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Abstraa The magnetizatlon o f  an equ i l i b r i um system o f  non- in te rac t i ng  
fermions w i t h  magnetic moments i s  re-examined, and f o r  very la rge f i e l d  
strengths i s  expressed i n  a manner which i s  completelysatisfactoryboth 
phys i ca l l y  and mathematical ly. 

1. INTRODUCTION 

S i  nce 1927 the phenomenon o f  Paul i paramagnet i sml has been one 

o f  the p i l l a r s  upon which the theory o f  metals res ts ,  a s w e l l  as a major 

accomplishment o f  quantum s t a t i s t i c a l  mechanics. A simplemodel cons is ts  

o f  a system o f  spin-1/2, charge-neutra1 fermions w i t h  mass m i n  thermal 

equ i l i b r i um and, i f  the  sp in  and magnetic moment a re  taken i n  the same 

d i rec t i on ,  the l a t t e r  i s  j u s t  the Bohr magneton Fio. For a uni form mag- 

n e t i c  f i e l d  H i n  the z -d i rec t i on  one f i n d s  the standard and well-known 

r e s u l t  fo r  the magnet izat ion2'3 

M = l-i,(n+ - n-1 (1 

where i n  the l i m i t  o f  zero temperature the number dens i t i es  o f  par- 

t i c l e s  w i t h  spin up and spin down, respect ive ly ,  are 

- 1 
Here we havta denoted the chemical potent ia1 by p , 6 = (kT) , k i s  

Bol tzmann's constant, T i s  the absolute temperature, and t h e  t h e r m a l  
1 / 2  wavelength i s AT = (2.rrFz28/m) . 

Wheii Bu,H << 1 the chemical po ten t i a l  i s  g iven by the Fermi 
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energy, EF, as T -i 0, w i t h i n  terms o f  order v: H ' .  Expansion i n  Eqs. 

(1) and ( 2 )  then y ie lds  the resu l  t s  o f  Paul i paramagnet ism 

But what happens when the externa1 f i e l d  i s  very large,we can nolonger 

presume tha t  BpoH << 1 ,  and no longer make an expansion? 

A s H  i s  increased considerably, and v o H  -i u, one  sees t h a t  

n- -i 0'. This conf irms our physical  expectat ion tha t ,  f o r  s u f f  i c i e n t l y  

la rge H, there w i l l  be e s s e n t i a l l y  no p a r t i c l e s  i n  the spin-down s t a t e  

and the system saturates w i t h  almost a11 spins up. Unfortunately t h a t  

i s  not  the complete mathematical desc r i p t i on  provided by Eqs. ( I )  and 

(2)  , because as H continues t o  increase n- becomes imaginary and these 

expressions are  no longer physical .  Although one can argue tha t  n- i s  
+ 

t o  be discarded once i t  reaches O , t h i s  hard ly  cons t i t u tes  a s a t i s -  

fac tory  mathematical procedure. The f a c t  t h a t  the chemical po ten t i a l  i s  

a func t ion  o f  the f i e l d  does not  resolve the d i f f i c u l t y ,  e i t h e r .  As 

we sha l l  see below, t h i s  means tha t  the theory described by Eqs. (1) 

and ( 2 )  i s  on l y  v a l i d  f o r  f i e l d  energies up t o  about 80% o f  E ~ ( H = O ) ,  as 

i s  Impl i c i t  i n  the standard discussions ' .  
I t  i s  t rue ,  o f  course, t ha t  i t  i s  q u i t e  d i f f i c u l t  t o  encounter 

uni form magnetic f i e l d s  la rge enough t o  g i ve  r i s e  t o  t h i s  problem. But 

the po in t s  are  those of mathematical p r i n c i p l e  and the soundness o f  the 

under ly ing  theory o f  magnetism. Indeed, an examination o f  the cor re-  

sponding r e l a t i v i s t i c  theory, which motivated the present s t u d y  anG 
1 3  

w l l l  be discussed elsewhere , indicates t h a t  f i e l d  e f f e c t s  o f  t h i s  

magnitude should be descr i  bed by a nonre la t  i v i  s t  i c  theory encompass ing 

ism. For a s i m i l a r  r e l a t i v i s t i c  system o f  anomalous Paul i paramagnet 

magnetic moments 

the d i r e c t i o n  o f  

the  f r e e- p a r t i c l e  energies f o r  p a r t i c l e s  moving i n  

the f i e l d  are given by4 

E' = m2c4 + cZp2 + p i ~ 2  + ~ S ~ ~ H T ~ C ~  (4) 

where S  = + I .  I n  the n o n r e l a t i v i s t i c  l i m i t ,  where a1 1 e n e r g i e s  are  

small compared w i t h  m e 2 ,  we f ind tha t  



That is ,  the usual n o n r e l a t i v i s t i c  energy l eve l s  are  v a l i d  regardless 

o f  the r e l a t i v e  magnitudes o f  u,H and EF,  as long as both are  much less 

than me2. 

