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Abstract The thermodynamic p r o p e r t i e s  o f  t h e  sp in- 1/2 I s i n g  Model i n  an 
e x t e r n a l  f i e l d  a r e  eva lua ted  through t h e  use o f  t h e  exponen t ia l  d i f f e r -  
e n t i a l  o p e r a t o r  method and C a l l e n ' s  exac t  r e l a t i o n s .  The c o r r e l a t i o n s  
e f f e c t s  a r e  t r e a t e d  i n  a phenomenological approach and t h e  r e s u l t s  a r e  
compared w i t h  o t h e r  t reatments.  

1. INTRODUCTION 

Despi te  t h e  g r e a t  v a r i e t y  o f  papers p u b l  i s h e d  o n  t h e  I s i n g  

Model, the  number o f  r e p o r t s  decreases i n  a p p r e c i a b l e  amount when t h e  

s u b j e c t  i s  t h e  I s i n g  Model i n  an e x t e r n a l  f i e l d .  

Recent ly ,  ~ a r t e n h a u s '  appl  i e d  t h e  method o f  Kramers- Wann i e r 2  

t o  eva lua te  t h e  thermodynamical p r o p e r t i e s  o f  t h e  sp in- 1/2 I s i n g  Model 

i n  an e x t e r n a l  f i e l d  f o r  t h e  square l a t t i c e .  The r e s u l t s  ob ta ined  a r e  i n  

e x c e l l e n t  agreement w i t h  t h e  exac t  ones i n  t h e  l i m i t  o f  ze ro  e x t e r n a l  

f i e l d .  However, t h i s  method p resen ts  some d i f f i c u l t i e s  when t h r e e  d i -  

mensional l a t t i c e s  a r e  t r e a t e d .  

klere we study t h e  two and t h r e e  d imensional  s p i n  - 1 / 2  I s i n g  

Model i n  an e x t e r n a l  f i e l d  w i t h  t h e  use o f  t h e  exponen t ia l  d i f f e r e n t i a l  

o p e r a t c r  technique in t roduced  by Honmura and ~ a n e ~ o s h i  3 ' 4 ,  i n  a s e t  o f  

exact  r e l a t i o n s  due t o  c a l l e n 5 .  

The d i f f e r e n t i a l  o p e r a t o r  method has,been a p p l i e d  t o  v a r i o u s  

problems d e s c r i  bed by I s i n g  hami 1 ton ians  (see f o r  example Taggar t  and 

~i t t  i p a l d  i and re fe rences  t h e r e i n )  . The r e s u l  t s  ob ta ined  encourage us 

t o  app ly  t h e  method t o  t h e  I s i n g  Model i n  an e x t e r n a l  f i e l d .  
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A f i r s t  approximation, i n  which we neglect  spin co r re la t i ons ,  

1s developed i n  Sec. 2. I n  Sec. 3 we develop a second approximation, i n  

which we incorporate the c o r r e l a t l o n  e f f e c t s  as was proposed by P. R. 

S i l va  and F.C. Sã 6arreto7.  F i n a l l y ,  i n  the l a s t  sec t ion  we discuss and 

comment the  r e s u l t s  obtained. 

2. THERMODYNAMICAL PROPERTIES - I 

The hami l tonian t h a t  describes the spin 1/2 I s l ng  Model i n  an 

externa1 f l e l d  H i s  g iven by 

where ai are  z-component Paul i spin 

i s  the exchange i n te rac t i on  between 

operator  t a k i  ng va l  ues 

two nearest neighboring 

2 1 ,  and J 

s i  t e s  i 

and j. Cal len 's  i d e n t i t y  f o r  the thermal average value o f  the s i t e  mag- 

n e t i z a t l o n  i s  given b y 5 ' 8  

where c . .  .> = (Tr e-BX . . . ) / ~ r  e-BH, 6 = l /KT , and Ei = J Z O. + H i s  
j 3 

the loca l  f l e l d  operator  a t  s i t e  i. 
aD 

Appl y lng  the exponential d l f f e r e n t  t a l  operator  e f (x)=f (x+a) , 
(here D 5 a/ax) i n t o  Ca l len 's  i d e n t i t y  and expandíng the exponential i n  

power çer les  we obta in  '" 

