func t ion .  

Tlie ca l cu la t i on  o f  the i n teg ra l s  over t and t 1  are  s t r a i g h t -  

forward, arid can be performed by means o f  the 

We ob ta in  

hypergeometric function
4
. 

kc ' )  = 

v %+'I r (v -n+l ) r  (v+n+l) o + 
= (-1) dy ( s h y )  ( c th  y /2)  

ân 

r ( 2 ~ + 2 )  2712 O 

(7) 

where 1 < :c < 2 '  < w .  

Ttie r i g h t  hand s ide o f  t h i s  expression i s  symmetric w i t h  re-  

spect t o  x and x ' ,  and i n  order t o  symmetrize a l so  the f i r s t  term we 

introduce e symmetric expresston f o r  the product o f  Jacobi func t ions  i n  

the f o l  lowi ng way 

By a s i ng le  va r i ab le  t ransformat ion on the cornplex plane eq. 

7 can be e a s i l y  transformed i n t o  



where a = (x+l) (x l+ l ) / (x -1 )  (a1-1) and ch y = aucl - (x2-1) 1 /2 (x i  '-1) 

cos 0, and the integral  contour is a  closed contour around the  origin,  

=o.  
I n  a  s imi lar  way we can extend t h i s  integral  representa t ionto  

thedomain 1x1 < l ,  l x l l  < I .  D e f i n i n g x = c o s  O a n d x l  = c o s  O ' ,  we 

have 

F(v-n+l ) r(v+n+l: (nm;n+m) { 'v-n (x) Q$im;nw)(xl)} = r(v-m+l ) r(v+m+l) 

= (tan 0/2 tan 

1 - 1 d o e  i o  2n -i(n+m)u (I- tan 8/2 tan 01 /2  e ) 
2= o=o 

x Qi0;2n) (COS 0 cos 0 + se" 0  s e n  6 cos o ) 

3. LEGENDRE FUNCTIONS 

Legendre functlons s r e  a  pa r t i cu la r  case of Jacobi functions.  

For n=O we have the  associated Legendre function.  The r e l a t ion  between 

them a r e  well known4, and fo r  the domain 1 < x: < x 1  < m, we have 

1/2 w i t h  ch y = xxl - (x2-1) ( ~ ~ ~ - 1 ) ~ ' ~  cos o. 



For the domain 1x1 < 1 and (x' I < 1, the i n teg ra l  r e p r e s e n -  

t a t i o n  f o r  associated Legendre polynomials i s  

w i t h  cos y = cos 8 cos 0' + sen 8 sen 8 '  cosõand O < 8 < 8 '  < a. 

When the parameter i s  pu t  m=O i n  these expressions, we ob ta in  

i n teg ra l  representat ions f o r  products o f  Legendre funct ions.  
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