I n  the fo l l ow ing  discussion we sha l l  demonstrate t ha t  the non- 

r e l a t i v i s t i c  theory o f  paramagneti,sm i s  capable o f  accomodating l a rge  

f i e l d s  a f t e r  a l l ,  but  on l y  a f t e r  fo rmula t ing  the mathematical descr ip-  

t l o n  corrc!ct ly. At  the same t ime the ana lys is  provides add i t i ona l  sup- 

p o r t  f o r  the e f f l c a c y  o f  a method dlscussed e a r l i e r  i n  connection w i t h  

quantum s t a t i s t l c a l  c a l ~ u l a t i o n s ~ ' ~ .  

2. PARAMAGiNETISM IN THE BOLTZMANN LIMIT 

At high temperatures and low dens i t i es  the problem formulated 

above i s  completely described by the Boltzmann p a r t i t i o n  func t i on  f o r  

N p a r t i c l e s  i n  volume O, 

i n  terms o f  the s i n g l e - p a r t i c l e  p a r t i t i o n  func t i on
7  

From the f ree  energy F = kT Iln Z one obta ins  the expected magneticmo- 
B 

men t 

<m> = - a  $ = N u, tanh(BuoH) (8 

and when Bu,H << 1 

There i s  no d i f f i c u l t y  i n  t h i s  c l ass i ca l  regime when the f i e l d  

s t rength  i:; increased a r b i t r a r i l y ,  f o r  i f  Bv,H >>1 we ob ta in  immed i - 

That i s ,  as H becomes very la rge the system saturates and the suscept i -  

b i l i t y  tends t o  zero, e x h i b i t i n g  the maximum response. Moreover, t h i s  

t r a n s i t i o n  occurs smoothly, i n  agreement w i t h  our i n t u i t i v e  expectat ion 

tha t  there  w i l l  always be a few spins down as long as the f i e l d  i s  f i -  



n i t e .  One should expect the mathematical and physical  descr ip t ions  a t  

low temperatures t o  be a t  l eas t  as sa t i s f y i ng .  

3. THE DEGENERATE SYSTEM 

We have shown i n  some de ta i  1 e1 sewhere6 t h a t  the grand poten- 

t l a l ,  f = Q-I !?.n Z,, can genera l ly  be w r l t t e n  fo r  non- in terac t ing  par-  

t i c l e s  as a M e l l i n  transform of the s i n g l e - p a r t i c l e  p a r t i t l o n  funct ion,  

The number dens i ty  i s  

by M = B-l aHf. ~t 

Eq . ( l l )  i n  the form 

- 1 
then given by n = 6 a f, and the magnetizat v 

t i l 1  be more convenient i n  what fo l lows t o  rewr 

where 

and BIJ >> 1 i n  the degenerate system. The i n teg ra l  converges fo r  a l l  

rea l  a .  

When! >> 1 the contour can be closed t o  the l e f t  i n  a serni- 

c i r c l e  o f  rad ius  R, w i t h  appropr ia te  indentat ion t o  exclude the branch 

cu t  along the e n t l r e  negat ive rea l  ax i s .  As R increases w i thout  bound 

the con t r i bu t l ons  from the c i r c u l a r  a rcs  vanish, and, because the rea re  

no s i n g u l a r i t i e s  contained w i t h i n  the closed contour, the on l y  c o n t r i -  

bu t ion  t o  I ( a )  comes from the loop i n teg ra l  Y around the branch cu t .  

That i s ,  

wherey begins a t  -m +i&, enc i r c l es  the o r i g i n  once i n  the negat ive 

d i rec t i on ,  and re turns  t o  - w -  < E .  The exponential cu t s  o f f  the i n te -  

grand a t  any s i g n i f i c a n t  d istance from the o r i g i n  i n  the l e f t  h a l f -  

-plane when a >> 1 .  Therefore csc (n t )  can be expanded about the o r i g i n  

and term-by-tem in teg ra t i on  ca r r i ed  ou t  by means o f  Hankel 's i n teg ra l  



formula f o r  the r - f unc t i on8  

1 = - -  I 1 t-z et dt 
r(z) 2ai 

Y 
The resu l t  i s  the asymptotic expansion 

When B!JoH << 1 t h i s  expansion can be used i n  both terms 

(16) 

o f  Eq. 

(12) and one immediately regains the standard resul  t s  o f  Eqs. (1)-(3) .  

AI though t h i s  expansion i s  always va l  i d  f o r  eva luat ion  o f  ~ ( a + ) ,  we 

see tha t  i t  can not  be employed f o r  I ( a - ) ,  and hence f o r  n-, i f  Ct- 

i s  small o r  negative. Thus, fo r  la rge f i e l d s  the i n teg ra l s  I(%), cor-  

responding t o  spin-up and spin-down p a r t i c l e s ,  respect ive ly ,  must be 

evaluated separately.  

We consider three separate regions f o r  the eva luat ion  o f  ~ ( a - ) .  

When a- >> O the expansion (16) i s  v a l i d .  If a- b O the contour i n  Eq. 

