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Abnract The use o f  approximate m ic roscop ic  t h e o r i e s  i n  a-160 s c a t t e r  i n g  
i s  i n v e s t i g a t e d .  The O r t h o g o n a l i t y  Cond i t ion  Model (OCM) w i t h  b o t h  t h e  
d i r e c t  p o t e n t i a l  o f  the  Resonating Group Method (RGM) and w i t h a n  e f f e c -  
t i v e  l o c a l  p o t e n t i a l ,  Veff, d e r i v e d  f rom Kernels  o f  Generator Coord i -  
n a t e  Method (GCM) i s  employed t o  s tudy c o l l i s i o n s  a t  CM energ ies  up t o  
3 0  MeV, f o r  a l l  r e l e v a n t  p a r t i a 1  waves. A l though t h e  p r e d i c t i o n s  o f  t h e  
OCM a r e  c o n s i s t e n t  w i t h  "exact" RGM r e s u l t s  i n  bo th  cases, t h e  n u c l e a r  
p h a s e- s h i f t s  ob ta ined  w i t h  t h e  e f f e c t i v e  p o t e n t i a l  a r e  b e t t e r .  We no- 
t i c e  t h e  presence o f  a m b i g u i t i e s  i n  t h e  d e r i v a t i o n  o f  V The n a t u r e  
o f  such a m b i g u i t i e s  i s  d iscussed.  

e f f '  

1. INTRODUCTION 

I n  t h e  l a s t  decade t h e  e f f e c t s  o f  P a u l i  P r i n c i p l e  i n c o l l i s i o n s  

o f  l i g h t  heavy ions  have been s t u d i e d  by severa1 authors
l

. These e f f e c t s  

can be e x a c t l y  accounted f o r  i n  m ic roscop ic  t h e o r i e s  as t h e  Resonating 

Group ~ e t h o d " '  (RGM) o r  t h e  b a s i c a l  l y  equ i va  l e n t  Generator Coord i n a t e  

~ e t h o d " ~  (GCM), which have t h e  a d d i t i o n a l  advantage o f  a l l o w i n g  a  

d e s c r i p t i o n  o f  t h e  nuc leus- nucleus p o t e n t i a l  i n  te rmso fnuc leon- nuc leon  

i n t e r a c t i o n s .  The RGM leads t o  a  Schr;dinger-type equa t ion  f o r  t h e  

r e l a t i v e  mot ion w i t h  a  l o c a l  f o l d i n g  p o t e n t i a l  p l u s  a  h i g h l y  c o m p l  i - 
ca ted  non- local  p o t e n t i a l  i n  which the  e f f e c t s  o f  t h e  Paul i P r  i n c  i p l  e  

a r e  f u l l y  conta ined.  A l though t h e  a p p l i c a t i o n  o f  these methods t o  p a i r s  

o f  v e r y  l i g h t  p a r t i c i e s  (n,a,He3,H3) i s  r e l a t i v e l y  easy, i t  becomes 

i n c r e a s i n g l y  more cornpl icated f o r  c o l l i s i o n s  between heav ie r  n u c l e i .  

As a  s imple a l t e r n a t i v e  f o r  such "exact" t h e o r i e s  S a i t o  p r o -  

posed t h e  O r t h o g o n a l i t y  Cond i t ion  ~ o d e l ~  (OCM). I n  t h e  OCM t h e  non- lo-  

c a l  p a r t  o f  t h e  RGM Hami l ton ian  i s  approximated by a  s imp le r  separable 

p o t e n t i a l ,  d e r i v e d  e x c l u s i v e l y  f rom t h e  l o c a l  RGM p o t e n t i a l ,  
VD , w i t h  

j e c t o r  o n t o  t h e  subspace o f  s t a t e s  s a t  i s f  y  i n g  t h e  

i t o ' s  model was s u c e s s f u l l y  ãppl  

p a r t  by t h e  CNPq and t h e  FINEP - 

i e d  t o  c o l l i s i o n  
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between v e r y  l i g h t  w c l e i ,  as a - p a r t i c l e s ,  b u t  i t p r o v e d a  poor approxirna- 

t i o n 5  t o  c a l c u l a t i o n s  based on some commonly used n u c l e o n- n u c l e o n  i n -  

t e r a c t i o n s  o r  t o  c o l l i s i o n s  between heav ie r  systems, where i t  would be 

most u s e f u l .  

The v a l i d i t y  o f  t h e  OCM can, however, beextended6 i f  i t  i s  based 

on c o n v e n i e n t l y  chosen e f f e c t i v e  l o c a l  p o t e n t i a l s ,  r a t h e r  than  on t h e  

l o c a l  p a r t  o f  t h e  RGM p o t e n t i a l .  I n  r e f .  5 a  p r e s c r i p t i o n  f o r  d e r i v i n g  

such e f f e c t i v e  p o t e n t i a l s  was in t roduced.  T h i s  p r e s c r i p t i o n  was used t o  

s tudy 5 a  - (X and 160-160 s c a t t e r i n g  and a l s o 7  t h e  c o l l  i s i o n  o f  a -par -  

t i c l e s  w i t h  n, 3~ and 3 ~ e .  The r e s u l t s  ob ta ined  f o r  t h e  v e r y  l i g h t  sys-  

tems were q u i t e  good, i n c l u d i n g  those o f  c a l c u l a t i o n s  w i t h  nucleon-nu- 

c leon  i n t e r a c t i o n s  f o r  which t h e  o r i g i n a l  v e r s i o n  o f  t h e  OCM, w i t h  t h e  

p o t e n t i a l  V f a i l e d .  On t h e  o t h e r  hand, t h e  r e s u l t s  f o r  1 6 0 - l 6  
D' 

