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Abstract We d e f i n e  c o l l e c t i v e  modes f o r  t h e  quan t i zed  r a d i a t i o n  f i e l d  
i n  a  one-dimensional o p t i c a l  c a v i t y  coupled t o  a  s e m i - i n f i n i t e  o u t s i d e  
r e g i o n  and cons ider  t h e  i n t e r a c t i o n s  between t h e  n e i g h b o u r i n g c o l l e c t i v e  
modes t o  show how these i n t e r a c t i o n s  mod i fy  t h e  t ime e v o l u t i o n  o f  t h e  
f r e e  r a d í a t i o n  f i e l d  and i n v e s t i g a t e  t h e  I i m i t a t i o n s  t h a t t h e y  in t roduce  
on t h e  exponen t ia l  damping law. The procedure and r e s u l t s  a r e  p r e l i m i -  
na ry  towards t h e  i n v e s t i g a t i o n  o f  t h e  s i n g l e  mode l a s e r  o p e r a t i o n  and 
Bose "condensat ion"  aspect  o f  l a s e r  behaviour  near t h r e s h o l d .  

1. INTRODUCTION 

I n  a  p rev ious  work', some fundamental a s p e c t s o f  t h e  l a s e r  the-  

o r y ,  such as t h e  l i n e  nar row ing  mechanism and t h e  f l u c t u a t i o n - d i s s i -  

p a t i o n  theorem, were i n v e s t i g a t e d  v i a  a  con t inuous  s p e c t r u m  o f  modes 

generated by a  s e m i - i n f i n i t e  one-dimensional o p t i c a l  c a v i t y .  T h i s t r e a t -  

ment i s  based on a  model o f  c a v i  ty2 coupled t o  the  outs ide region and has 

t h e  advantage o f  i n c l u d i n g  the  leakage o f  r a d i a t i o n  f i e l d f r o m t h e o p t i c a l  

c a v i t y  i n  a  n a t u r a l  way, ins tead  o f  t h e  usual phenomelogical l o s s  i n t r o -  

duced through a  f i c t i c i o u s  r e s e r v o i r 3 .  
I 

However, i n  t h e  mentioned work , we analysed t h e  t r a n s i e n t  and 

s t a t i o n a r y  s o l u t i o n s  f o r  t h e  r a d i a t i o n  f i e l d  i n  t h e  s i n g l e  mode oper -  

a t i o n .  Th is  approx imat ion  i m p l i e s  t h a t  we a r e  n e g l e c t i n g  t h e  i n t e r a c -  

t i o n s  among t h e  c o l l e c t i v e  modes generated by t h e  o p t i c a l  c a v i t y , d u e t o  

t h e  o v e r l a p  between t h e  ne ighbour ing  c a v i t y  bands. T h i s  i s  a  reason- 

a b l e  approx imat ion  whenever t h e  c o u p l i n g  between t h e  o p t i c a l  c a v i t y  and 

the  o u t s i d e  r e g i o n  i s  weak. 

I n  t h e  p r e s e n t  w o r k ,  we t a k e  i n t o  a c c o u n t  t h e  o v e r l a p s  

between t h e  c o l l e c t i v e  modes and i n v e s t i g a t e  some m o d i f i c a t i o n  they i n -  

t roduce i n  t h e  s o l u t i o n s  f o u n d  i n  p r e v i o u s  w o r k .  T h i s  t r e a t m e n t  

a l s o  a l lowsone t o  ge t  an improved i n s i g h t  i n t o  t h e  ques t ion  o f  Bose 

"condensat ion"  aspect o f  l a s e r  behaviour  , near th resho ld .  T h i s  paper 

dea ls  w i t h  t h e  f r e e  r a d i a t i o n  f i e l d .  I n  a  f u t u r e  paper, we w i l l  i n c l u d e  
* 
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the a c t i v e  atoms ins ide  the o p t i  

p l e t e  problem. 

2. MODEL AhlD FIELD MODES 

In order t o  simulate a 

ca l  c a v i t y  i n  order t o  t r e a t  the com- 

continuous spectrum o f  f i e l d  modes we 

use a c a v i t y  model as a f r e e  space region bounded by two plane p a r a l l e l  

p lates,  ona o f  which i s  i d e a l l y  r e f l e c t i n g ,  placed a t  z=R, whereas the 

other one i s  semitransparent, placed a t  z=0,  both perpendicular t o  the 

z - ax is .  We ca l1  z E [0,4the interna1 region and z € (-m,O), the ex- 

terna1 one. 

