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Abtract Tlie many-sublatt ice Bragg-Williams approximat ionof  s t a t i s t i c a l  
,mechanics i s  app l ied  t o  the two-dimensional square and t r i a n g u l a r  l a t -  
t ice-gas models w i t h  nearest-neighbor repu ls ive  i n te rac t i ons .  Eachprob- 
lem i s  solved through both the canonical and grand-canonical me thods  . 
The preseni: treatment emphasizes the d u a l i t y  between concentrat ion and 
chemical p o t e n t i a l  and i l l u s t r a t e s  the appearance o f  f i r s t -  and second 
-order t ra r is i  t i ons  i n  each method. 

1. INTRODUC'TION 

The I s i ng  model o f  b inary  systems can be formulated 

d i f f e r e n t  "languayes". Among these, the most popular descr ip  

i n  severa1 

t i ons  are  

the o r i g i n a l  spin-one-half f e r r o -  o r  anti ferromagnet, the b inary  a l l o y ,  

and the " l s t t í c e  gas". The l a t t e r  term was introduced by Yang and Lee' 

t o  describé! a l a t t i c e  o f  s i t e s  t ha t  can be e i t h e r  empty o r  occupíed by 

a t  most one p a r t i c l e  o r  atom. A l a t t i c e  gas i s  thus character ized by a 

concentrat íon of occupied s i t e s  x = N /N, where iVa i s  the number o f  
a 

atoms and A' i s  the t o t a l  number o f  s i t e s  i n  the l a t t i c e .  

Lat t ice-gas models a re  o f  i n t e r e s t  both as representat ions o f  
2-4 

rea l  physical  systems - such as i n te rca la ted  layered compounds , ad- 

sorbed monctlayers on c r y s t a l  s ~ r f a c e s ~ ' ~ ,  and metal hydr ides7 - and f o r  

t h e i r  i n t r i n s i c  formal content .  

I n  regards t o  the l a t t e r  aspect, the l a t t i c e  gas w i t h  nearest 

-neighbor (nn) in ter-atomic repu ls ion  i s  mathematical ly equivalent  t o  

the I s i ng  anti ferromagnet. Occupied s i t e s  correspond t o  up spins and 

vacancies t o  down spins. The chemical po ten t i a l  p lays the r o l e  o f  the 

rnagnetic f i e l d  and the one-hal f- concentrat ion l a t t i c e  gas can be ident -  

i f i e d  w i t h  the ze ro- f i e l d  anti ferromagnet. This isomorphism appearswhen 

the grand p a r t i t i o n  func t i on  o f  the l a t t i c e  gas i s  compared t o  the par-  

t i t l o n  func t i on  o f  the I s i n g  magnetic system8. 



I n  t h i s  paper we p resen t  two examples o f  two-dimensional l a t -  

t i c e - g a s  models w i t h  nn r e p u l s i v e  ( i . e . ,  a n t i f e r r o m a g n e t i c )  i n t e r a c -  

t i o n s .  Phase diagrams a r e  n u m e r i c a l l y  c a l c u l a t e d  w i t h i n  a genera l i zed  
9 

mean-f i e l d ,  o r  Bragg-Wil l iams (BW) , approx imat ion,  which d i v i d e s  t h e  

o r i g i n a l  l a t t i c e  i n t o  a number o f  e q u i v a l e n t  s u b l a t t i c e s  t h a t  a r e  com- 

p a t i b l e  w i t h  t h e  ground- state conf  i g u r a t i o n  o f  t h e  s y s t e m .  O r d e r e d  

phases a r e  represented by t h e  predominant occupa t ion  o f  one o f  t h e  sub- 

l a t t i c e s .  

Since i t  neg lec ts  t h e  p o s s i b i l i t y  o f  shor t- range c o r r e l a t i o n  

between t h e  occupied s i t e s ,  t h e  BW approx imat ion  i s  n o t e x p e c t e d t o  lead 

t o  accura te  phase diagrams. I t  i s ,  however, a u s e f u l  s t a r t i n g  ~ o i n t  

towards more s h o p h i s t i c a t e d  c a l c u l a t i o n s ,  such as t h e  r e n o r m a l i z a t i o n -  

- g r o u p 2 ' 5  and c l u s t e r - v a r i a t i o n
3  

methods. Besides, due t o  i t s  s imple 

f o r m u l a t i o n ,  the  BW approx imat ion  pedagog ica l l y  i l l u s t r a t e s ,  i n  a c l e a r  

and i n t u i t i v e  way, severa1 fundamental concepts o f  s t a t i s t i c a l  mech-  

a n i c s .  Here we emphasize the  equiva lence o f  t h e  canonica l  and grand- 

-canonica l  t rea tments ,  and hence t h e  d u a l i t y  between c o n c e n t r a t i o n  and 

chemical p o t e n t i a l .  A new method i s  presented f o r  t h e  grand-canonical 

t rea tment  t h a t  reduces the  problem t o  searching and c l a s s i f y i n g  t h e s o l -  

u t i o n s  o f  one equa t ion  o f  o n l y  one v a r i a b l e .  -The concepts o f  f i r s t -  and 

second-order t r a n s i t í o n s  a r e  g r a p h i c a l l y  i l l u s t r a t e d  by t h e  behavior  o f  

those s o l u t i o n s .  

