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Abstran We study the d i l u t i o n  o f  the spin-1/2 transverse I s i ng  Model 
by means oic an e f f e c t i v e  f l e l d  type treatment based on an extension o f  
Ca l len 's  r e l a t i o n  (Phys. Le t t .  4, 161 (1963)) t o  the present model. The 
thermodynanics o f  the d i l u t e d  model i s  obtained and the resu l tsareshown 
t o  be an improvement over the standard mean f i e l d  treatment. Wealsocom- 
pare the r e s u l t s  w i t h  the Monte Carlo c a l c u l a t i o n  f o r  the  spin-oo t rans- 
verse I s i ng  Model. 

The transverse I s i ng  model has been used tp descr ibe phase 

t r a n s i t i o n ç  i n  f e r r o e l e c t r i c s ,  ferromagnets and cooperat ive Jahn-Teller 

systems w i t h  an app l ied  external  magnetic f i e l d .  This model hami l tonian 

was f i r s t  proposed by de ~ennes '  t o  represent the basic features o f  hy- 

drogen-boncled f e r r o e l e c t r i c s  o f  the KH2P04 fami ly .  I n  these systems the  

I s i ng  term corresponds t o  the i n te rac t i on  between the protons a t  d i f -  

f e ren t  l a t t i c e  s i t e s  and the transverse f i e l d  accounts f o r  the possi-  

b i l i t y  o f  the protons occupy one o f  the two minima o f  a doub lepo ten t i a l  

we l l  i n  a g iven s i t e .  The m d e l  can a l so  be app l ied  t o  study rare- ear th  

compounds w i t h  s i n g l e t  c r y s t a l  f i e l d  ground states,  as has been done by 

Wang and cooper2. I n  these systems there i s  a compet i t ion between the 

exchange i n te rac t l on  represented by the I s i ng  term and the c r y s t a l  f i e l d  

represented by the transverse f i e l d .  There w i l l  be magnetic o rder ing  i f  

the r a t i o  between these two terms exceeds a c e r t a i n  value. Cooperative 

Jahn-Teller systems w i t h  an app l ied  external  magnetic f i e l d  i s  another 

example where t h i s  model hami I tonian works we11 3 .  Here the phase t ran -  

s i t i o n  i s  d r i ven  by the i n te rac t i on  between l oca l i zed  o r b i t a l  e lec-  

t r o n i c  states and the c r y s t a l  l a t t i c e .  Even a t  low temperatures suf- 

f i c i e n t l y  h igh  app l ied  external  magnetic f i e l d  can r e t r i e v e  the h igh  

temperature phase. We r e f e r  t o  a paper by Stinchcombe4 which gives a 
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more e x t e n s i v e  d e s c r i p t i o n  o f  t h e  a p p l i c a t i o n s  and t h e  p r o p e r t i e s  o f  

t h e  model . 
The model has been e x a c t l y  so lved  i n  one-dimension by p f e u t y 5  

and i n  h i g h  dimensions s e r i e s  expansions r e s u l t s  have been ob ta ined  by 

El l i o t t  and wood6, P feu ty  and El l i o t t 7  , Yanase e t  a l e  and yanase9. The 

r e s u l t s  of t h e  above works suggested t h a t  a t  a  f i n i t e  t e m p e r a t u r e  t h e  

c r i t i c a l  behavior  o f  t h e  t ransverse  I s i n g  model i s  s i m i l a r  t o  t h e  I s i n g  

model w i t h  a s h i f t  i n  t h e  c r i t i c a l  temperature and t h a t  a t  zerotempera-  

t u r e  the  d-dimensional t ransverse  I s i n g  model behaves c r i  t i c a l  l y  as d+l 

-dimensional I s i n g  a t  Tc. s u z u k i l 0 ,  youngUand ~ e r t z ' ~  p r o v e d  l a t t e r  

t h a t  the above suggest ions were indeed exac t  s tatements.  

D i l u t e d  magnetic systems have rece ived  a cons iderab le  amount 

o f  i n t e r e s t  i n  t h e  l a s t  years and we ment ion t h e o r e t i c a l  works by0guchi 

and 0bokata13 (1s ing  and Heisenberg d i l u t e d )  , and by ~ a t s u d a i  r a 1 4  and 

Kaneyoshi, F i t t i p a l d i  and B e y e r l s  ( l s i n g  d i l u t e d ) .  