We take the p l a t e  coat ing  the sernitransparent window as a d i -  

e l e c t r i c  f i l m  which i s  modelled as a l i m i t i n g  case o f  a very t h i n  layer  

w i t h  a very la rge d i e l e c t r i c  constant, given by 

E(Z)  = b + n 6 ( ~ ) ]  (1 

where6(z)  i s  the Dirac de l t a  f u n c t i o n a n d n  i s a  rea l  parameter w i t h  

dimensions o f  length, which determines the transparency o f  the window. 

The normal rnodes o f  propagation are  s ta t i ona ry  so lu t ions  o f  

Maxwell 's equations tha t  s a t i s f y  the boundary cond i t ions .  By assuming 
+ 

the e l e c t r i c  f i e l d  l i n e a r l y  po lar ized i n  x- d i rec t i on :  E(z , t )  = E(z , t )  z 
and making the usual anzats f o r  the Four ier  f i e l d  components 

we obtain,  a f t e r  some s t ra igh t fo rward  ca l cu la t i on ,  the normal modes f o r  

the e n t i r e  cav i t y l  

where, fo r  the case o f  a low- transmit ing window, M2(n) i s  theLorentz ian  k 
1 i neshape 

M' k (n) = (2/n) i-; A:~/P*; + (wkn-won)l] (4) 

and rn i s  the l i new id th  given byl 



where Ao, = nkn= ~ n í r / R .  w i s  t h e  n - t h  Fox-Li quasimode' on 

i s  a  phase s h i f t l ,  and c i s  t h e  speed o f  l i g h t .  The case o f  a low- 

- t r a n s m i t i n g  window r e s u l t s  when we assume t h a t  t h e  b a n d w i d t h  rn i s  

sma l l ,  i n  the  sense t h a t  

The above r e s u l  t s ,  such as those con ta ined  i n  eqs. (3)-(6),  a r e  

reasonable approx imat ions when t h e  t ransmiss ion  throughout  t h e  window 

i s  so small  t h a t  we can n e g l e c t  t h e  o v e r l a p s  between the  Loren tz ians  

Mk(n), Mk(n i ) .  In  f a c t ,  t h a t  was t h e  case r e f e r e d  i n  o u r  work a n d t h a t  

wa s  

sma l 

resu 

he s i t u a t i o n  i n  which we assumed the  single-mode o p e r a t i o n .  

Now, we c o n s  i d e r  t h e  c a s e  i n  w h i c h  t h e  t ransmiss ion  i s  

- bu t  n o t  as assumed i n  t h e  r e f e r e d  work - i n  such a  way t h a t  t h e  

t i n g  l ineshape o f  the  c a v i t y  modes becomes no more a  s e t  o f  non- 

-0ver lap ing  Loren tz ian  I ineshapes, as g iven  by eq. (3). So, as a  conse- 

quence, we must s u b s t i t u t e  t h e  Loren tz ians  M (n) by another  1  i n e s h a p e  k 
f u n c t  i o n  L peaked around t h e  Fox-Li quasimodes f requenc iesl .  k 

In t h i s  p a p e r ,  we make a  l e s s  r e s t r i c t e d  approximation: we 

assume t h a t  t h e  r e s u l t i n g  l ineshape L, can be descr ibed  as a  superpo- 

s i t i o n  o f  o v e r l a p i n g  Loren tz ians  {~,(n)). We a p p l y  t h i s  p r o c e d u r e  

i n  t h e  f o l l o w i n g  s e c t i o n .  

3. COLLECTIVE OPERATORS FOR THE RADIATION FIELD INSIDE THE CAVITY 

By u s i n g  the  normal f i e l d  modes (eq. (3) )  and f o l l o w i n g  t h e  

usual q u a n t i z a t i o n  procedure, t h e  Harn i l ton ian f o r  t h e  f r e e  r a d i a t i o n  

f i e l d  i s  ( n e g l e c t i n g  ze ro  p o i n t  energy) 

+ 
where ak (ak) c r e a t e s  ( a n n i h i  l a t e s )  photons wi t h  momentum k, i n  t h e  

e n t i r e  c a v i t y  z E (--,R], w i t h  t h e  usual canon ica l  c o m r n u t a t i o n  r e -  

l a t i o n s  



The e l e c t r i c  f i e l d  operator ,  as expressed i n  terms o f  the operators 
+ ak 

and ak i s  

m + 
E ( z , ~ )  = I Eok (ak + ak)Uk(a)dk (10) 

o 

where Eok = ( ~ ~ 1 2 ~ ~ ) ~ ~ ~ ~  uk = ck. 

