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Abstmct T h e w o r k o f  M o n t r o l l  i n d e r i v i n g  the p r o p a g a t o r o f  time-depen- 
dent  harmonic o s c i l l a t o r  i s  genera l i zed  t o  o b t a i n  t h e  p r o p a g a t o r o f t i m e  
-dependent harmonic o s c i l l a t o r  w i t h  cons tan t  damping t e m .  

1. INTRODUCTION 

From Feynman's f o r m u l a t i o n  o f  n o n r e l a t i v i s t i c  quantummechanics 

the  prcpagator ,  p r o b a b i l i t y  amp l i tude  f o r  a  p a r t i c l e  t o g o f r o m t h e p o i n t  

( x 1 , t ' )  t o  t h e  p o i n t  (x", tr l ) ,  can be expressed 

where L(x,&, t )  i s  the  Lagrangian o f  t h e  dynamical system considered and 

k(t)  i n d i c a t e s  t h a t  the  i n t  

( x l , t l )  and (x l ' , t " ) .  

For t ime-dependent 

forms the  p a t h  i n t e g r a l  (1.1 

e g r a l  i s  over  a11 paths w i t h  

harmonic o s c i  l l a t o r ,  Mont ro l  

) i n t o  the  Gaussian i n t e g r a l  

I f i xed  end points 

1 9 f i r s t  t r a n s -  

mu1 t i p l  i e d  bya f u n c t i o n o f  x', z" and T .  Here we have de f  ined -r = (tr'- t r ) / n  

f o r  l a t e r  convenience. He then c a r r i e r s  o u t  c a l c u l a t i o n s  as T + O ( o r  

n +a). H i s  method has r e c e n t l y  been a p p l i e d  f o r  e v a l u a t i n g  t h e  propa- 

g a t o r  o f  t ime-dependent fo rced  harmonic oçc i 1 l a t o r 5 .  J n  the  p resen t  work 

the  sane method has been genera l i zed  f u r t h e r  t o  c a l c u l a t e  t h e  propa- 

ga to r  o f  time-dependent harmonic o s c i l l a t o r  w i t h  cons tan t  damping. 

I n  Sec t ion  2, we a r e  a b l e  t o  t rans fo rm o u r  p a t h  i n t e g r a l  i n t o  

a  f u n c t i o n  o f  x', x "  and T. t h e  Gaussian i n t e g r a l  (1.2) mul t i p l  i e d  by 

( ~ r a z i  Work supported i n  p a r t  by t h e  CNPq 1 i a n  Government Agency) 



l n  Sec t ion  3, we show t h e  d e t a i l s  o f  c a l c u l a t i o n  (and a l s o  i n  t h e  Ap- 

pendix)  as T + O and we w r i t e  down the  propagator  i n  terms o f  f ( t )  and 

g ( t ) ,  which a r e  r e s p e c t i v e l y  t h e  s o l u t i o n s  o f  time-dependent h a r m o n i c  

o s c i l l a t o r  w i t h  damping and w i t h  ant idamping.  F i n a l l y ,  we d iscuss  t h e  

r e s u l t  i n  Sec t ion  4. 

2. FORMULATION 

For time-dependent harmonic o s c i l l a t o r  w i t h  cons tan t  damping 

term, the  equa t ion  o f  mot ion i s  

where u ( t )  i s a t ime-dependent f requency and y i s  a cons tan t  damping coef - 
f i c i e n t .  Eq. (2.1) can be o b t a i n e d  f rom the  ~ a ~ r a n ~ i a n ~  

I n  s p i t e  o f  i t s  i n t e r p r e t a t i o n  d i f f i c u l t i e s  i n  quantum m e c h a n i c ~ ~ ' ~ ,  we 

a r e  going t o  use (2.2) as o u r  Lagrangian. Now t h e  propagator  de f  ined by 

(1.1 ) can be wr i t t e n  as 

by Feynman's de f  i n i t i o n .  The e x t r a  f a c t o r  e x p ( y t  .) i s  necessary f o r  i n -  n 
c l u d i n g  d i s s i p a t i v e  e f f e c t .  For l a t e r  convenience we have s e t  T = 

