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Abstract de present  a  s o l u t i o n  t o  t h e  E i n s t e i n  equa t ions  f o r  g r a v i -  
t a t i o n a l  waves which e x h i b i t s  s o l i t o n  c h a r a c t e r i s t i c s .  

The s o l i t o n  concept p l a y s  an impor tan t  r o l e i n  severa1 branches 

o f  phys ics .  I n  p a r t i c u l a r ,  i n  r e l a t i v i s t i c  f i e l d  t h e o r y  these n o n - t r i v -  

ia1 c l a s s i c a l  s o l u t i o n s  a r e  impor tan t  f o r  c a l c u l a t i n g  t h e  f u n c t i o n a l  

pa th  i n t e g r a l  through t h e  semic lass ica l  method. Thus we can c a l c u l a t e  

quantum f l u c t u a t i o n s  about these s o l u t i o n s  and generate a  w e l l  d e f i n i t e  

approx imat ion technique f o r  computing t h e  Green's f u n c t i o n s .  S o l i t o n  

s o l u t i o n s  a r e  r e l e v a n t  because they  can n o t  be reached by s tandard per -  

t u r b a t i o n  theory  and t h e r e f o r e  can p r o v i d e  i n f o r m a t i o n  about t h e  t h e o r y  

o u t s i d e  t h e  p e r t u r b a t i v e  c o n t e x t .  Non- per tu rba t i ve  p r o p e r t i e s ,  l i k e  a  

mechanism f o r  quark conf inement i n  QCD, a r e  hoped t o  be found i n  t h i s  

wayl. 

G r a v i t a t i o n a l  s o l i t o n s  may a l s o  be v e r y  u s e f u l .  C l a s s i c a l l y ,  

they may be assoc ia ted  t o  g a l a x i e s  i n  cosmologica l  models2 o r  may t r i g -  

ger  g r a v i t a t i o n a l  wave d e t e c t o r s .  A t  t h e  b i g  bang s o l i t o n  c o n f i g u r a t i o n s  

might  have a  fundamental r o l e  i n  de te rmin ing  t h e  e v o l u t i o n  o f  t h e  Un i-  

verse. And, a t  t h e  quantum l e v e l ,  once a  c o n s i s t e n t  q u a n t u m  g r a v i t y  

theory  i s  Formulated ( t h e  o n l y  su rv iv ing  candidates a t  p resen t  be ing t h e  

supergrãv i  t y  t h e o r i e s 3) ,  t h e  s o l u t i o n s  w i l  l h o p e f u l l y  h e l p  i n  theunder -  

s tand ing  o f  t h e  n o n- p e r t u r b a t i v e  aspects  o f  t h e  theory .  

I n  o r d e r  t o  generate s o l i t o n  s o l u t i o n s  f rom E ins te inequa t ions  

the  inverse  s c a t t e r i n g 4 "  and Backlund t r a n s f o r m a t i o n 6  methods have been 

adapted t o  genera l  r e l a t i v i  t y .  Vacuum a x i a l  l y  symnetric waves and s t a t i o n -  

a r y  a x i a l  l y  s y m m e t r i c  space- t imes have been s tud ied  u n d e r  t h e s e  

methods and shown t o  possess so l  i tons .  These techn 

extended t o  t h e  case when m a t t e r  i s  present  behav 

n o t 5 .  However, t h e  new s o l u t i o n s  so ob ta ined  a r e  

iques have a l s o  been 

i n g  as  so l  i t o n s 2  o r  

i n  genera l  compl icated 



Because we a r e  d e a l i n g  w i t h  p lane  waves we can o n l y  r e q u i r e  a  f i n i t e  

energy ( d e n s i t y )  f l u x  and n o t  f i n i t e  energy. Also, t h e  s o l u t i o n s  w i l l  be 

requ i red  t o  be l o c a l i z e d  i n  the  u - d i r e c t i o n  o n l y .  