I n  order t o  def ine  the c o l l e c t i v e  operator  f o r  the r a d i a t i o n  

f i e l d  ins ide  the c a v i t y  we re fe r  t o  the  e l e c t r i c  f i e l d  given by eq.( lO) 

i n  the region z € [o,R] 

+ 
(ak + ak) Lk s i n  K(z-R)dk 

where the approximation 

Eok s i n  k(z-RIM (n) = E s i n  k (z-R)Mk(n) 
k n (13) 

O k n  

has been used, since Eok s i n  k(z-R) i s  a s lowly vary ing func t i on  when 

compared t o  the Lorentz ian funct ion.  So, instead o f  performing the in-  

tegra l  as i n  eq. (11) we in tegra te  i n  a band B which has a Lorentz ian 
n' 

p r o f i l e  g iven by M (n), and afterwards sum over a11 the bands. I n  each k 
band Bn we consider k running i n  the domain k 6 p,m). 

We now consider the interna1 e l e c t r i c  f i e l d  operator  E ( ~ )  (z , t )  

which, according t o  eqs. (3) and ( I  I), can be w r i t t e n  i n  the form 

E ( z  ) = M E~~ s i  n kn (.-a) (A: + A ~ )  (14) 
n 



where M i s  a  normal i z a t i o n  f a c t o r ,  and 

00 

1 
A  = - 1 Mk(n) ak dk 

M o  

+ 
a r e  t h e  c o l  l e c t  i v e  opera to rs :  An(An) c r e a t e s  (anni h i  l a t e s )  photons i n  

the  band ( c o l l e c t i v e  mode) Bn s p e c i f i e d  by t h e  l i neshape  f a c t o r  M ( n ) .  
k 

A t  t h i s  p o i n t  we cons ider  t h e  (smal 1) over laps  between t h e  

ne ighbour ing  bands i n  t h e  f o l  lowing way: by u s i n g  eqs. (9) i t  i s e a s y  t o  

show t h a t  

o,, AnJ = E$ A;J = O (16) 

and m 

@,, A: J = L ~ ~ ( n ) M ~ ( n ' ) d k  (17) 
M~ O 

So, i f  we n e g l e c t  t h e  o v e r l a p  between t h e  Lorentzians M (n), M ( n u ) ,  then 
k k  

and s e t t i n g  t h e  n o r m a l i z a t i o n  cons tan t  

we o b t a i n  

However, i f  we cons ider  t h e  mentioned over lap ,  we must c a l c u l a t e  t h e  i n -  

t e g r a l  i n  eq. (17) .  I n  o r d e r  t o  do t h a t ,  we use t h e  F o u r i e r  t rans fo rms 

o f  Mk(n), ~ ~ ( n ' )  and o b t a i n ,  a f t e r  some a lgebra  ( ~ ~ ~ e n d i x )  

w h e r e P -  (x) i s  the  t o r o i d a l  f u n c t i o n 5 a n d  
1 / 2  

since, accord ing  t o  eq. (5)  



i s  a s lowly- vary ing func t i on  o f  the ressonance frequency w i t h i n  the 

o p t i c a l  dornain, where n - 106. 
U!jing eqs. (21) and (22) we ob ta in  f o r  n '  = n -t s = O 

But f o r n  

This leads 

So, a l i t t  

' # n t h i s  impl ies,  accordlng t o  eqs. (7) and (22) s=Au/rn>>l. 

to the to ro ida l  f unc t i on  P- (x) i n  the assymptotical l i m i t .  
1 / 2  

l e  a lgeb r i ca l  procedure gives f o r  n' = nI l  

The r e s u l t  2/s appearing i n  the r i g h t  hand-side o f  eq. (25)measuresthe 

degree o f  non-orthogonal i ty  between two neighbouring c o l l e c t i v e  modes. 

I n  the next  sec t ion  we use eqs. (24) and (25) i n  order t o  i nves t i ga te  

the influente o f  th'e i n te rac t i ons  between c o l l e c t i v e  modes on the f r e e  

r a d i a t i o n  f i e l d .  