= ( V 1 - t 1 ) / ? z  and r = r ( t l + j . r ) ,  r1  = r ( t l )  and rI1 = r ( t n )  f o r  any func -  
j 

t i o n  r ( t )  . Now we l e t  y = e x p ( y t  . / i )  (m/ZRr) 1/2xi, then (2.3) can be 
j 3 

r e w r l  t t e n  a s  



By comparing (1.2) and (2.4) we f i n d  tha t  the ma t r i x  A i s  o f  

the form 

a, -d O o . . .  O O 

-d a, -d O . . .  O O 

O -d a, -d ... O O 

.................................. 
O O O O ...-d a 

n-3 
o o O O . . .  o -d 

O O O o . .  . O O 

wi t h  a = 1 + exp(y-c) - w ? ~ ~  and d = e x p ( y ~ / 2 ) .  The column ma t r i x  b has 
j 3 

the fo l l ow ing  elements; 

and 

H e r e w e h a v e s e t c =  (m/2E)'/'. B y s u b s t i t u t i n g  (1.2) i n t o  (2.4) we 

obta i n 

and 

B(x",x' ,-r) = ( rn /ZÃ-r )  (exp(ytl) 2" + exp(yt l ' )  x1l2)  - b T ~ - l b  

(2.8) 

We have assumed tha t  the f a c t o r  exp(-im e x p ( y t l )  w ' ~ x ' ~ T / ~ z )  i n  (2.4) 

t o  be one as T + O. Now we are  on l y  l e f t  t o  ca l cu la te  the l i m i t  values 

of .r det  Aand B(x",x',T) as -c -t O .  With the he lp  of  (2.5) - (2.8), the 

ca l cu la t i ons  w i l l  be ca r r i ed  ou t  i n  the next  sec t ion  and i n  the Appen- 

d i x .  



3. CALCULATION 

From the matrix A we define A. and D. as the following deter- 
3 3 

minants 

Dn-3 = 

It is easily to show that A. and D. satisfy the recurrence relations 
3 J 

a 
n-3 -a O 

-' an-2 -d 

O -' an-l 

= a A  - d 2 ~ j - l  , A, = 1 ( 1  ç j ã n-2) 
j+l j (3.1) 

and 
- 

Dqi-, - aj-1Dj - d2~j+1 9 D n = 1 (2 f j ~ n - 1 )  (3.2) 

,.... D, = det A 

Furthermore, eqs (3.1 ) and (3.2) can be transformed into the f ini te- 

-difference equations 

and 

(Aj+] - 2A. + Aj-l)/~2 = - d A. + y(Aj - Aj-l)/~ 
3  3+1 3  (3.4) 

I 
respectively. From eqs (3.1) and (3.2) we see that the end conditions 

of A. and D. are , 

3 3 

Dn-l = " I + O(T) = a, = A, 

and 



f o r  smal l  T .  I n  o r d e r  t o  overcome t h e  d i f f i c u l t i e ç  o f  d i ve rgence  i n  

eqs (3.6) and (3.7),  we now i n t r o d u c e  f .  and gj by 
J 

f. = TD and gj = TA 
3 j j 

(3.8) 

Wi th  t h e  h e l p  o f  eqs (3.5) - (3.71, eqs (3.3) and (3.4) can b e r e w r i t t e n  

as t h e  d i f f e r e n t i a l  equat ions 

f + Yf + u 2 ( t ) f  = O  , f" = O  , .fl' = - 1  ( 3 . 9 )  
and 

i - y & + ~ ~ ( t ) ~ = ~ ,  g1  = o ,  ia'= 1 (3.10) 

i n  t h e  l i m i t  as T + O. Therefore,  we o b t a i n  

Lirn (T d e t  A) = Lirn (TD,) = Lim fl = f ( t l )  = f '  = g" (3.11) 
T+O T+O T+O 

Frorn eqs (3.1 ) , (3.2)  and (3 

a r e  r e l a t e d  through the  formula 

.8) we d iscover  t h a t  t h e  f .  3 and g i 

I n  p a r t i c u l a r ,  we have 

f o r  j = n-2. Using eqs (2.5) and (3.13) we can show t h a t  

The above r e l a t i o n  i s  proved i n  the  Appendix. 