The d i l u t e d  t ransverse  I s i n g  model was r e c e n t l y  s t u d i e d  by 

Mori  l6 u s i n g  t h e  e f f e c t i v e  hami l t o n i a n  method and renormal i z a t i o n  group 

c a l c u l a t i o n s  have been appl  i e d  t o  t h e  model by dos santos17. Recent ly  a  

new e f f e c t i v e  f i e l d  theory  has been a p p l i e d  t o  t h e  I s i n g  model18 and t o  

the  t ransverse  I  s i n g  model lg. 

The work on t h e  d i l u t e d  I s i n g  model by Kaneyoshi, F i t t i p a l d i  

and Beyer" takes as a s t a r t i n g  p o i n t  an exac t  r e l a t i o n  e s t a b l  ished by 

Cal l e n Z 0  and d e s p i t e  t h e  simpl i c i t y  o f  t h e  method they o b t a i n  r e s u l t s  

which a r e  b e t t e r  than the  ob ta ined  by t h e  mo lecu la r  f i e l d a p p r o x i m a t i o n .  

A paper by Sã Bar re to ,  F i t t i p a l d i  and z e k s l g  makes an e x t e n t i o n  (though 

n o t  exac t )  o f  C a l l e n ' s  r e l a t i o n  t o  t r e a t  t h e  t ransverse  I s i n g  model. 

I t  i s  the  purpose o f  t h i s  paper t o  a p p l y  t h i s  ex tens ion  o f  

C a l l e n ' s  r e l a t i o n  t o  s tudy t h e  d i l u t e d  t ransverse  I s i n g  model. I n  sec- 

t i o n  2, we develop a genera l  formal  ism f o r  t h e  problem, s t a r t i n g  froman 

ex tens ion  o f  C a l l e n ' s  r e l a t i o n l g .  I n  s e c t i o n  3, we ge t  e x p l i c i t  r e -  

l a t i o n s  f o r  the  p a r a l l e l  and the  t ransverse  magnet i za t ion  and d iscuss  

some consequences o f  these r e s u l  t s .  We o b t a i n  i n  s e c t i o n  4 t h e  c r i  t i c a l  

temperature and t h e  c o n d i t i o n  f o r  t h e  p e r c o l a t i o n  concen t ra t ion .  l n  sec- 

t i o n  5, we analyse the  i n t e r n a 1  energy. F i n a l l y  i n  s e c t i o n  6 we d iscuss  

our  r e s u l t s ,  as  compared w i t h  those c a l c u l a t e d  i n  t h e  mo lecu la r  f i e ! d  

approx imat ion  and a l s o  w i t h  t h e  r e s u l t s  o f  a  Monte C a r l o  s i m u l a t i o n  ob- 

t a  ined by Pre lovsek and sega2'. 



2. FORMALISM OF THE PROBLEM 

The h a m i l t o n i a n  f o r  t h e  d i l u t e d  t ransverse  I s i n g  model can be 

w r i t t e n  a s  

a 
where R i:; t he  t ransverse  f i e l d ,  J . .  i s  t h e  exchange i n t e g r a l ,  oi (a= 

'L3 
= x, y o r  z )  a r e  t h e  components o f  t h e  s p i n  1/2 o p e r a t o r s  and ti a r e  

occupa t ion  o p e r a t o r s  (ci = 1 i f  t h e  s i t e  i i s  occupied and ti = O 

o therw i  se) .  

