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Abstract We c a l c u l a t e  t h e  f r e e  energy o f  t h e  spher i ca lmode l  i n  a random 
e x t e r n a l  f i e l d  and prove the  absence o f  fer romagnet ism i f  t h e  dimension 
i s  v ( 4, as wel l as e x i s t e n c e  o f  a  fe r romagnet i c  phase t r a n s i  t i o n  i f  
v L 5 whenever t h e  v a r i a n c e  o f  t h e  e x t e r n a l  f i e l d  i s  s u f f i c i e n t l y  sma l l .  

~ c h u s t e r l  gave an appea l i ng argument f o r  t h e  absence o f  a  f e r r o -  

magnetic phase t r a n s i t i o n  i n  t h e  c l a s s i c a l  zy model w ; t h  random e x t e r -  

na1 f i e l d  f o r  v 2 4. H is  argument c o n s i s t s  o f  a  combinat ion o f  t h e  

Mermin Wagner p r o o f  o f  absence o f  a phase t r a n s i t i o n  w i t h  the  r e p l i c a  

t r i c k 2 .  The appl  i c a b i  1  i t y  o f  t h e  l a t t e r  is ,  however, doub t fu l  f o r  reasons 

which were analysed i n  d e t a i l  i n  re fe rence  2. 

I n  re fe rence  3 we c a l c u l a t e d  t h e  f r e e  energy o f  the  mean 

s p h e r i c a l  inodel i n  a random e x t e r n a l  magnetic f i e l d  by a rnethod which 

a l s o  enabled a p a r a l l e l  proof  t h a  t t h e  convergente o f  t h e  v a r  i o u s  

q u a n t i t i e s  invo lved  i s  w i t h  p r o b a b i l i t y  one - a r e s u l t  which i s  essen- 

f ia1 t o  account f o r  the  reproduc i  b  i 1 i t y  o f  the  measurements p e r f o  r m e d  

on random systems. We a l s o  r e f e r  t o  re fe rence  4 f o r  s i m i l a r  r e s u l t s  ob- 

t a i n e d  i n  a more a b s t r a c t  framework. 

I n  t h i s  no te  we compute the  f r e e  energy o f  t h e  mean s p h e r i c a l  

model i n  a s tandard and s t r a i g h t f o r w a r d  f a s h i o n  which does no t ,  however, 

a l l o w  a d i  I -ect p roo f  o f  " reproduci  b i  1 i ty" .  We t h e r e f o r e  c a l  l e d  i t "very 

mean", b u t  f e l t  t h a t  never the less  t h e  s i m p l i c i t y  o f t h e d e r i v a t i o n  m igh t  

be o f  some pedagogic va lue,  s p e c i a l l y  f o r  newcomers i n  t h i s  f i e l d .  

We should l i k e  t o  add t h a t  t h e  s p h e r i c a l  model i s  a  p r o t o t y p e  

f o r  phase t r a n s i t i o n s  o f  coatinuous systems because i t  i s  t h e  " l i m i t "  

N - + m  o f  the! cont inuous N-vector  models5, and i t s a t u r a t e s  t h e  i n f r a r e d  

bounds f o r  cont inuous models o f  re fe rences  6 and 7. I t  i s  t h e r e f o r e ,  as 

f a r  as we know, t h e  o n l y  e x a c t l y  s o l u b l e  model p r o v i d i n g  s t r o n g  suppor t  



fo r  the asser t ion 8 t ha t  the lower c r i t i c a 1  dimension o f  c o n t i n u o u s  

systems i n  a  random magnetic f i e l d  i s  four .  

F i n a l l y ,  we rernark t ha t  the phase t r a n s i t i o n  i n  the f r e e  Bose 

gas and i n  the spher ical  mode1 i s  very simi l a r 9 . ~ h e  f r e e  Bose gas i n  a  

randorn external  f i e l d  was stúdied i n  r e f .  10, an important precursor. 