The two-dimensional square and t r i a n g u l a r  l a t t i c e - g a s  systernq 

b o t h  w i t h  nn r e p u l s i o n  o n l y ,  a r e  examined i n  the  nex t  t w o  s e c t  i o n s ,  

which a r e  b o t h  o rgan ized  i n  the  f o l  l ow ing  way: (A) G e n e r a l  c o n s i d e r -  

a t i o n s  a r e  presented about t h e  system, f o l l o w e d  by t h e  d e s c r i p t i o n  o f  

the  BW approx imat ions f o r  i t s  energy and entropy;  (B) Acanon ica l  t r e a t -  

ment i s  d iscussed based on the  minimum p r o p e r t y  o f  t h e  f r e e  energy; ( C )  

F i n a l l y  a grand- canonica l  s tudy  i s  developed based on t h e  minimum prop-  

p e r t y  o f  the  grand p o t e n t i a l ,  f o l l o w e d  by a comparison between methods 

(B) and ( C) .  

2. THE SQUARE LATTICE GAS 

2.1. General wnsiderations 

As i l l u s t r a t e d  i n  F i g .  1 ,  t h e  square l a t t i c e  i s  d i v i d e d  i n t o  

two i n t e r p e n e t r a t i n g  s u b l a t t i c e s ,  a and B, such t h a t  any s i t e  i n  one o f  



them has Four nearest neighbors i n  the o ther  one. This representat ion 

can be j u s t i f i e d  by the fo l l ow ing  argument: For T = O and the concen- 

t r a t i o n  x = 1/2 the t o t a l  energy o f  the nn- repuls ion square l a t t i c e  

gas i s  miii lmized by the con f i gu ra t i on  tha t  corresponds t o  t o t a l  occu- 

pa t ion  o f  one o f  the sub la t t i ces  and n u l l  occupation o f  the o ther  one. 

I n  t h i s  way, occupied p a i r s  o f  nn s f t e s  are  avoided. 

Fig.1 - Representation o f  the 
square l a t t i c e  w i t h  i t s  two i n -  
te rpenet ra t ing  sub la t t i ces .  

We def ine  nV(v  = a, 8) as the occupation numberof s u b l a t t i c e  

v, i.e., the p r o b a b i l i t y  t ha t  a s i t e  o f  s u b l a t t i c e  v be occupied by 

an atom. The t o t a l  concentrat ion o f  the l a t t i c e  gas i s  g iven by 

We def ine  a long-range order parameter 

n + n  
a B 

such tha t  I? = O i n  a disordered phase (when the two s u b l  a t t  i c e s  a re  

equa l ly  occupied) and Q # O i n  an ordered phase (when one s u b l a t t i c e  i s  

preferent i .a l  l y  occupied) . At T = O and x = 1/2. the maximum and minimum 

values I? = ' 1 occur i n  a degenerate way, according t o  whether sub la t -  

t i c e  a o r  $ i s  occupied. We may remove t h i s  degeneracy by assuming the 

a s u b l a t t i c e  t o  be f i l l e d  f i r s t ,  so t h a t  il > O .  

'The BW approximation f o r  the energy o f  a two- sub la t t i ce  nn- 

-repuls ion square l a t t i c e  gas i s  

where U i s  the i n te rac t i on  energy o f  two atoms i n  nn s i t es ,  2N i s  the 

t o t a l  number o f  p a i r s  o f  nn s i t e s  i n  the l a t t i c e ,  and (na n ) i s  the B 



BW approx imat ion  f o r  the p r o b a b i l i t y  t h a t  such a nn p a i r  be occupied 

by two atoms. Th is  imp l ies ,  o f  course, t h a t  t h e  c o r r e l a t i o n s  b e t w e e n  

d i f f e r e n t  s i t e s  a r e  ignored.  
The e n t r o p y  i s  ob ta ined  f rom t h e  t o t a l  number o f  ways f o r  

combining t h e  supposedly u n c o r r e l a t e d  occupied and empty s i t e s  i n  each 

s u b l a t t i c e ,  i n  t h e  form 

T h i s  i s  a s t r a i g h t f o r w a r d  t w o- s u b l a t t i c e  g e n e r a l i z a t i o n  o f  t h e  usual 

mean-f i e l d  en t ropy  o f  b i n a r y  ~ ~ s t e m s ' ~ .  

2.2. The canonical method 

Accord ing t o  the  formal ism o f  t h e  canon ica l  ensemble, t h e  

e q u l l i b r i u m  c o n f i g u r a t i o n  o f  t h e  system i s  g iven  by t h e  m i n i m i z a t i o n  

o f  t h e  Landau (i .e., non- equi l  i b r ium)  f r e e  energy F = E - TS w i t h  r e -  

spect t o  the  a p p r o p r i a t e  v a r i a t i o n a l  parameters a t  f i x e d  temperature 

and number o f  p a r t i c l e s .  Throughout t h i s  paper t h e  area and number o f  

s i t e s  o f  t h e  l a t t i c e  gas a r e  taken as cons tan t .  We thus  f i x  the  con- 

c e n t r a t i o n  x i n  t h e  canon ica l  formal ism. 