The l o c a l  f i e l d  a t  s i t e  i i s  g i v e n  by 

where 

and 

Based on r e f e r e n c e ~ ' ~ '  19' 2 0  , we can w r i t e  t h e  f o l l o w i n g  gener-  

a l i z e d  C a l l e n ' s  r e l a t i o n s ,  which a r e  exac t  o n l y  f o r  D = O 

where E i s  g i v e n  by eq. ( 2 ) .  i 
P.D a 

Using t h e  d i f f e r e n t i a l  o p e r a t o r  e f ( x )  = f(x+a), withDEaT,,in 

express ions ( 4 )  we o b t a i n  f o r  <O$> and <C@ 

where 



Neglecting site correlations we write 

( C  J..s.u?)D 
j 1 - 3 3 3  (J.. 6 U?)D (J.. 5. U ? ) D  

<e > = < n e  ZJ j J > = n < e  '3 3 3 > 

which can be substituted in eqi5)to give 

23 I 23 
Si. I (6b) <C?> = cosh (DJ. .) + <O?> si nh (DJ . .) 1 i (x) 

" 5 7  j 

3. A. PARALLEL MAGNETIZATION 

Taking the configuration average on the expression (6a), we 
z 

obtain for the equilibriurn parallel rnagnetization defined by <<ai>>c- 

r m o ,  the result 

where p = <Si>c is the average concentration of interacting spins and 

z is the lattice coordination nurnber (supposing only nearest- neighbor 

interactions). 

In order to further develop expression (7) we introduce the 

inverse transforrn of the expressiÒn g (Y) [COS~ (Y) + mo sinh(.yI 
PZ 

with y DJ, in the following form 

where C+ (a')(~~~(a')) is the analytical continuation of G (a) defined 
PZ P 

in thepositive (negative) regionofthecornplex a' plane and a is the real 

part o f  a'. The direct transforrns are given by 



rpz  (a) 1 ,o = j0 -.=a e-ay [cosh + mo s i nh yIPz dy 

Substi t u t i i i g  expression (8) i n  (7) and performing the  c a l c u l a t  ions i n -  

d lcated by eqs.(ga) and (9b) we ob ta ln  (see a l so  Appendix) 

Wlth in the approximatlons used, t h i s  expression i s  general and can be 

used t o  descr ibe var lous  s i t u a t i o n s  of d i l u t i o n .  One should no t i ce tha t  

i t  depends on the product pz, and t h l s  f ac t  shows the I i m l t a t i o n o f  the 

resu l t s  obtained. For example, the r e s u l t s f o r  the undt lu ted square l a t -  

t i c e  @=I, z=4) are  the same as f o r  the d i l u t e d  t r i a n g u l a r  l a t t i c e w i t h  

p = 2 / 3 .  And there i s  no way t o  d i s t i n g u i s h  the l a t t i c e  dimensionality,as 

f o r  exampli? i n  the case o f  pz=6, which i s  s a t i s f i e d  f o r  t h e  planar 

t r i angu la r  l a t t i c e  and the simple cubic l a t t i c e .  However, we should 

stress tha t  those l i m i t a t i o n s ,  a t  t h i s  leve1 o f  approxirnation, a re  not  

a drawback i n  the method. They can be overcome by the proper treatment 

o f  both tharmal and conf igura t iona l  average, where co r re la t i ons  should 

be taken into account . The method out  1 ined before can be appl ied t o  ca l  - 
cu la te  the c o r r e l a t i o n  funct ions,  which al though lengthy are  simpleand 

s t ra igh t fo rward .  However we do not  i n t e n t  t o  show i n  t h i s  paper the 

modi f i ca t ions  caused by the inc lus ion  o f  the c o r r e l a t i o n  functions.Here, 

we present the r e s u l t s  i n  i t s  most simple form and show tha t  i t  goes 

beyond the mean f i e l d  resu l t s .  

Fuirther, we can a l so  make the fo l l ow ing  comen ts  a b o u t  ex- 

pression ( 10) f o r  t h e  para1 l e l  magnetization: 

a) I t  i s  easy t o  see tha t  the r i g h t  hand s ide o f  eq.(lO) i s  apolynomial 

i n  odd powers of mo which i s  i n f i n i t e  o r  f i n i t e  i f  the product pz  i s  a 

f rac t i ona rv  o r  an i n teg ra l  number. 

b) mo = O i!; always a so lu t i on  o f  equation (1 O), as a consequence o f  

statement (a) . 
c ) m o = l  w l l l  b e a s o l u t i o n o f e q u a t i o n  (10) w h e n 8 - t - ( T = O )  and 