We now r e t u r n  t o  Eq. (2) t o  f i n d  o u t  an exac t  s o l u t i o n .  Since 

B i s  an a r b i t r a r y  f u n c t i o n  we choose i t  as 

so t h a t  (2) becomes 

L" + ~ ( 1  - L ~ )  = O 

T h i s  i s  t h e  wel l- known equa t ion  f o r  the  k i n k  i n  t h e  A@' theory  i n  two 

dimensions14. I t s  n o n - t r i v i a l  s o l u t i o n s  a r e  c a l l e d  t o p o l o g i c a l  s o l i t o n s ,  

and a r e  l o c a l i z e d  s o l u t i o n s  c a r r y i n g  f i n i t e  energy anda conserved topo-  

l o g i c a l  charge. The s o l u t i o n s  o f  Eq.(6) a r e  

L =  + l  (7a 

1 
L = +tanh 5, 5  = - (u-u,) (7b) 

J2 
where u, i s  a c o n s t a n t .  S ince L  e n t e r s  i n  (1) and (5) o n l y  as  t h e  

s i g n s  a r e  n o t  impor tan t .  (7a) i s  t h e  t r i v i a l  s o l u t i o n  s i n c e  B=constant 

and t h e  space- t ime i s  f l a t .  For t h e  s o l u t i o n  (7b) we can i n t e g r a t e  ( 5 )  

t o  f i n d  

B = a r c  tan  ( s i n h  5) + @ o  (8) 

where B, i s  a  cons tan t .  S ince 6, appears always as a  m u l  t i p l  i c a t  i v e  

cons tan t  i n  ( 1 )  i t  can be s e t  t o  ze ro .  The s igns  i n  (8) a r e  a l s o  i r r e l -  

evant  s i n c e  the  s o l u t i o n  w i t h  a  g i v e n  s i g n  can be ob ta ined  f r o m  t h e  

o t h e r  by t h e  exchange o f  x and y. Then,the element o f  l i n e  (1) can be 

p u t  i n  t h e  form 

d s 2  = dudv + tanh25  ~exp[( f iarctan(sinh<)]dx2 i 

+ e x p i f i  a r c t a n  ( s i n h  <ldy2 - } (9)  

Th is  m e t r i c  i s  a l s o  a s y m p t o t i c a l l y  f l a t  s i n c e  f o r  u -+ km, L2 + 1  and 

B -t cons tan t .  There i s  no p h y s i c a l  s i n g u l a r i t y  as i s  w e l l  known", t h e  

s i n g u l a r i t y  appear ing a t  u = uo can be removed by a  s u i t a b l e  c o o r d i n a t e  

t rans fo rmat ion15 .  



and n o t  easy t o  handle. 

I n  t h i s  paper we p resen t  a  s imp le  s o l i t o n  s o l u t i o n  f o r a  p lane  

g r a v i t a t i o n a l  wave. A l though suggested i n  r e f .  (7) t h a t  t h e r e  a r e  

s o l i t o n s  among t h e  s o l u t i o n s  o f  p lane  g r a v i t a t i o n a l  waves none was p r e-  

sented thei-e. A lso,  i n  r e f .  (7),  t h e  number o f  a r b i t r a r y  f u n c t i o n s  as-  

soc ia ted  to  t h e  model i s  i n c o r r e c t l y  g iven  as two. Once a t rans fo rm-  

a t i o n  o f  coord ina tes  i s  performed t o  e l i m i n a t e  g,, t h e  number o f  a r b i -  

t r a r y  f u n c t i o n s  reduces t o  one8, as i s  wel 1 k n o ~ n ~ ' ~ ~ " ~ .  

CJe s t a r t  w i t h  t h e  m e t r i c 1 °  

w i t h  L = L h )  and f3 = B(u) ,  and t h e  f i e l d  equa t ions  a r e  g iven  by 

where t h e  pr ime denotes d i f f e r e n t i a t i o n  w i t h  respec t  t o  u. Eq.  (1)  rep-  

resen ts  a p lane  wave p ropaga t ing  a long  t h e  u- a x i s ,  w i t h  amp l i tude  L and 

wave f a c t o r  6. The p r o p e r t i e s  o f  such waves have been ex tens ive ly  studied 

f o r  t h e  case o f  a  "sandwich" wave
g
, t h a t  i s ,  a  wave f o r  which t h e  am- 

p l i t u d e  i s  non-zero o n l y  f o r  a  f i n i t e  range o f  u, elsewhere t h e  space- 

t ime being f l a t .  I n  t h a t  case f3 i s  a  p u l s e  o f  d u r a t i o n  2T s a t i  s f y  i n g  