2.1. Magnetization 

As a f i r s t  approximation we neglect  sp in  co r re la t i ons .  Accord- 

ing t o  reference 10 we can w r i t e  eq. (3 )  as 

rn = [COS~(BJD) + rn sinh (BJD)]' tanh(x+B~) ( 4  
14.0 

where m = <O.> = <o.> and z i s  the coord inat lon  number. Expresslng the 
3 

hyperbol ic  func t ions  i n  terms o f  exponent ia ls and using the d e f i n i t i o n  

o f  the exponential d i f f e r e n t i a l  operator  we get  



16m = A,(O) + ~ , ( l )m+A, (2 )m~+  ~ , ( 3 ) r n ~  + A,(4)m4 (5) 

f o r  the square l a t t i c e  (2-4) and 

64m = A, (O) + A, ( I  )m + A, (2)m2 + A, (3)m3 + A, (4)m4 + A, (5)m5 + A, (6)m6 

(6) 

f o r  the t r i angu la r  and simple cubic l a t t i c e  (2=6), whe re  t h e  coef-  

f i c i e n t s  ~ ~ ( n )  a r e  1 i s ted  i n  t ab le  1 .  

\Je show i n  Figure 1 the magnetization, f o r  square l a t t i c e ,  as 

a func t io r i  o f  temperature, f o r  some values. o f  the externa1 f 

2.2. Internal Ifnergy 

According t o  our f i r s t  approximat ton and reference 

w r i t e  the i n te rna l  energy as 

U = - L NZJ{ [sinh (WD) + <a .> cosh (WD)] [cosh (WD) 
2 3 

+ <oj> sinh(&D)]"-I } t a n h ( n B ~ )  

which leatis t o  

e ld .  

O we can 

f o r  the square l a t t  i ce  (2-4) and 

f o r  the t r i angu la r  and simple cublc l a t t i c e  (2=6). The c o e f f i c i e n t s  

~ ~ ( n )  are l i s ted  i n  Table 1 .  I n  Figure 2 we show the i n te rna l  energy,for 

the squart: l a t t  ice,as a f unc t i on  o f  temperature. 

From equat ions (5) and (6) we can easi  1 y eval uate the e suscep- 

t i b i l i t y  I( = am/aH. i n  Figure 3 we present graphs o f  t h e s u s c e p t i b i l i t y ,  

f o r  H = O p  O.IJ, 0.25 and 0.4J, as a f unc t i on  o f  T. The r e s u l t s  a re  i n  

good agretment w i t h  those obtained by o ther  methodsl. 



Table 1 - The symbols A (n) and B (n) denote the c o e f f i c i e n t s  which ap- 
Z Z 

pear m u l t i p l i e d  by the n - t h  power o f  the magnetization i n  equations (5) 

and (6) and i n  equatlons (8) and (91, respect ive ly ,  f o r  the l a t t  i c e s  

w i t h a  coordinat ionnumber z.  The func t l on  f ( x )  i s d e f i n e d a s  f (x )  5 

Z tanh ( r ) .  



cont. Table 1 

F ig .1  - Magnetization for  the square l a t t i c e  as function o f  the tem- 

perature T i n  the f i r s t  approximation, for  d i f f e r e n t  values o f  the ex- 

terna1 f i e l d  H. 



Fig. 2 - The interna1 energy for the square lattice which i s  given by 

equation (9) as function of T, in the first approximation and for vari- 

ous values of the externa1 field H. 

F i g . 3  - Susceptibility for the square lattice as a function of T, for 
various values of H, in the first approximation. The dashed part of 

the H = O curve indicates that the zero-field susceptibility goes to 
infinite when the temperature goes to 5.  



3. THERMODI'NAMICAL PROPERTIES - I1 

Here we incorporate, f o l l ow ing  reference 7, the e f f e c t s  o f  

co r re la t i ons  i n  the e f f e c t i v e  f i e l d  ac t i ng  on the s i t e  i due t o  the 

neighbor spins j ,  r e w r i t i n g  eq.(4) as 

<cri> = Eosh  (UD)  + <<O .>5s i nh (&JD~' tanh (x+f38) / 
3 

(1 0) 

Not ice that  m = <o.> = <o.> # <<o.>>; <<o.>> i s  <o.> modif ied by the 
Z 3 3 3 3 

c o r r e l a t i o n  e f fec ts ,  which have been neglected i n  the previous s e c t i o n  

We suppose t h a t  <<o.>> i s  r e la ted  t o  m, i n  the fo l l ow ing  wayl 
3 

where 

f o r  the square l a t t i c e  (2=4), 

tanh (BH + 6&r rn) a ,  (H,T) = 
t a n h ( f 3 ~  + 5W m) 

f o r  the t r i a n g u l a r  l a t t i c e  (z=6) and 

f o r  the sirnple cubic l a t t i c e  (z=6). The present treatment d i s t i n g u i  shes  

the t r i angu la r  and the simple cubic l a t t i c e ,  a r e s u l t  which has been 

obtained i r i  reference 7 f o r  the case H=O. 