St+O ( i n  t h i s  case t h e  f u n c t i o n  f [ ( p z - 2 n ) ~ ]  s tanh  [ ( p z - 2 n ) ~  J ]) . 
d)  For pz=2 t h e  s o l u t i o n  o f  equa t ion  (10) i s  n o t  determined; i n  o r d e r  

t o  have s o l u t i o n  we must have pz>2. 

e )  Sometimes two s o l u t i o n s  s a t i s f y  e q .  ( 1 0 ) ;  a  t r i v i a l  s o l u t i o n a n d  

a  f i n i t e  s o l u t i o n .  The way t o  take  t h e  s t a b l e  s o l u t i o n  w i l l  be examined 

i n  a  fo r thcoming  paper where we w i l l  be concerned w i t h  t h e  dynamicsof  

t h i s  system. 

f )  We show i n  f i g u r e  1  t o  3 graphs f o r  t h e  p a r a l l e l  magnet i za t ion ,  as  

compared w i t h  mean f i e l d  r e s u l  t s .  

F ig .1 - P a r a l l e l  mag- 
n e t i z a t i o n  curve f o r  
t h e  d i l u t e d  t ransverse  
I s i n g  model, as com- 
pared wi t h  the  mean 
f i e l d  r e s u l t ,  f o r  pz= 
=4 and R/J=1 .6. (Ver- 
t i c a l  broken l i n e  i n -  
d i c a t e s  t h e t r a n s i t i o n  
temperature o f  the  
present  approximation) 

- - - - - - - - - - 
I--___ - -  '. ' 
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F ig .2  - P a r a l l e l  mag- 

, ' , I  
n e t i z a t i o n  curve f o r  

< I 
I a t h e d i l u t e d t r a n s v e r s e  
, '  
h '  I ' I s i n g m o d e l ,  as com- - MFA --- pared w i t h  the mean 

PRESENT RESULT ;; f i e l d  r e s u l t ,  f o r  pz= 
=2.5 and R/J=O .6.(Ver- 
t i c a l  broken l i n e  i n -  _ d i c a t e s  t h e t r a n s i t i o n  

qS0 MFA I temperature o f  t h e  T/Tc presen tapprox imat ion )  



, 
c r  

I 
05 L MFA 7 T/Tc 

Fig.3 - Pa ra l l e l  mag- 
n e t i z a t i o n  curve f o r  
the d i 1 u t e d  t rans-  
verse I s i ng  model, as 
compa red w i t h  the mean 
f i e l d  resul  t, f o r p z =  
= 3.5 and WJ = 0.9. 
(Vert i ca l broken 1 i ne 
indicates the t ran -  
s i t i o n  temperature o f  
the present approxi-  
mat ion) . 

3. B. PERPENDICULAR MAGNETIZATION 

Using the same procedure o u t l i n e d  before we get  f o r  the equi-  

1 i brium perpendicular magnetization, r\, 5 <<& > > the  resu l  t 
2 < j C '  

r i o  = [cosh (DJ) + mo s i n h ( D ~ ) ] ~ ~ .  T(x) (11) I r =O 

L.et us def ine  the inverse t ransform o f  the operator  

+ 
where 8 i s  the a n a l y t i c a l  cont inuat ion  o f  0 (a) i n t h e  pz: 
posi t i r e  (negative) region of the somplex a i  plane and 0' 7;') i s  the 

PZ 
ana l y t i ca l  cont inuat ion  of 8 (a) i n  an i n f i n i t e s i m a l  s t r i p  around 

PZ 
the imaginary ax is .  

Subs t i t u t i ng  t h i s  expression i n t o  eq. (11) we ob ta in  



1 
+ , f da' I'(afJ) 9' (a') 

2Trz 
C3 

P 2 

Proceeding in an analogous way as in section 3 . A  we obtain 

We see that only-if pz is even we have a contribution in r(0) for the 

perpendicular magnetization. In the disordered phase, where mo=O, ex- 

pression (14) reduces to 

About relation (14) for the perpendicular magnetization 

we can make the following comments: 

a) The right hand side of relation (14) is a polynomial in even 

powers of m o ,  which will be finite or infinite whether the product p z  
is a integral or a fractionary number. 

b) A t the paramagnet ic phase (m0=O) the relat ion eq. (14) reduces to 

relation eq. (15). 

c) We show in figures 4 to 6 graphs for the perpendicular magnetization, 

as compared with the mean field result. One should also compare these 

figures with figure 3 of reference 21. The qualitative behavior isthe 

same in both treatments and totally different from the mean f i e l d  ap- 

proach. 