(13) can rito longer be closed t o  the l e f f ,  but  must now be closed i n  

a semic i rc le  t o  the r i g h t .  The semic i rcu lar  a r c  i s  chosen t o  pass be- 

tween the poles o f  the integrand a t  t = n and, whentheradlus increases 

w i thout  boiund i n  d i sc re te  steps, the con t r i bu t i on  from t h i s  a rc  van- 

ishes. The i n teg ra l  i s  then evaluated by means o f  the residue theorem 

and one f iinds tha t  

The ser les i s  un i fo rmly  and abso lu te ly  convergent f o r  a11 a- .  

Despi t e  the f a c t  t h a t  the ser ies  expansion (17) was der ived f o r  

non-posi t ive values o f  a-, i t  can be a n a l y t i c a l l y  continued t o  small 

p o s i t i v e  values as well . It i s  va l  i d  t o  take the  term-by-term Mel  1 i n 
transform o f  the ser ies  (17) t o  ob ta in

g 



where i n  the second l i n e  we have used a well-known i d e n t i t y  f o r  the 

general ized Riemann zeta- funct  i o n l O .  Now perform the inverse Mel 1 i n  

t ransformat ion.  As usual, t h i s  i s  evaluated by c los ing  the M e l l i n  con- 

tour  t o  the l e f  t and employ ing  the known asymptot i c  p roper t  ies  o f  r (s) 

and < ( s )  on the semici rcular  arc". The con t r i bu t i on  f r o m  t h i s  arc  

vanishes and the i n teg ra l  i s  given by the sum o f  the residues a t  the 
n 

poles o f  the r - f unc t i on :  s = -n w i t h  residue (-1) /n!. Note tha t  the 

s ing le  simpie pole o f  ~ ( 2 )  a t  z = 1 i s  cancel led by the f a c t o r  m u l t i -  

p l y i n g  the func t i on  <(s+5/2) i n  ~ q . ( 1 8 ) .  Therefore, 

which converges abso lu te ly  f o r  Ia- 1 < IT and i s  regu lar  w i  t h  i n t h i s 

c i r c l e .  Observe t h a t  the two expressions (17) and (19) j o i n  s m o o t h l  y 

a t  a- = 0, because a t  t h i s  po in t  both reduce t o  

A s i m i l a r  method o f  a n a l y t i c  cont inuat ion  was employed by ~ o b i n s o n ' ~  

t o  study the Bose-Einstein i n teg ra l s ,  but  the resu ls  a r e  c o m p l e t e 1  y 

d i f f e r e n t  owing t o  the a l t e r n a t i n g  signs i n  Eq. (17). 

Now i t  i s  possib le t o  charac ter ize  the spin-down in teg ra l  i n  

the physical  regions o f  i n t e r e s t  f o r  var ious values o f  the magnetic 

f i e l d  strength:  



and the spin-up i n teg ra l  T(a+) i s  always given by Eq.  (16). A1 though 

the naturi: o f  the f in i te- tempera ture  cor rec t ions  i s  now obvious w i t h i n  

zach region, we sha l l  consider on ly  the terms c o n t r i  b u t  i n g  a t  zero 

temperatui-e. I n  t h i s  l i m i t  the number dens i ty  n = n + n i s  g iven by + 

and the magnetization fo l l ows  from Eq.  (1) .  

The degenerate F t \ r m i  gas o f  charge-neutra1 , spin-1/2 p a r t  i c l e s  

can now be described over the f u l  l range o f  magnetic f i e l d  strengths.  

As the f i e l d  increases, n- decreases smoothly t o  a sma 1 l v a i  u e  a t  

U=v,H.  I n  t h i s  region i t  cont r ibu tes  e s s e n t i a l l y  nothing t o  n, be- 

cause n- = 0(k3T3) .  AS H i s  increased fu r ther ,  n- f a l l s  o f f  exponen- 

t i a l l y ,  as expected, and the system saturates w i t h  the magnetic sus- 

c e p t i b i l i t y  vanishing smoothly as T +  O and H + w. This provides a 

completely sa t i s fac to ry  desc r i p t i on  fo r  a11 f i e l d  s t r e n g t h s ,  b o t h  

phys i ca l l y  and mathematical ly. 

I n  the  h igh- f  i e l d  region the  chemical po ten t i a l  i s r e a d  i 1 y 

evaluated i n  terms o f  the dens i ty  

which can inot depend on the f i e l d .  As T + O we have p(T-0) = EF (H), o r  

Large magnetlc f i e l d s  w i l l  reduce the e f f e c t i v e  Fermi energy and, f o r  

e lec t rons  i n  f i e l d s  on the order o f  10' G ,  EF(H) w i l  l pass through zero 

and take oti negat ive values. This phenomenon does no t  appear t o  be 

exper imental ly  accessib le a t  t h i s  time. 
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Resumo 

A magnetização de um gãs ideal  de férmions com momentos magné- 
t i c o s  é reexaminada. Para campos magngticos externos mui to intensos a 
magnetização é representada de uma maneira que e, f is icamente e mate- 
maticamente, completamente s a t i s f a t õ r i a .  