Now s u b s t i t u t i n g  eq (2.6) i n t o  eq (3.15), we g e t  

a f t e r  l e n g t h y  b u t  s t r a i g h t f o r w a r d  c a l c u l a t i o n s .  S u b s t i t u t i n g  eq (3.16) 

i n t o  eqs (2.7) and (2.81, t h e  propagator  takes t h e  f o l l o w i n g  form 

(3.17) 

where 

and 

As T -t O, ve f i n a l l y  o b t a i n  

Lirn a = L i n  (meytl /2~f l)( f l  - f 2 ) / r  = - (meyt' f1 /2Af1)  (3.18) 
T i 0  

T 
T+0 

Lim b T  = Lim (-meytll/~f,) = - (meYtll/~f') (3.15) 

T-4 T+O 

and 

yt"  
Lim c T  = Lim (me /2 l f r )  (i - eYT gn-2/g71-1 ) 
T + O  ,+O 

Here we have used eq (3.14) t o  d e r i v e  eq (3.20). 

S lubs t i tu t ing  eq (3.11) and (3.18) - (3.20) i n t o  eq (3.17), we 

o b t a i n  o u r  main r e s u l t  



Here we assume t h a t  f' = g" # O f o r  exc lud  ing  ca tas t roph ic  phenomenon .The 

propagator  has been w r i  t t e n  i n  terms o f  f ( t )  and g ( t )  which a r e  t h e  

s o l u t i o n s  o f  t h e  equa t ion  o f  mot ion o f  time-dependent harmonic o s c i l -  

l a t o r  w i t h  damping term and w i t h  ant idamping t e m ,  r e s p e c t i v e l y .  For  

y=O, t h e  above equa t ion  i s  e q u i v a l e n t  t o  eq (3.13) w i t h  q ( t )  = O i n R e f .  

5 as we expect .  

4. RESULT 

I t  can e a s i l y  be shown t h a t  t h e  s o l u t i o n s  o f  eqs (3.9)and(3.10) 

a r e  

and 

g ( t )  = s ( t ) e  - Y ( t ' - t ) / 2  Si+(t) - (4.2) 

r e s p e c t i v e l y ,  where s ( t )  and ~ ( t )  a r e  t h e  ampl i tude and t h e  phase o f  

time-dependent harmonic o s c i  1  l a t o r  wi  t h  cons tan t  damping ( o r  ant idamp- 

i n g ) .  I n  o r d e r  t o  s a t i s f y  t h e i r  boundary c o n d i t i o n s ,  we l e t  

S ( t )  - ( t )  + fi2 ( t ) s ( t )  = O , fi2 ( t )  = u2 ( t )  - y 2/4  (4.3) 

and 

We a l ç o  have s '  = s", V '  = i>" and s';' = SI'$" = 1 s i n c e  f '  = g " .  With  

t h e  h e l p  o f  eqs (4.1) - (4.4),  eq (3.21) can be r e w r i t t e n  as 



w i t h  @(cr,B) = v (a )  - v(f3) f o r  any two a r b i t r a r y  t ime a and 8 .  When 

w( t ) i s  a constant frequency wo, eq (4.5) reduces t o  the propagator 

evaluated by ~ a ~ a d o ~ o u l o s ~  and i s  equivalent  t o  (80) without  pe r tu r -  

t i v e  force o f  Khandekar and ~awande". However, we need both f (t) and 

g ( t )  t o  evaluate the propagator. I t  seems t o  agree w i t h  the idea o f  

Feshbach atid ~i kochinskyX . 

APPENDIX 

- 1 - 1 
The elements o f  A , represented by ajk, are  determined by 

f ind ing the co fac tor  o f  A. Therefore, we have from eq (2.5) t ha t  

and 
.. 1 k -j k- ' 

aLik = d Aj-lDk+l /Dl = d Jg j - ~ ~ k + l / ~ ~ i  ' j s k  (A .2 )  

With the he lp  o f  eqs (3.13) - (3.14) and (A.1) - (A.2), we ob ta in  



a f t e r  leng thy  b u t  s t r a i g h t f o r w a r d  c a l c u l a t l o n s .  
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O t r a b a l h o  de M o n t r o l l  para deduzi r o propagador do o s c i  l a d o r  
harmônico dependente do tempo é genera l i zado  para o b t e r  o propagador do 
o s c i l a d o r  harmônico amortec ido tambem dependente do  tempo. 