I - MFA --- PRESENT RESULT 

j ' l o  
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~ i ~ . 4  - Perpend icu la r  
magnet i za t ion  f o r  t h e  
d i l u t e d  t r a n s v e r s e  
I s i n g  model as com- 
pared w i t h  t h e  mean 
f i e l d  r e s u l t ,  f o r  pz 

- M F A  = 3.5 and R/J = 0.9. 

F ig .5 - Perpend icu la r  
magnet i z a t  i o n  f o r  the  
d i l u t e d  t r a n s v e r s e  
I s i n g  model as com- 
pared w i t h  t h e  mean 
f i e l d  r e s u l t ,  f o r  pz 
= 4 and R/J = 1.6. 
( ~ e r t  i c a l  broken 1 i n e  
i n d i c a t e s  the  t r a n -  
s i t i o n  t e m p e r a t u r e o f  
t h e  present  approx i  - 
mat ion ) .  

I 

Fi'g.6 - p e r p e n d i c u l a r  
magnet i z a t  i o n  f o r  t h e  
d i l u t e d  t r a n s v e r s e  
l s i n g  model as com- 
pared w i t h  t h e  mean 
f i e l d  r e s u l t ,  f o r  pz  
= 2.5 and R/J = 0.6. 
( V e r t i c a l  broken 1 i n e  

- PRESENT RESULT ( V e r t i  ça 1 broken 1 i ne 
i n d i c a t e s  t h e  t r a n -  
s i  t i o n  temperatureof  

L3 
20 T / T ~ ~ ~  30 t h e  present  approx i  - 

i n d i c a t e s  the  t r a n -  
s i  t i o n  t e m ~ e r a t u r e  o f  

C mat ion) .  

I 
0s I. 1.5 MFA 20 t h e  present  a p p r o x i -  

T/Tc mat ion ) .  



4. TRANSITION TEMPERATURE 

I n  o r d e r  t o  o b t a i n  t h e  t r a n s i t i o n  ternperature we expand ex- 

p r e s s i o n  (7) i n  a power s e r i e s  around t h e  v a l u e  m o  = 0.  

I n  t h e  l i m i t  o f  m, -+ O we o b f a i n  

L e t  us d e f i n e  AV(y), w i t h  V = p z - l  and y = DJ, by 

The inverse  Laplace t ransforrn o f  A (y) i s  
IJ 

1 hv(y) = r, fel  da' L: (a') e4Iy 

S u b s t i t u t i n g  Av(y) i n  eq.(16) we g e t  

+ 
where  Lv(al) (~;(a')) i s  t h e  a n a l y t i c a l  c o n t i n u a t i o n  o f  L (a) i n  t h e  v 
pos i  t i v e  (nega t i ve )  r e g i o n  o f  the  complex a' p lane  and a i s  t h e  r e a l  

p a r t  o f  a'. 

F i n a l l y  we o b t a i n  t h e  r e l a t i o n  frorn which we can deduce t h e  

t r a n s i t i o n  temperature 



The perco la t ion  concentrat ion can be obtained from eq.(18) i n  the l i m i t  

o f  T =O. Using the d e f i n i t i o n  o f  f[(pz-2n)J] we get  f o r  p 
C C 

For example,applying r e l a t i o n  (18) f o r  pz = 3 and 3.2 we ob ta in  

+ I .2 f ( 1 . 2 ~ )  f o r  pz = 3.2 
3 . 2  I T=Tc 

The r e s u l t s  o f  r e l a t i o n  (18) can be be t te r  understood looking 

a t  the graph o f  f i g u r e  7. There, we represent the leve l  l i n e s  o f  the 

surface $(R/J, kTc/J, pz) = 0, which separates i n  the space o f  these 

three var iables,  the ordered and disordered regions. We have t raced 

out  the leve l  l i n e s  f o r  pz going from 2 t o  6 i n  i n t e r v a l s  o f  0.5. Note 