Due t o  t h e  c o n s t r a i n t  o f  Eq. ( I ) ,  o n l y  one o f  t h e  two sub- 

l a t t i c e  occupa t ion  numbers, say n should be considered as an inde-  a' 
pendent m i n i m i z a t i o n  parameter.  E q u i v a l e n t l y ,  we choose t h e  o r d e r  par-  

ameter o f  Eq .  (2) as o u r  independent va r  i a b l e .  The occupa t ion  numbers 

a r e  then g i v e n  by 

na = x ( 1  + rl) (Sal 

and t h e  Landau f r e e  energy can be r e a d i l y  expressed, accord ing  t o  Eqs. 

( 3 )  and ( 4 ) ,  and wi  t h  t h e  use o f  S t i r l  i n g ' s  approx imat ion  f o r  t h e  f a c-  

t o r i a l s ,  as 



In  the above equation, n and n should be considered as funct ions o f  ri, 
C1 B 

w i t h  x as a parameter, according t o  Eq. ( 5 ) .  The minimum property o f  

F(~;x,T) y i e l d s  

I - x - x q 2 + r ,  
8xq = T Rn 

I - x - x q 2 - q  

where we def ined the reduced temperature T = k T/U. 
B 

We need on ly  t o  solve Eq. (7) f o r  x < 1/2. Indeed, due t o  

the pairwise,  concentrat ion- independent nature o f  the assumed in terac-  

t ions ,  the thermodynamics of the system f o r  x > 1/2 can be obtained 

from the r e s u l t s  f o r  x c 1/2. The te.mperature-concentration phase d ia-  

gram, i n  p a r t i c u l a r ,  d isp lays  a rn i r ror  symmetry about the l i n e  x = 1 / 2 .  

due on ly  t o  

i s  independent 

This p a r t i c l e - h o l e  symmetry, as noted by van ~ a a l l ' ,  i s  

the absence o f  many-body l n te rac t i ons  i n  the model, and 

o f  the approximation. 

For x < 1/2, Eq. (7) can be solved by a NewtoQ 

mel2 w i t h  the on ly  r e s t r i c t i o n  [r,1 < 1 .  For the reduced 

-Raphson sche- 

t e m p e r a t u r e  

T > T 1 ,  = O (disordered phase) i s  the on ly  so lu t ion .  For T < 0, 
C 

the so lu t i on  i1 = O i s  a minimum o f  F(q;x,T) o n l y  i f  x < x -  o r  x > x+, 

where 

Otherwise, the func t i on  F(n;x,T) has a loca l  maximum a t  q = O and two 

symmetric ininima a t  r( < O and r, > O .  Assuming na > n we choose the  
6' 

p o s i t i v e  so lu t i on .  The behavior of F(ri;x,T) as x crosses x -  i s  i l l u s -  

t r a ted  i n  IFig. 2, where the reduced Landau f r e e  energy f (n;  x ,  T )  E 

E F(~ ;x ,T ) / ( f l  U) i s  p l o t t e d  fo r  T = 0.75 and severa1 values o f  x near 

x- = 0.25. The t r a n s i t i o n  I s  of second order,  i .e . ,  the equ i l i b r i um 

value o f  n i s  a continuous func t i on  o f  x near x - .  

I t  i s  i n te res t i ng  t o  inves t iga te  the behavior o f  the sub la t-  

t i c e  occupii t ion numbers na and n as func t ions  o f  x a t  a given T. This B 
behavior i s  i l l u s t r a t e d  i n  F ig .  3, which i s  symmetric w i t h  respect t o  

an invers ion  about the midpoint  (0.5, 0.51, f o r  T = 0.75. The curves 

f o r  the two occupation numbers are  seen t o  b i f u r c a t e  cont inuously a t  

x = x -  2 0.25 and t o  merge again a t  x = x+ 0.75. 

A phase diagrarn i s  obtained i n  the (x,T) plane from Eq. (8) 

as shown ir1 F ig .  4 ( b ) .  A s i m i l a r  phase diagram can be obtained i n  the 



F ig .2  - Reduced Landau f r e e  energy 
f(q;T,x) as f u n c t i o n  o f  t h e  o r d e r  
parameter q, f o r  k T = 0.75 U and 
severa l va l ues o f  t a e  concent r a t  i o n  
x ,  f o r  the  n n- r e p u l s i o n  BW square 
model . 

(U,T 

t e n t  

F iq .3  - Occupation numbers 
o f  s u b l a t t i c e s  a and 6, as 
f u n c t i o n s  of t h e  concen- 
t r a t i o n  x, f o r  k F = 0.75U 
i n  t h e  square i a B t i c e .  

) p lane,  as shown i n  F i g .  4 (a ) ,  where y i s t h e  reduced chemical po- 

i a l ,  d e f i n e d  by 

where v1 i s  t h e  chemical p o t e n t i a l  o f  t h e  atorns i n  t h e  l a t t i c e  gas. 