4. TIME EVOI.UTION OF THE FREE FIELD INSIDE THE CAVITY 

Wts c o n s i d e r ,  f o r  s i m p l  i c i t y ,  the case o f  on l y  two co l  

t i v e  modes i n  the o p t i c a l  cav i t y ,  and use the dens i ty  opera tor 3 p ( t  

describe the r a d i a t i o n  f i e l d  ins ide  the c a v i t y .  So, i n  terms o f  

c01 l e c t i v e  operators and adopting the antinormal order3 
'6 we set  

The equation o f  motion f o r  the dens i ty  operator  i s 7 "  (ti = 1 )  

where L i s  the e f f e c t i v e  L i o u v i l l e  operator  

where Ho i s  t h e  e f f e c t i v e  Hamiltonian 

1 ec- 

t o  

t he 



and L i s  t h e  l o s s  opera to r  

where h.c. stands f o r  t h e  h e r m i t i a n  con juga te .  The non- hami l ton ian dy- 

namic, as  expressed by eq. (27), i s  a d i r e c t  consequence o f  t h e  f a c t  

t h a t  t h e  system we a r e  c o n s i d e r i n g  i s  an open system. I t  should be 

s t ressed  t h a t  eq. (27) i s  v a l  i d  i f  we n e g l e c t  t h e  i n t e r a c t i o n s  between 

t h e  f i e l d  modes. We c o r r e c t  i t a f t e r w a r d s  through eq. (33), i n  o r -  

de r  t o  in t roduce  these i n t e r a c t i o n s .  

S u b s t i t u t i n g  eq. (28)- (30) i n  eq. (27) and making use o f  t h e  

i n t e r a c t i o n  p i c t u r e ,  where 

i t H ,  -<tu, 
P* = e P e (31) 

and o m i t t i n g , f o r  b r e v i t y ,  t h e  index I,we o b t a i n  

A t  t h i s  p o i n t  we in t roduce  t h e  i n t e r a c t i o n  between t h e  c o l l e c t i v e  modes 

i n t o  the  equa t ion  o f  mot ion (eq. (27))  through t h e  use o f  eq. (25): 

a l though  P i s  i n  t h e  an t ino rma l  o r d e r ,  t h e  r i g h t  hand-side o f  eq. ( 3 2  ) 

i s  n o t ;  i n  o r d e r  t o  s e t  i t  a l s o  i n  t h e  an t ino rma l  o r d e r  we use eq. ( 2 6 )  

f o r  P and t h e  s l i g h t  genera l i zed  i d e n t i t i e s  

r 

and 

where t h e  eqs. (24) and (25) have been used. We o b t a i n  (pu t  rn=rnI=r) 





and g i v e s  

1 O 
which i s  a  c o n t i n u i t y  equa t ion  whose s o l u t i o n  i s  

f ( t )  = Y ; ( 0 ) e x p ( - ~ t )  (41 

-+ 
A s i m i l a r  equa t ion  i s  v a l i d  f o r  r l ( t ) .  Th is  s e s u l t  shows t h a t ,  when t h e  

i n t e r a c t i o n  between t h e  c o l l e c t i v e  modes i s  neglected,  t h e  t ime e v o l -  

u t i o n  o f  t h e  f r e e  r a d i a t i o n  f i e l d  i n s i d e  t h e  c a v i t y  ( z  E [ o , R ~ )  i s  o f  - 
exponen t la l- type .  The i n c l u s i o n  o f  t h e  i n t e r a c t i o n  between these modes 

d e s t r o y  t h i s  e x p o n e n t i a l  damping behaviour .  I n  o r d e r  t o  show t h i s  

we go back t o  eq. (39) and,assuming t h a t  t h e  i n t e r a c t i o n  i s  small ,  we 

i n  such a  way t h a t  

( I /P , )V~ ,P ,  << (I/P2)VriP, 

Tn is  rneans t h a t  we a r e  assuming P,(P,) i s  a  s l o w l y - v a r y i n g  f u n c t i o n  o f  
-+ 
P' (i;) when cornpared t o  P, (P,) . Sübst i t u t  i n g  eq. (42) back i n  eq. (37) and 

u s i n g  t h e  approxirnat ion g i v e n  i n  (43) we o b t a i n  t h e  s o l u t i o n s  

and 

+ 
where t h e  i n i  t i a 1  condi t i o n  r i  (O) = O has been used. T h i s  i s  t h e  easest 

s i t u a t i o n  t o  i n v e s t i g a t e  t h e  i n f l u e n c e  o f  one mode on another ,  v i a  t h e  

i n t e r a c t i o n .  A lso,  i t  i s  t h e  most f a v o r a b l e  s i t u a t i o n  i n  o r d e r t o o b t a i n  

a  s o l u t i o n  corresponding t o  o n l y  one e x c i t e d  e o l l e c t i v e  mode. I t  i s e a s y  

t o  v e r i f y  t h a t  i f  we n e g l e c t  t h e  mentioned i n t e r a c t i o n  we recover  i n  

eq. (44) the  r e s u l  t g iven  by eq. (41) .  