tha t  f o r  pz=2 the leve l  l i n e  reduces t o  a po in t ,  I f  we cu t  the above 

mentioned surface a t  the plane T = O we ob ta in  f i g u r e  8, which gives 
C 

us the c r i t i c a l  transverse f i e l d  as a f unc t i on  o f  pz. We a l so  show i n  

f i g u r e  8 the mean f i e l d  r e s u l t  i n  o rder  t o  compare w i t h  the present 

work. Note tha t  f o r  the mean f i e l d  surface the l eve l  l i n e  w i l l  reduce 

t o  a po in t  on l y  a t  pz = 0. 

5. INTERNAI. ENERGY AND SPECIFIC HEAT 

The interna1 energy i s  g iven by 

To ca l cu la te  the c o r r e l a t i o n  func t i on  which appears i n  e q .  ( 2 0 )  we 

use the r e l a t i o n  



kTc i2 
F ig .  7 - Leve1 l i n e s  o f  t h e  s e c t i o n  c u t  o f  t h e  su r face  $(--, J ,  pz)=O, J 
which separates t h e  fer romagnet ic  and paramagnetic phases o f  t h e  d i -  

l u t e d  t ransverse  I s i n g  model. From i n s i d e  we have p z  = 2 ( w h  i c h  co-  

i n c i d e s  w i t h  t h e  o r i g i n ) ,  2.5, 3.0, 3.5, 4.0, 4.5, 5.0, 5.5 and 6.0. 

--- PRESENT RESULT 

O 200 400 PZ 600- 

F ig .8  - The p e r c o l a t i o n  c u r v e  f o r  t h e  d i l u t e d  t ransverse  I s i n g  model, 

as compared wi t h  t h e  mean f i e l d  r e s u l  t ( t h e  s t r a i g h t  1  ine ) .  



which i s  vis1 i d  w i t h i n  the same approximatlon as r e l a t i o n  (4) .  Using the 

d i f f e r e n t i i i l  operator def ined prev ious ly  

Dl$ x r  
Def in ing  G.(x',D) = < e  > we ob ta in  fo r  the second term i n  eq. (20) 

.7 
the fo l l ow ing  r e s u l t  

Taking the conf igura t ion  average 

But 

= [cosh(xr~J) + m o  s i n h ( x ' ~ ~ ) ] ~ ~  

which gives, a f t e r  s u b s t i t u t i o n  i n  eq. (22) 

I n  order t o  proceed f u r t h e r  we must de f ine  the func t i on  h (y) through v 

hv(y)  = k o s h  y + m o  s inh y I V  [sinh y + m o  cosh y] 

Which gives f o r  ÜZ 



I da' F; ( a t )  Z~'".~(X) 1 ] 
1 x=o 

C 2 

+ 
where Fv(al) (Fi(a0) i s  the a n a l y t i c a l  cont inuat ion  o f  Fv(a) i n  the 

p o s i t i v e  (negat ive)  region o f  the complex a' plane and a i s  the rea l  

pa r t  o f  q'. 

Using F (a) we ob ta in  v 

- 
The expressions f o r  Ux can be immediatel y obtained from expression (14) 

The interna1 energy i s  g iven by, 

Ü=Üx+T (26) 

and the spec i f  i c  heat i s obta ined f rom Cv = d Ü / d ~  . For pz = 3 we get  



For pz = 4 we get, 

L o o k i  n g  a t  r e l a t i o n s  (27a) and (28a) we see t h a t  they g i ve  a 

con t r i bu t i on  of the short- range order f o r  the i n te rna l  energy Ü Z .  This 

can be easi 1 y v e r i f  ied i f  we put mo = O a t  eqs. (27a) and (28a) and rep- 

resents ai? improvement over the t r a d i t i o n a l  mean f i e l d  approximation. 