I t  i s  needless t o  s t a t e  t h a t  a11 thermodynamic p r o p e r t i e s  o f  

t h e  system a r e  ob ta ined  i n  a s t r a i g h t f o r w a r d  way once t h e  Landau f r e e  

energy o f  Eq. (6) has been min imized,  a t  g i ven  x o r  T. The s p e c i f i c  

heat  a t  c o n s t a n t x ,  f o r  instance,  d i s p l a y s  a d i s c o n t i n u i t y ,  t y p i c a l  o f  



a mean- field second-order t r a n s i t i o n ,  

order temperature, and vanishes above 

Reduced aiemlcal Patentlal, p, /U 

Fiq.4 - Order (O)-disorder (D)  

a t  the corresponding a r d e r - d  i s -  

tha t  temperature. 

phase diagrams f o r  the nn- 
- r& l s i on  BW square l a t t i c e  i n  (a) the temperature v. 
chemical potencia l  plane, (b) the temperature v. concen- 
t r a t i o n  plane. 

2.3. The granii-canonical method 

I n  the grand-canonical ensemble; the chemical po ten t i a l  v ,  i s  

a f i xed  thermodynamic parameter, instead o f  the number o f  p a r t i c l e s .  

Now the two s u b l a t t i c e  occupation numbers are  independent var iab les  f o r  

the minimizat ion o f  the grand po ten t i a l  

The concentrat ion x i s  obtained from Eq.  (1) a f t e r  Q has beenminimized. 

The grand-canonical and canonical formalisms a re  expected t o  g i ve  the 

same resu l t s ,  o f  course, except i n  the case where we are  in teres ted i n  

f luc tuat io r is  i n  the number o f  p a r t i c l e s ,  which are  ignored i n  the ca- 

nonical treatment. This aspect i s  not  re levant  t o  our d iscussion.  

FI-orn Eqs. ( I ) ,  (6) and (10) we can w r l t e  our non-equ i 1 i b r  i um 

grand poter i t ia l  as 



At f i x e d  V, and T, the  minimum p r o p e r t y  o f  Q(na,nB;pl,~) y i e l d s  t h e  
1 3  

equa t i on 

where, as before,  T = kgT/U, and V = vl/U. Eq. (12) can be so lved  by 

a s s i g n i n g  va lues t o  

h = p - 8 3 :  (13) 

and l o o k i n g  f o r  t h e  s o l u t i o n s  o f  

T h i s  equa t ion  has t h r e e  d i f f e r e n t  r o o t s  between O and 1 whenever h i s  

such t h a t  g(x+) < h < g ( x - ) ,  where x+ and x -  a r e  d e f i n e d  i n  Eq. (81, f o r  

T < 1. (Otherwise, Eq. (14) has t h e  o n l  y s o l u t i o n  nv = x corresponding 

t o  t h e  d i s o r d e r e d  ~ h a s e . )  The t h r e e  r o o t s ,  which we c a l  l u ,, u ,  and u,, 

can be ass igned i n  s i x  d i f f e r e n t  ways t o  t h e  two s u b l a t t i c e  occupa t ion  

numbers. We have t h e  p a i r s  

I t i s  found t h a t  {u,,u,) does n o t  lead  t o  a minimum o f  the  grand poten- 

t i a 1  a t  f i x e d  V. The o t h e r  f i v e  p a i r s  appt,ar as we scan the  c o n c e n -  

t r a t i o n  range f rom O t o  1 c o n t i n u o u s l y  i n  t h e  f o l l o w i n g  s teps (see F i g .  

5) : 

(a) 1 increases f rom -m t o  g ( x - )  whi l e  x increases f rom O t o  

2- ; 

(b) decreases from g ( x - )  t o  g(x+)  whi l e  x increases f rom x- 

t o  x, < 1/2; 

( C)  A increases f rom g(x+)  t o  g ( x - )  whi le x increases f rom x, 
t o  2, ' 1/2; 



(d) h decreases again from g(x,-) t o  g(x+) whi l e  x i ncreases 

f rom r ,  ti3 + ;  

(e) f i n a l  1 y increases from g(x+) t o  +- whi l e  x increases from 

x+ t o  1 .  

Steps (b)-(d) appear i n  the ordered phase. The po in t s  x, and 

x, a re  int i icated i n  F ig .  3 as the  pos i t i ons  f o r  the minimum o f  n and B 
the maximiim o f  na, respect ive ly ,  f o r  the ordered phase. 