The r e s u l  t s  con ta ined  i n  eqs. (44) and (45) a1 lows us t o  d e r i v e  

t h e  r e s t r i c t i o n  t o  t h e  exponen t ia l  damping. I n  f a c t ,  accord ing  t o  eq. 



-+ 
(441, t h e  exponen t ia l  damping f o r  r(t) i s  v a l i d  f o r  t imes  srnall enough 

such t h a t  

(21s)rt  << i (46) 

which g i v e s  

- 1 
where T,,= C/c , T = r = T ~ .  For a l o w- t r a n s m i t i n g  window t h a t  

we a r e  assuming th rough t  t h i s  paper A; >$ 1 ( A i  > l o 3  f o r  t ransmiss ion  

l e s s  than one percent)and i t i s  poss i  b l e  t o *  c h a r a c t e r i z e  t h e  exponen t ia l  

damping f o r  severa1 l i f e - t i m e s  o f  t h e  f r e e  r a d i a t i o n  f i e l d  i n  t h e  i n -  

terna1 c a v i t y .  For t imes o t h e r  than  those quoted i n  eq. (46) we see tha t  
+ + 
r l ( t )  cannot be neglected,  s i n c e r l ( t )  # O i r r e s p e c t i v e  o f  t h e  i n i t i a l  

-+ 
condi  t i o n  r '  (O) = 0, and t h e  exponen t ia l  damping behaviour  ceases t o  be 

v a l i d .  Th is  shcws t h a t  t h e  i n t e r a c t i o n  between t h e  c o l l e c t i v e  modes,due 

t o  t h e  t ransmiss ion  throughout  t h e  window, in t roduces  an upper bound t o  

t h e  exponen t ia l  damping and, a t . t h e  same t ime,  f o r b i d e s  s teady- s ta teex-  

c i t a t i o n  i n t o  a s i n g l e  mode o p e r a t i o n .  

Accord ing t o  t h e  f o r e g o i n g  r e s u l t s ,  whenever we t r y  t o  e x c i t e  
-i 

t h e  s ing le-node r ( t ) ,  we a l s o  e x c i t s  o t h e r s  n e i g h b o u r i n g  modes 
+ -f 
r l ( t )  , r l ' ( t ) ,  . . . , e t c . T h i s  i s  n o t  a s u r p r i s i n g  r e s u l  t. liowever, t h e  p resen t  

treatrnent,  i n  terms o f  a more r e a l i s t i c  model o f  c a v i t y  y i e l d i n g  i n t e r -  

a c t i n g  co1 :ec t i ve  rnodes, bes ides being a non-phenomenological procedure, 

enables one t o  ge t  a  more s a t  i s f a c t o r y  approach o f  the Bose "condensat ion"  

aspect  o f  the l a s e r  behaviour  near (be l low)  t h r e s h o l d .  

We have a l s o  analyzed t h i s  q u e s t i o n  i n  t h e  a p p r o p r i a t e  c o n t e x t  

o f  a many-mode t h e o r y  of t h e  p resen t  v a r i e t y  and w i l l  p u b l i s h  elsewhere. 

APPENDIX 

I n  t h i s  Appendix we d e r i v e  eq. (21) .  To t h i s  end, we s e t  

and take  t h e  F o u r i e r  t rans fo rm o f  ~ ~ ( n )  



where u = (ukn - uon)/rn, and o b t a i n  

where K o  ( I y / )  i s  t h e  modif i e d  ze ro  o r d e r  Bessel f u n c t i o n  o f  s e c o n d  

k ind .  us ing l  rn 

M' = I M i ( n ) d k  = n l c i  
n (A41 

o 

which" leads t o  eq. (21). 
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Resumo 

São d e f i n i  dos modos c o l e t i v o s  para o campo de rad iação  quant i - 
zado em uma cavidade ó p t i c a  unid imensional  acoplada a uma r e g i ã o  e x t e r -  
na s e m i - i n f i n i t a .  Levamos em con ta  as in te rações  e n t r e  os  modos c o l e t i -  



vos v iz inhos para mostrar como e las  modificam a evolução t e m p o r a l  do 
campo de radiação 1 i v r e  e 1 i m i  tações que impõem ao deca imento exponen - 
c i a l  . O procedimento e resul tados são p re l  iminares para a investigação 
da operação laser  em "modo Únicot1, bem como o aspecto da "c~ndensação~~ 
de Bose, que ocor re  no laser  prõximo do 1 imiar .  