Wi: can now evaluate the magnetization simply s u b s t l t u t i n g  eqs. 

(12), (13) and (14) i n t o  equation (10). The resul  t s  f o r  the square l a t -  

t i c e  are shown i n  Figure 4 as a f unc t i on  o f  temperature and Figure 5 as 

a f unc t i on  o f  the externa1 f i e l d .  

A!; we can see from Figure 4, i n  the l i m i t  H=O we o b t a i n a f i r s t  

order phasi: t r a n s i t i o n  which i s  not  co r rec t .  However, the r e s u l t s  f o r  

H = O . I J ,  0.25 and 0 . 4 ~  are  i n  good agreement w i t h  reference 1 and f o r  

H=O some irnprovement has been achieved f o r  the c r i  t i c a l  temperature (T ) 
C 

over other interna1 f i e l d  c a l c ~ l a t i o n s ~ " ~ ' ~ ~  . The r e s u l t s  o'btained f o r  

Tc are  l i s t e d  i n  Table 2. I n  order t o  exp la in  the inconsistency o f  the 



present  r e s u l t s  f o r  T w i t h  t h e  correspondents appear ing i n  re fe rence  7 
C 

(see t a b l e  2 ) ,  we must cons ider  t h e  f o l l o w i n g  p o i n t s .  

a)  I n  t h e  work o f  re fe rence  7 numer ica l  c a l c u l a t i o n s  f o r  t h e  spontaneous 

magnet i za t ion  has n o t  been done and t h e  f i r s t  o r d e r  t r a n s i t i o n  was 

n o t  de tec ted  . 
b) On c o n s i d e r i n g  t h e  square l a t t i c e  case, f o r  example, we have a(H=O, 

T=T ) = 8/7 (see equa t ion  12) when we take  t h e  l i m i t  as rn goes t o  
C 

zero, as was done i n  re fe rence  7. 

c )  I n  t h e  case o f  f i r s t  o r d e r  t r a n s i t i o n  we can n o t  take  t h e  above l i m i t  

(WO) and then ~(H=O, T=T ) wi 11 be l e s s  than 8/7 ( i n  t h e  square l a t -  
C 

t i c e  case) consequentl  y l e a d i n g  t o  d i  f f e r e n t  c r i  t i c a l  temperature.  

I n  F i g u r e  6 we compare t h e  magnet i za t ion  f o r  t h e  s imple c u b i c  

and t r i a n g u l a r  l a t t i c e  as c a l c  

mat ions.  For H = O . l J ,  we see 

impor tan t  f o r  t h e  s imp le  c u b i c  

Also,  i n  F i g u r e  5, we 

w r i t e  t h e  magnet i za t ion  as a 1 

l a t e d  i n  t h e  f i r s t  and second a p p r o x i -  

h a t  t h e  c o r r e l a t i o n  e f f e c t s  aremuch l e s s  

l a t t i c e  than f o r  t h e  t r i a n g u l a r  l a t t i c e .  

n o t e  t h a t  a t  h i g h  temperature we can 

near f u n c t i o n  o f  t h e  externa1 f i e l d .  

F ig .4 - Magnet i za t ion  f o r  t h e  square l a t t i c e  as f u n c t i o n  o f  T and f o r  

v a r i o u s  va lues  o f  H, i n  t h e  second approx imat ion.  The dashed l i n e  i s  

a  e x t r a p o l a t i o n  f rom t h e  c a l c u l a t e d  va lues  ( s o l i d  l i n e s ) .  



Fig.5 - Magnetization for the square lattice as function of H, in the 

second approximation, for different values of temperature 2'. 

Fig.6 - The magnetization as a function of T, for H = 0.1J. The second 

approximation for the triangular and simple cubic lattices is shown in 

curves 1 and 2, respectively; 3 represents the first approximation for 
triangular (or simple cubic) lattice. 