The phase diagrams o f  F ig .  5 are  easi  1 y recovered by the present 

grand-canonical treatment. The order-disorder t r a n s i t i o n  x -  i s  the loca l  

maximum o f  g(nv) where the so lu t i on  t o  Eq. (14) b i f u r ca res .  This i s  the 

t r a n s i t l o r i  po in t  between steps (a) and (b) above. The f a c t  t ha t  t h i s  

t r a n s i t i o r ~  i s  o f  second order i s  re la ted  t o  the p o s s i b i l i t y  o f  cont inu- 

ous ly  increasing the concentrat ion through the b i f u r c a t i o n  process.This 

i s  due t o  ( i )  the existence o f  exac t l y  two equivalent  var iab les  n and 
a 

and n ancl t o  ( i  i )  the shape o f  g(nV) f o r  nV near x-, s p e c i  a1 1 y t h e  
B 

p o s i t i v e  s ign o f  the t h i r d  d e r l v a t i v e  o f  g(nv). This l a t t e r  f ac to r  i s  

responsible f o r  na t o  increase fas te r  than n d e c r e a s e s f o r x j u s t l a r g e r  B 
than x - .  \te might a n t i c i p a t e  t ha t  f i r s t - o r d e r  t r a n s i t i o n s  i n t h e  BW t r i -  

angular l a t t i c e ,  discussed i n  the next  sect ion,  a re  due t o  requ i rement  

( i )  no t  being s a t i s f  ied. 

Fig.5 - Evolut ion o f  the so lu t ions  o f  the 
equation g(nv) = A f o r  kgT = 0.75U i n  the 
square l a t t i c e  as A (a) increases from -m 

t o  g(x - ) ,  (b)-(d)  osc i  1 l a tes  between g(x-) 
and g(x+) , (e) i ncreases f rom g(x+) t o  
From (a) t o  (e) the concentrat ion always 
i ncreases . 



The second-order t r a n s i t i o n  between t h e  d iso rdered  and ordered 

phases i n  t h e  square l a t t i c e  i s  represented schemat ica l l y  i n  F i g .  6 by 

F- versus- x and R-versus-p, p l o t s .  The t r a n s l t i o n  p o i n t  P i s  seen t o  be 

w e l l  determined i n  b o t h  p l o t s ,  w i t h  cont inuous d e r i v a t i v e s .  

h - o .- F - 
C 

C al 
W z e: 
LL 

C e w 

I 
Concentration Chemical Potentiai 

F i  g .6  - Schemat i c  represen ta t  i o n  o f  (a) concen t ra t  i o n  
dependence o f  f r e e  energy and (b) chemical p o t e n t i a l  
dependence o f  grand p o t e n t i a l  i n  t h e  v i c i n i t y  o f  t h e  
d i s o r d e r - o r d e r  t r a n s i t i o n  i n  t h e  square l a t t i c e .  

3. THE TRIANGULAR LATTICE GAS 

3.1. General wnsiderations 

The t r i a n g u l a r  l a t t i c e  i s  e s s e n t i a l l y  d i f f e r e n t  f r o m t h e s q u a r e  

l a t t i c e ,  d iscussed i n  t h e  p reced ing  s e c t i o n ,  s i n c e  i t  cannot be d i v i d e d  

i n t o  two e q u i v a l e n t  s u b l a t t i c e s .  T h i s  f a c t  i s  r e l a t e d  t o  t h e  " f r u s -  

t r a t i o n "  o f  t h e  t r i a n g u l a r - l a t t i c e  I s i n g  magnetic system, w h e r e  n o  

a n t i f e r r o m a g n e t i c  o r d e r  i s  p o s s i b l e  a t  ze ro  externa1 f i e l d .  As shown i n  

t h e  f o l l o w i n g  d iscuss ion ,  i t  i s  a l s o  t h e  reason f o r  theBWapprox imat ion 

f o r  t h e  t r i a n g u l a r  l a t t i c e  t o  y i e l d  a  f i r s t - o r d e r  t r a n s i  t i o n  b e t w e e n  

ordered and d iso rdered  phases, i n  c o n t r a s t  t o  t h e  s e c o n d- o r d e r  t r a n -  

s i t i o n  e x h i b i t e d  by the  square l a t t i c e .  

As i l l u s t r a t e d  i n  F i g u r e  7, t h e  t r i a n g u l a r  l a t t i c e  i s  d i v i d e d  

i n t o  t h r e e  i n t e r p e n e t r a t i n g  s u b l a t t i c e ,  a, 6 ,  and y, such t h a t a n y s i t e  

i n  one o f  them, say a, has t h r e e  neares t  ne ighbors i n  each o f  t h e  o t h e r  



two s u b l a t t i c e s  

t r i a n g u l a r  l a t t  

= n = O )  and a 
Y 

bers nv (V = a ,  

concentra t i o n  x 

The BW i n t e r a c t  

F ig .7 - Representat ion o f  t h e  
t r i a n g u l a r  l a t t  I c e  w i t h  i t s  
t h r e e  i n t e r p e n e t r a t i n g  s u b l a t -  
t i c e s .  

8 and y .  P e r f e c t l y  ordered s t r u c t u r e s  a t  T=O f o r  t h e  

ce gas w i t h  nn r e p u l s i o n  e x i s t  a t  x = 1/3 (na = 1 ,  nB = 

x = 2 / 3  ( n a  - ng = I, n = O)". The o c c u p a t i o n  num- 
Y 

8 ,  y )  a r e  def ined as  i n  t h e  preceding s e c t i o n .  The t o t a l  

i s  now 

on energy 

r = ( n  + nB + n ) / 3  a Y 

i s  g i v e n  by 

w h i l e  t h e  BW en t ropy  i s  

i n  complete analogy t o  t h e  r e s u l t s  ob ta ined  f o r  t h e  square l a t t i c e .  