2. RESULTS 

We def ine  the random external  f i e l d  i n  terms o f  a  c o l l e c t i o n  o f  

independent (not necessari 1 y  Gaussian as i n  r e f .  I )  random v a r i a  b l  e s  

h (x )  o f  mean zero and variance a (independent o f  x )  i n  some p r o b -  

a b i l i t y  space. I f  p  denotes the p r o b a b i l i t y  measure, and < a >  expec- 
P 

t a t i ons  w i t h  respect t o  p ,  these cond i t ions  may be w r i t t e n  

and 

V 
I n  the f o l  lowing, h w i  I 1  denote a  hypercube {-L,. . . ,O,. . . , L )  enclosing 

IA\ = (2~+1) '  po in ts ,  and $(x)  a re  c lass i ca l  "spin" var iab les  r a n g i n g  

over1R. The Hamiltonian o f  the spher ical  model i n  a  random external  

f i e l d  as described above i s  deflned by 

HA(@) = (@, -Aí2 $1 - v ($ ,$ )- H 1 @(x)  - (h,$)  (3  
x  € A  

where the l a t t i c e  Laplacean i s  g iven by 

Here e< ,  i = l ,  ..., v i s  the u n i t  vector  i n  the i - t h  d i rec t i on ,  and the 

sca lar  product i s  def ined by 

We denote the Gibbs expectat ion value by 



where 

i s  the p a r t i t i o n  func t ion .  The quenched f r e e  energy f o r  the rnodel i s  

together w i t h  the mean-spherical cons t ra in t  

= I A 1  

The above cons t ra in t  may be expressed i n  terms o f  the chemical po ten t i a l  

- 
We de f i ne  the Four ier  t ransformat ion f o f  a f unc t i on  f: A + C  by 

I t  is convenient t o  w r i t e  

and 

F i n a l l y ,  the "spin wave energy" i s  g iven by 

Upon performing the Gaussian i n teg ra l s  i n  eq.(5) we ob ta in  



where 

The cons t ra in t  equation (8) takes the form (using E (0) = 0) 

By assurnptions eqs. (1) and (2) we ob ta in  

We have rnade expl i c i  t the  dependence o f  on the  var iab les  A, 6, H. We 

now assume t h a t  v S 4. I t  may be e a s i l y  v e r i f i e d  tha t  f o r  some c inde- 

pendent o f  A  ( f o r  / A [  s u f f  i c i e n t l y  la rge)  there  holds 



i f  V 0 .  

Since the i n teg ra l  

(whereB i s  the f i r s t  B r i l l o u i n  zone) d i v e r g e s a s U - + O -  i f V , <  4  i t  

i s e a s y  t o p r o v e  t h a t e q u a t i o n  (10) h a s a u n i q u e s o l u t i o n ,  v i ( 8 , ~ )  . 
Furthermore, fA(B,p,~,h) converges uni forml y  f o r  p i n  compact subsets o f  

(-,O), and H  i n  compact subsets o f  IR t o  a  f unc t i on  f(B,p,(B,H),H, h )  

(which i s  r e a d i l y  obtained expl i c i t l y  from eq. (911, where u,(B,H) < O 

i s  the unique so lu t i on  o f  the equation 

By the i m p l i c i t  func t ion  theorem, Uo i s  cont inuously d i f f e r e n t i a b l e  i n  

H and 

v-,(@, 0) < 0 (14) 

I t  i s  a l so  easy t o  show tha t  V~ (B ,H)  -3 v,(b,H). The mag- 

n e t i z a t i o n  IAI* 

s a t i s f  ies  

because o f  eq.(14). 

The above shows a l so  tha t  a  ferromagnetic phase t r a n s i t i o n  oc- 

curs a t  some nonzero c r i t i c a 1  temperature 

small, i .e., whenever 

i f  V a 5 and O i s s u f f i c i e n t l y  

< '  1 
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Resumo 

Calculamos a energia l i v r e  do modelo es fg r i co  médio em um cam- 
po magngtico a l e a t õ r i o  e provamos a ausência de ferromagnetismo se a 
dimensão do espaço f o r  V 5 4. Provamos também a exi  stência de t ransição 
se v 2 5 e a variança do campo f o r  suficientemente pequena. 