Table 2 - Comparison o f  t h e  c r i t i c a 1  temperature ( c / J )  w i t h  o t h e r  ap- 

prox imat ions  f o r  the  square, t r i a n g u l a r  and s imp le  c u b i c  l a t t i c e s .  

Approxirnat ions Square T r i a n g u l a r  Simple Cubic 

Weiss (MFA)" 4 

 amada-~akano'~ 3.090 

Matsudai ra13  2.622 

~ a ~ ~ à r t - ~ i t t i ~ a l d i ~  2.680 

s i  lva-Sã 8 a r r e t o 7  2.421 

Present  work 

(second appr .) 2.665 

E x a c t o r s e r i e s "  2.269 

3.2. Interna1 Energy 

To e v a l u a t e  de i n t e r n a l  energy we ,replace <<o .>> by <o .> i n  
3 3 

equat i o n  (7) and make use o f  equat ions  (121, (13) and (14) .  The i n t e r n a l  

energy f o r  t h e  square l a t t i c e  i s  p l o t t e d  i n  F i g u r e  7. Comparing F igures  

2 and 7 we see t h a t  f o r  fi=O we have improved s l i g h t l y  t h e  shor t- range 

o rder15 .  Th is  i s  b e t t e r  seen i n  F i g u r e  8, which shows t h e  i n t e r n a l  en- 

ergy, f o r  H=O, f o r  t h e  t r i a n g u l a r  and t h e  s imple c u b i c  l a t t i c e s ,  i n  t h e  

f i r s t  and second approx imat ions.  As can be seen t h e  o n l y  d i f f e r e n c e  be- 

tween t h e  f i r s t  and second approx imat ions,  f o r  t h e  s imp le  c u b i c  l a t t i c e ,  

occurs  i n  t h e  neighbourhood o f  T t h i s  i s  j u s t  what i s  expected s i n c e  
C' 

near T the  c o r r e l a t i o n s  a r e  more i rnpor tant .  The r e s u l t s  f o r  t h e  s h o r t -  
C 

- range o r d e r  i n  t h e  i n t e r n a l  energy a r e  presented i n  Table 3 .  

3.3. Susceptibility 

Proceeding as i n  s e c t i o n  2.3 and u s i n g  equa t ions  (I.?), (13) 

and (14) we o b t a i n  t h e  suscep t i  b i  1 i t y .  I n  F i g u r e  9 we p resen t  t h e  sus- 

c e p t i b i l i t y  f o r  t h e  square l a t t i c e .  We see t h a t  as H decreases, t h e  

peak becornes more and more sharp and t h e  maximum o f  each curve  d i s -  

p laces toward t h e  c r i t i c a l  temperature.  Note t h a t  f o r  H = O the sos- 

c e p t i b i l  i t y  d i ve rges  f o r  T = T 
C' 



I n  t h i s  second approx imat ion  we o b t a i n  b e t t e r  r e s u l t s  f o r  t h e  

maximum p o i n t s  as compared w i t h  those ob ta ined  by ~ a r t e n h a u s ' .  I n  F i g -  

u r e  10 t h e  s u s c e p t i b i l i t y  i s  shown f o r  t h e  t r i a n g u l a r  and t h e  s imp le  

cub ic  l a t t i c e s ,  f o r  H = 0 .1J  and H = 0 . 4 ~ .  We can see t h a t  t h e  second 

approx imat ion  d i s t  inguishes t h e  dimensional i t y  o f  t h e  l a t t i c e s  ( b o t h  

w i t h  z = 6) ,  a r e s u l t  t h a t  does n o t  appear i n  o t h e r  m e t h ~ d s ~ ' " " ~ " ~ .  

We must emphasize t h a t  t h e  second approx imat ion  was f i r s t  workedou t  i n  

re ference 7, b u t  r e s t r i c t e d  t o  t h e  case H = 0. 

Table 3 - 'Jalues o f  t h e  i n t e r n a 1  energy a t  T i n  un i  t s  o f  - ( ~ & ? / 2 ) ( t h e  
C' 

zero  temperature va lue)  f o r  t h e  square, t r i a n g u l a r  and s imp le  c u b i c  

l a t t i c e s .  

Approx imat ions Square T r i a n g u l a r  Simple Cubic 

M F A ~ ~  O 

Kaneyoshi t ~ t  aZ. ' O  0.250 

Present work 

(second apipr. ) 0. 274 

Exact o r  s i s r i e s l 7  0.707 

Fíg.7 - In te rna1  energy, f o r  t h e  square l a t t i c e ,  as a f u n c t i o n  o f  T, i n  

t h e  second approx imat ion,  f o r  v a r i o u s  va lues  o f  H. 