3.2. The canoiiical method 

The m i n i m i z a t i o n  o f  t h e  Landau f r e e  energy i s  most e a s i l y  c a r -  

r i e d  o u t  when two o f  t h e  s u b l a t t i c e  occupa t ion  numbers a r e  considered 

t o  be equal ,  e.g.,  
n~ = n~ 

We then have o n l y  one independent v a r i a b l e ,  

a t  f i x e d  x. The most genera l  case o f  t h r e e  d i f f e r e n t  s u b l a t t i c e  occu- 

p a t i o n  numbers i s  t r e a t e d  i n  t h e  nex t  sub- sect ion.  

As i n  s e c t i o n  2 ,  we may d e f i n e  a long- range o rder  parameter 



so t h a t  

The Landau f r e e  energy i s  now 

where na and n a r e  f u n c t i o n s  o f  n ,  w i t h  x as a  parameter, accord ing  t o  B 
Eq. (20) .  The minimum p r o p e r t y  o f  F(Q;X,T) y i e l d s  

1 - x  -xr, + 2xq2 + 2rl 
gxq = T Rn (22) 

1 - 2  -xrl + 2 x n 2 -  r l  

where, again, T = k T/U. B 
Th is  equa t ion  can a l s o  be so lved by t h e  Newton- R a p h s o n  i t e r -  

a t i o n  method. The d iso rdered  phase (n=0) i s  the  s o l u t i o n  f o r  .r > - c  ~ 3 / 4 .  
C 

S i m i l a r l y  t o  the case o f  s e c t i o n  2.2, n = O i s  a t  l e a s t  a  l o c a l  minimum 

o f  F (~ ;x ,T )  i f  x < x- o r  x > x+, where 

L e t  us now cons ider  the  r e g i o n  O < x  < 1/2. The l o c a l  minimum a t  = O 

f o r  x < x- t u r n s  o u t  t o  be a  g l o b a l  minimum o n l y  i f  x < x,, where X, 

i s  w i t h i n  0.02 sma l le r  than x-. Such behavior  i s  i l l u s t r a t e d  i n  F i g .  8, 

f o r  T = 0.5, when x- = 0.21132 and x, l i e s  between 0.20 and 0.195. In-  

s i d e  the  narrow i n t e r v a l  xo < x < x-, t h e  g l o b a l  minimum corresponds t o  

a p o s i t i v e  v a l u e  o f  n, i n  t h e  same branch o f  t h e  s o l u t i o n  f o r  x > x - . l f  

o n l y  one phase were a l lowed,  we would thus w i t n e s s  a  d i s c o n t  i n u o u s  

change o f  t h e  o r d e r  parameter a t  x = x,. 

When t h e  d iso rdered  (D) and t h e  t w o- s u b l a t t i c e  o rdered  ( 0 2 )  

phases a r e  a l lowed t o  c o e x i s t ,  t h e  c o n c e i i t r a t i o n  i n t e r v a l  o f  c o e x i s t -  

ence i s  determined, f o r  each T ,  by t h e  comrnon tangent  t o t h e e q u i l i b r i u r n  

f r e e  energy curves o f  t h e  two phases'O. 



o 0.5 
Order Parameter 

F i g  .8 - Reduced Landau f ree  energy 
f(q;T,x) as f u n c t l o n  o f  t h e  o r d e r  
parameter v, f o r  kgT = 0.5U and sev- 
era1 va lues o f  t h e  c o n c e n t r a t i o n  x ,  , f o r  t h e  n n- r e p u l s i o n  BW t r i a n g u l a r  
l a t t i c e .  

E q u i v a l e n t l y ,  as i l l u s t r a t e d  i n  F i g .  9(b) ,  t h e  c o e x í s t e n c e  

i n t e r v a l  i s  determined by t h e  c r o s s i n g  p o i n t  A between t h e  grand poten-  

t i a 1  curves f o r  the  two phases. The two d e r i v a t i v e s  a t  A, 

one f o r  eac.h phase, determine t h e  va lues  o f  x and A '  i n  F i g .  9 (  a  )I 
t h a t  d e f i n e  t h e  i n t e r v a l  o f  coex is tence .  I n  t h i s  way, t h e  phase diagram 

o f  F i g .  10 i s  computed. The t h r e e - s u b l a t t i c e  ordered phase (03) i s  d i s -  

cussed i n  t h e  nex t  sub- sect ion i n  t h e  c o n t e x t  o f  t h e  grand- canonica l  

ensemb l e. 

3.3. The grand.canonical method 

WE: now r e t u r n  t o  t h e  genera l  case when t h e  t h r e e  s u b l a t t  i c e  

occupa t ion  numbers a r e  considered t o  be independent. A t  f i x e d  chemical 

p o t e n t i a l  F.:, o u r  n o n- e q u i l i b r i u m  grand p o t e n t i a l  i s  

v 

The minimum p r o p e r t y  o f  R({nv};p, ,T) y i e l d s  t h e  equa t ion  



Fig.9 - Schematic represen- 
t a t  i o n  o f  (a) concen t ra t  i o n  
dependence o f  f r e e  energy 
and (b )  chemical p o t e n t i a l  
dependence o f  grand poten-  
t i a 1  i n  the  r e g i o n  o f  t r a n -  
s i t i o n  between t h e  d i s -  
ordered (D) and t h e  two- 
- s u b l a t t  i c e  ordered ( O2 ) 
phases o f  t h e  t r i a n g u l a r  
l a t t i c e .  