6. CONCLUSIONS 

We see tha t  w i t h  t h i s  new e f f e c t i v e  f i e l d ,  we have ob ta i  

general e x p l i c i t  r e l a t i o n s  fo r  the thermodynamic quan t i t i es  o f  

d i l u t e d  ti-ansverse I s i ng  model, i n  a l l  temperature range. I n  t h i s  

pect, t h i s  method resembles the t r a d i t i o n a l  mean f i e l d  approximati 

ned 

the 

as- 

on . 
However, there  i s  a d i f fe rence,  even i n  q u a l i t y ,  because t h i s  t r e a t -  

ment takes i n t o  account some o f  the shor t  range order e f f ec t s .  This 

evidence i s  d isplayed p a r t i c u l a r l y  i n  f i g u r e  7, where the present re-  

s u l t s  show no long range order fo r  p z É 2  i n  cont ras t  t o  the mean f i e l d  

r e s u l t  ancl a l so  i n  the c o n t r i b u t i o n  o f  the two p a r t i c l e  pa ra l l e l  sp in  

component co r re la t l ons  f o r  the interna1 energy above Tc. However we 

must have i n  mind t h a t  t h i s  treatment i s  f a r  from exact and can be 

used due t o  I t s  gene ra l i t y  as an a l t e r n a t i v e  way t o  the mean f i e l d  

treatment . 
Let  us now compare our r e s u l t s  w i t h  those obtained byprelovsek 

and sega2' f o r  the S = m transverse I s i ng  model. We can see from f i g -  

ure  1 t o  6 t ha t  the curves o f  the present work compare w i t h  the curves 



of  Monte Carlo ca l cu la t i ons  o f  Prelovsek and sega2' f o r  i n f i n i t e  spin, 

showing a  q u a l l t a t i v e  behavior d l f f e r e n t  from the mean f i e l d  resu l t s .  

This can be understood, i f  we look a t  reference 19, where the gener- 

a l i z e d  Ca l l en ' s  r e l a t i o n s  f o r  the transverse I s i ng  model were obtained 

i n  an approximation which can be understood as t r e a t i n g  the neighbors 

as c iass i ca l  var iab les ,  a  s i t u a t i o n  s i m i l a r  t o  the S = model. 

We are  g ra te fu l  t o  D r .  I . P . ~ i t t i ~ a l d ' l  f o r  many valuable d i s -  

cuss ions. 

APPENDIX - TRANSFORM OF THE OPERATORS gJy) AND 'yvly) 

By d e f i n i t i o n  
- 

p v ( y )  = lsosh y + m o  s inh dV 
a 

where y = JD = J and v  = pz 

Then , m 

= J e-" g v ( y )  dy 

(A. I )  

Let us int roduce a  new va r i ab le  u = e-au 

Changing again t o  a  new va r i ab le  w = u 2/a 

Note tha t  the l i m i t s  o f  i n teg ra t i on  are  the same because a i s  p o s i t i v c  

Wr i t i ng  

we get  

(A .  5) 

(A .  6 )  



Therefore, a f t e r  i n tegra t  ion 

S i m i l a r l y  f o r  the o ther  branch,a<O, we get  

I n  order t o  ca l cu la te  I@ (a)], , we must proceed i n  the same way as 
PZ 

before and we can show tha t  

r 
However,for o < O we must de f ine  ~ ~ p , ( a ) ] ~ < ~  i n  such way tha t  

(A. 10) 

because wlien m o  = O,  i n  the disordered phase, we must have <ca? > > = 
2 Si c 

= no # O, due t o  the presence o f  the t ransverse f i e l d  . 
The t r a n s f o r m s  o f  t h e  o p e r a t o r s  Xv(y) and hv!Y) can be 

obtained i n  a s i m i l a r  way. 
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A d i l u i ç ã o  do modelo de- ls ing  num campo transverso 6 estudada 
por intermédio de uma aproximaçao do t i p o  campo e f e t i v o .  O t rabalho é 
baseado em uma extensão da relação de Cal len  (phys. L e t t .  4, 161 (1 963)) 
apropriada-para t r a t a r  o modelo presente. A termodinâmica do modelo 
d i  l u i d o  é ob t i da  e mostramos que os resul tados são melhores quando com- 
parados àqueles obt idos v i a  tratamento convencional do t i p o  campo me- 
d i ~ .  Também comparamos os resul tados com cá lcu los  ex is ten tes  por têc-  
n i ca  de Monte Carlo para o modelo de I s i ng  num campo transverso para 
spin - m. 