~ i ~ . 8  - Interna1 energy as a function of T, for H = O. The second 

proximation for the triangular and simple cubic lattices is shown 

curves 1 and 2, respectively; 3 represents the first approximation 

triangular (or simple cubic) lattice. 

ap- 
i n 

for 

F i g . 9  - Susceptibility, for the square lattice, as a function of 1, in 
the second approximatlon, for various values of H. 



Fig.10 - Suscep t i b l l i t y ,  f o r  the t r i a n g u l a r  (dashed curves) and simple 

cubic ( s o l i d  curves) l a t t i c e s ,  as f unc t i on  o f  T f o r  H=O.IJ and H=0.4J, 

i n the second approx i mat i on . 

4. DISCUSSION AND COMMENTS 

Refer ing t o  Figure 4 we should note tha t  f o r  the c r i  t i c a l  

temperature! we consider the po in t  where t h e  r n a g n e t i z a t i o n  discon- 

t inuous ly  goes t o  zero i n  the second approximation. The wrong order o f  

the t r a n s i t  ion (1st  order)  i s  due t o  the f a c t  t ha t  the present treatrnent 

overestimates the e f f e c t  o f  the co r re la t i ons .  

As i s  shown i n  Figure 5, i n  the region o f  low f i e l d s ,  the cur-  

ves f o r  KTI'J = 2.5 and KT/J = 3.0 have a s l i g h t  p o s i t i v e  curvature;  f o r  

higher values, the curvature becomes negative. This i s  not  i n  agreement 

w i t h  G r i f f i t h s  and ~herrnan" which conc l~ fde  t h a t  t h e  magnet i z a t  i o n  

should have a negative curvature f o r  a11 f i e l d  strengths and f o r  a11 

values o f  the temperature. Again, t h i s  r e s u l t  occurs because, as we 

have sa id  hefore, we overestirnated the co r re la t i ons .  Thus, i n t h e  region 

where the co r re la t i ons  are  more important, i .e., i n  the region o f  low 

f i e l d s  and low temperatures i t  seems reasonable t o  expect t h i s  behavior. 

With respect t o  the s u s c e p t i b i l i t y ,  we note t h a t f o r t h e  square 

l a t t i c e  and i n  the second approximation (Flgure 9), f o r  H = 0.1J the 

maximum occurs a t  KT/J 2.9, f o r  H = 0.2~7, i t  occurs a t  KT/J 3 . 2  and 

f o r  H = 0.45 i t  occurs a t  KT/J 3.6. These r e s u l t s  are i n  c lose agree- 



ment w i t h  those ob ta ined  by ~ a r t e n h a u s ' ,  who p r e d i c t s  t h a t  f o r  H = O . l J ,  

t he  maximum occurs a t  KT/J 2.8, f o r  H = 0.2 a t  KT/J 3.2 and f o r  

H = 0.4J a t  KT/J 3.6. 

From Tables 2 and 3 and f i g u r e s  1 and 2, we see t h a t  i n  t h e  

f i r s t  approx imat ion t a k i n g  H = O, we recover  t h e  r e s u l t s  o b t a  i n e d  by 

 amada and ~ a k a n o " ,  which c o i n c i d e s  wi t h  those ob ta ined  by Honmura and 

Kaneyoshi 4'10. 

I t  seems t h a t  t h e  most i rnpor tant  p o i n t  i n  o u r  work i s  t h a t  i t  

d i s t i n g u i s h e s  between p l a n a r  t r i a n g u l a r  l a t t i c e  and simple cub ic  l a t t i c e  

(bo th  hav ing  2 = 6), f o r  f i n i t e  ex te rna1  f i e l d ,  as i s  shown i n  F i g u r e  

10. 
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Resumo As propr iedades termodinâmicas do Modelo de I s i n g  em um campo 
e x t e r n o  para spin-1/2 são estudadas a t r a v é s  do método do operador d i f e -  
r e n c i a l  e de re lações  exatas dev idas 5 Cal len .  Os e f e i t o s  das c o r r e l a -  
ções são t r a t a d o s  de um pon to  de v i s t a  fenomenolõgico. Também compara- 
mos os resu l tados  presentes com o u t r o s  d i s p o n í v e i s  na l i t e r a t u r a .  