Reduced Chemiml Potrntlol, v, /U Concentrotlon, x 

Fig.10 - Phase diagrams f o r  t h e  n n- r e p u l s i o n  BW t r i a n g u l a r  l a t t i c e  i n  
(a)  t h e  te'mperature v .  chemical p o t e n t i a l  p lane,  (b) t h e  t e r n p e r a t u r e  
v .  c o n c e n t r a t i o n  p lane,  showing t h e  d iso rdered  (D), t w o - s u b l  a t t  i c e  
o rdered  (O2) and t h r e e - s u b l a t t i c e  o rdered  (O3) phases. 



which can be so lved by a s s i g n i n g  va lues t o  

h = ~ - 9 x  

and l o o k i n g  f o r  the s o l u t i o n s  o f  

n 
V 

h(nv) 3 - 3 n + T Rn - = X v I - n  (28) 
v 

For < 3/4, t h i s  equa t ion  has t h r e e  d i f f e r e n t  r o o t s  between O and 1 

whenever A i s  such t h a t  h(x+) < 1 < h ( x - ) ,  where x and x -  a r e  g i v e n  by + 
Eq. (23) .  The t h r e e  r o o t s ,  u,, u 2 a n d  u,, can be ass igned 

e n t  ways t o  t h e  t h r e e  s u b l a t t i c e  occupa t ion  numbers. For 

can have t h e  t r i p l e t s  

{na, ng, ny} = h,, u,, u,}, iu,, u,, u21, e t c .  

i n  t e n  d i f f e r -  

instance,  we 

I t  i s  found t h a t  t h e  t h r e e  t r i p l e t s  h,, u,, u,), h,, u,, u,) and h,, 
u,, u3) do n o t  lead  t o  minima o f  t h e  grand p o t e n t i a l  a t  f i x e d  v.  The 

seven remain ing t r i p l e t s  a r e  found when t h e  c o n c e n t r a t  i o n  r a n g e  i s 

scanned f rom O t o  1 (bu t  n o t  i n  a cont inuous way), as  e v i d e n t  i n  F i g .  

1 1 .  

The f i r s t  D-O* t r a n s i t i o n  corresponds t o  t h e t r a n s J t i o n b e t w e e n  

steps (a) and (b ) .  S ince t h e  curve  h ( n )  i s ,  t o  lowest  o rder ,  symmetr ic 

about t h e  maxirnum a t  h = x _ ,  and two s u b l a t t i c e  occupat ions,  ng and n 
Y '  

decrease i n  (b) ,  i t  i s  obv ious t h a t  x must i n i t i a l l y  decrease a f t e r  t h e  

(a)- (b)  t r a n s i  t i o n .  T h i s  tendency i s  even tua l  l y  overcome by t h e  lower 

i n c l  i n a t i o n  o f  the  m idd le  branch o f  h ( n ) ,  occupied by na, making x t o  

increase again.  Th is  provokes a d i s c o n t i n u i t y  i n  t h e  s u b l a t t i c e  o c c u -  

p a t i o n  numbers as f u n c t i o n s  o f  t h e  concen t ra t ion ,  thus  making t h e  t r a n -  

s i t i o n  t o  be o f  f i r s t  o r d e r .  

An analogous reasoning a p p l i e s  t o  t h e  O2-o3 t r a n s i t i o n  between 

the  two d i f f e r e n t  ordered phases, which corresponds t o  t h e  t r a n s i t i o n  

between steps (c)  and (d) ,  when, again,  x must i n i  t i a 1  l y decrease, s i n c e  

n decreases i n  s tep  (d ) .  The d i s c o n t i n u i  t y  i n  x i s ,  however, so 
a 

srnall tha t  the  0,-0, coex is tence  r e g i o n  i s  n o t  apparent  i n  t h e  phase 

d i a g r a m o f  F i g .  10(b) .  The r e s u l t i n g  phased iagram i n  t h e  (u,T) p lane  

i s  shown i11 F i g .  IO(a),. 
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Fig.11 - E v o l u t i o n  o f  t h e  s o l -  - 2 
u t i o n s  o f  the  equa t ion  h ( n v )  = A, 

- 1  (g) f o r  kgT = 0 . 5  u i n  t h e  t r i a n g u l a r  
l a t t i c e  as A (a) increases f rom 

L -m t o  g ( ~ - ) ,  ( b ) - ( f )  o s c i  1 l a t e s  - 2 
O 0 5 n  between g(x- )  and g (x+) ,  (g) i n -  

creases f rom g(x+) t o  w.  

We f i n a l l y  d i s p l a y  i n  F i g .  12 t h e  behavior  o f  t h e  s u b l a t t i c e  

occupa t i o n  numbgrs n a' ng and n as f u n c t i o n s  o f  t h e  c o n c e n t r a t i o n  x  a t  
Y 

T = 0 .5 .  