I B I I < < l / T  t n r o u g h o u t  t h e  pu lse .  To s tudy s o l i t o n s ,  however, a  s o l -  

u t i o n  w i t h o u t  any approx imat ion i s  d e s i r a b l e  and we w i l l  l a t e r  on p re-  

sent an exac t  s o l u t  i on  t o  Eq. (2) .  

Since we a r e  n o t  go ing t o  a p p l y  t h e  s o l i t o n  genera t ing  tech-  

n iques mentioned e a r l i e r  we have t o  d e f i n e  s o l i t o n s  in t h e g r a v i t a t i o n a l  

c o n t e x t .  In t h e  inverse  s c a t t e r i n g  m e t h ~ d ~ ' ~ ,  f o r  example, a  s o l u t i o n  

i s  c a l l e d  c401 i ton ic  i f  the  assoc ia ted  s c a t t e r i n g  r n a t r i x  has poles,  t h e  

number o f  po les  being t h e  number o f  s o l i t o n s .  Here, we w i l l  adopt  a  

broader d e f ' i n i t i o n 1 2 :  any n o n - t r i v i a l  s o l u t i o n  which i s  c o n f i n e d  t o  a 

f i n i t e  r e g i o n  o f  space-time and which c a r r i e s  a f i n i t e  energy w i l l  be 

considered a s o l i t o n .  I n  o r d e r  t o  a p p l y  t h e  l a s t  c r i t e r i u m  we use t h e  

d e f i n i  t i o n  o f  t h e  conserved energy-momentum pseudo- tensor g i ven  by " 

Since t h e  11 

can be loca  

l a n e  waves move o n l y  i n  one d i r e c t i o n  

l izedl and we can d e f i n e  an energy f 

i t a t i o n a l  energy 
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The on 

- tensor  (3) i s  

y  non- vanish ing component o f  t h e  energy-momentum pseudo 

and t h e  energy f 

show, f rom (101, 

ux (4) i s  f i n i t e  and equal t o  2 6 / ( 1 5 @ .  We can a l s o  

t h a t  the  l i n e a r  momentum i n  t h e  z - d i r e c t i o n  i s  a l s o  

f i n i t e  as we would expect .  

We thus have a s o l i t o n ,  a  s o l u t i o n  loca ted  around u o ,  w h i c h i s  

a s y r n p t o t i c a l l y  f l a t  and w i t h  a f i n i t e  energy f l u x .  I t  would be i n t e r e s t i n g  

t o  g e n e r a l i z e  t h i s  s o l u t i o n  t o  a m u l t i - s o l i t o n  s o l u t i o n .  To t h i s  end we 

cou ld  app ly  t h e  inverse  s c a t t e r i n g  m e t h ~ d " ~ ,  f i r s t  f i n d i n g  o u t  t h e  seed 

s o l u t i o n  f o r  the  s o l i t o n  presented here and thern a p p l y i n g  t h e  machinery 

t o  generate t h e  m u l t i - s o l i t o n  s o l u t i o n .  I t  would a l s o  be p o s s i b l e  t o  

f i n d  o u t  c lasses  o f  s o l i t o n s  by s t a b l i s h i n g  the  c o n d i t i o n s l  and Bwould 

s a t i s f y  i n  o rder  t h a t  t h e  i n t e g r a l  (4) would be f i n i t e  and t h e  so lu t ions  

a s y m p t o t i c a l l y  f l a t .  We hope t o  r e p o r t  on t h i s  elsewhere. 

We thank M.Assad and I.Waga f o r  conversa t ions  and a read ing  

o f  t h e  manuscr ip t .  
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Resumo 

Apresentamos uma solução das equações de E i n s t e i n  para ondas 
q r a v i t a c i o n a i s  que e x i b e  c a r a c t e r i s t i c a s  de s o l i t o n .  