4. CONCLUSIONS 

We have shown how t h e  canonica l  and grand-canonical s t a t i s t i c a l  

mechanical t rea tments  a r e  a p p l i e d  t o  t h e  genera l i zed  (many- s u b l a t t i c e )  

Bragg-Wil l iams approx imat ion  f o r  two examples o f  two-dimensional l a t t i c e  

-gas models w i t h  nearest- neighbor  r e p u l s i v e  i n t e r a c t i o n s .  Thetwo t r e a t -  

ments i 1 l u s t r a t e  how o r d e r - d i s o r d e r  phase diagrams a n d  e q u  i l i b r  i um 

thermodynamic f u n c t i o n s  a r e  ob ta ined  by i n i t i a l l y  f i x i n g  e i t h e r  t h e  

c o n c e n t r a t i o n  o f  occupied s i t e s  o r  t h e  

a l i t y  w i l l  p e r s i s t ,  o f  course, i n  more 

analogous t o  t h e  one between magnetiza 

i r  chemical p o t e n t i a l .  Th is  du- 

s o p h i s t i c a t e d  t rea tments .  I t  i s  

t i o n  and magnetic f i e l d  i n  mag- 



Concentrotion 

1 Fig.12 - Occupation numbers 
o f  s u b l a t t i c e  a, B and y, a.s 
f u n c t i o n s  o f  the concen- 
t r a t i o n  x, f o r  kgT = 0 .5  i n  
the  t r i a n g u l a r  l a t t i c e .  

n e t i c  systems, o r  the  one between volume and p ressure  i n  c l a s s i c a l  (e.0, 

van der  Waals) l i q u i d - g a s  systems. I n  a more genera l  sense, e i t h e r  t h e  

response t o  a genera l  i zed  f o r c e  o r  t h e  genera l  ized f o r c e  i t s e  1 f a r e  

good f i x e d  thermodynamic parameters f o r  t h e  m i n i m i z a t i o n  o f  t h e  appro- 

p r i a t e  thermodynamic p o t e n t i a l  . 
The main q u a l i t a t i v e  d i f f e r e n c e s  between t h e  r e s u l t s  f o r  t h e  

square ancl t h e  t r i a n g u l a r  l a t t i c e s  a r e  due t o  t h e  d i f f e r e n t  numbers o f  

equ iva len t  s u b l a t t i c e s  i n t o  which each l a t t i c e  can be d i v i d e d .  As e v i -  

dent  i n  the  grand-canonical t reatment ,  t h e  appearance o f  f i r s t - o r d e r  

t r a n s i t i o n s  i n  t h e  t r i a n g u l a r  l a t t l c e  I n  o u r  model i s  due t o  t h e  f a c t  

t h a t  t h e  t : r i angu la r  l a t t i c e  cannot be d i v i d e d  i n t o  two i n t e r p e n e t r a t i n g  

equivalent:  s u b l a t t i c e s .  I n c i d e n t a l l y ,  t h i s  i s  a l s o  t h e  reason f o r  t h e  

ex is tence  o f  " f r u s t r a t i o n " ,  l e a d i n g  t o  t h e  i m p o s s i b i l i t y  o f  a  p e r f e c t  

a n t i f e r r o n i a g n e t i c  o r d e r i n g  ( w i t h  a l l  nearest- neighbors o f  a n t i - p a r a l l e l  

sp ins )  i n  t h e  e q u i v a l e n t  I s i n g  model. I n  t h e  l a t t i c e - g a s  language, t h i s  

impl i e s  t t ta t  the d i s o r d e r e d  phase i s  the  c o r r e c t  s o l u t i o n  a t  z = 1/2, 

even a t  T = O .  I n  s p i t e  o f  t h i s  d iscrepancy,  t h e  Bragg-Wi l l i amsapprox i -  

mat ion  i s  an i n s t r u c t i v e  model, which has 1 ed t o  i n t e r e s t i n g  i l l u s -  

t r a t i o n s  o f  c o n c e p t s , o f  s t a t i s t i c a l  mechanics, s p e c i a l l y  t h e  d u a l  i t y  

between c o n c e n t r a t i o n  and chemical p o t e n c i a l  and t h e  p o s s  i b i l i t y  o f  

f i r s t -  anti second-order t r a n s i  t ions .  

The au thor  i s  g r a t e f u l  t o  L.M. F a l i c o v  f o r  u s e f u l  suggest ions 

and commeri t S .  
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Resumo 

A aproximação e s t a t i s t  ica de Bragg-Wi l l iams, general izada para 
v i r i a s  sub-redes, é apl icada aos modelos de gás de rede quadrada e t r i -  
angular (em duas dimensões) com interações repuls ivas en t re  pr imei ros  
v lz inhos.  Cada problema é reso lv ido  duplamente através dos mêtodos ca- 
nÔn ico  e grã-canôn ico.  O presente tratamento enfa t  i za  a dua l i dade en- 
t r e  concentração e potencial químico e i l u s t r a  o aparecimento de t ran-  
sições de fase de pr imei ra  e segunda ordem em cada método. 