O s c a t -  

t e r i n g  were u n s a t i s f a c t o r y ,  i n  s p i t e  o f  be ing b e t t e r  than those o f  t h e  

OCM w i t h  t h e  RGM p o t e n t i a l  . v~ 
The p resen t  paper i s  concerned w i t h  t h e  d e r i v a t i o n o f e f f e c t i v e  

p o t e n t i a l s  f o r  t h e  OCM. The technique o f  r e f .  5 i s  used t o  c tudy t h e  

c011 i s i o n  a-160, a  problem between a- a s c a t t e r i n g ,  w h e r e  i t  proved 

successfu l  , and 160-160 scat ter ing,where i t  d i d  n o t  work v e r y  wel I .  

I n  s e c t i o n  2  we p resen t  t h e  b a s i c  r e s u l t s  o f  t h e  RGM, t h e  GCM 

and t h e  OCM and show how e f f e c t i v e  p o t e n t i a l s  f o r  S a i t o ' s  equa t ion  can 

be d e r i v e d  f rom GCM k e r n e l s .  I n  s e c t i o n  3 we app ly  t h e  OCM t o  a-160 

s c a t t e r i n g .  The r e s u l t s  a r e  compared t o  "exact" r e s u l t s  o f  the  RGM and 

the  d e t a i l s  o f  t h e  d e r i v a t i o n  o f  e f f e c t i v e  p o t e n t i a l s  a r e  c r i t i c a l l y  

d iscussed.  F i n a l l y ,  i n  s e c t i o n  4 we surnmarize t h e  conc lus ions  o f  t h e  

p resen t  work. 

2. MICROSCOPIC THEORIES FOR SCATTERING - GCM, RGM, OCM 

2.1. The Generator Coord inate Method 

I n  t h e  GCM t h e  many-body wave f u n c t i o n  i s  assumed t o  have t h e  

forml' 

+ 
The genera to r  f u n c t i o n  @a(xl 

-f -f 
t i c l e  coord ina tes  x,, . . .xA of t h e  nuc 

generator  c ~ o r d i n a t e s ,  represented by 

-f , . . . x ) i s  a  f u n c t i o n  o f  s i n g l e  par -  A 
leons, and a  s e t  o f  parameters, t h e  

a. The weight  f u n c t i o n  f(a),which 



p l a y s  the  r o l e  o f  a  wave funct: ion i n  t h e  GCM, i s  determined f rom t h e  

dynamic c o n d i t i o n  

G C  a<$ ~ H ~ E I ~ ~ ~ >  = O (2) 

f o r  v a r i a t i o n s  o f  OGC through changes i n  f ( ~ ) .  I n  eq. (2) ffT i s  t h e  many 

-body Hami l ton ian  and E i s  t h e  t o t a l  energy o f  t h e  system. 

The v a r i a t l o n a l  Principie expressed i n  eq. (2) leads t o  t h e  

G r i f f i n - H i l l - W h e e l e r  (GHW) equa t ion  f o r  the  weight  f u n c t i o n  

where I"(a,al) and H(a,al)  a r e  r e s p e c t i v e l y  t h e  o v e r l a p  and Hami l ton ian  

Kernels  g iven  by 

The GCM p rov ides  good approx imat ions f o r  t h e  many-body problem 

when t h e  s o l u t i o n  sought i s  n e a r l y  con ta ined  i n  t h e  subspace spanned 

by the  generator  f u n c t i o n s  ( ~ q .  ( 1 ) )  . The success o f  t h e  GCM depends 

d r a s t i c a l l y ,  t h e r e f o r e ,  on t h e  cho ice  o f  t h e  genera to r  coord ina tes  a. 

We a r e  concerned here w i t h  the  a p p l i c a t i o n  o f  t h e  GCM t o  sca t -  

t e r i n g  problems. I n  t h e  c o l l i s i o n  o f  two n u c l e i  w i t h  mass numbers A, 

and A 2  t h e  generator  c o o r d i n a t e s  a r e  chosen t o  be t h e  components o f  a  
-+ 

v e c t o r  Q separa t ing  t h e  c e n t e r s  o f  two p o t e n t i a l  w e l l s  t o  which A, and 

A, nucleons, r e s p e c t i v e l y ,  a r e  assumed t o  be bound. The genera to r  func-  

t i o n  i s  w r i t t e n  i n  t h e  form 

where $4" and $ i 2 )  a r e  S l a t e r  determinants d e s c r i b i n g  s i n g l e  p a r t i c l e  

mot ions o f  Al and A, nucleons, r e s p e c t i v e l y .  & i s  an o p e r a t o r  which 

takes care  o f  t h e  a n t i s y m m e t r i z a t i o n  between nucleons o f d i f f e r e n t  f r a g -  
( 2 )  ments. i n  most p r a c t i c a l  s i t u a t i o n s  t h e  wave f u n c t i o n s  $4') and % 

a r e  b u l l t  w i t h  harmonic o s c i l l a t o r  o r b i t a l s  w i t h  the  çame o s c i l l a t o r  

lengh t .  I n  such cases the  genera to r  f u n c t i o n  f a c t o r i z e s  as 



I n  eq.(6) (bCM i s  the center  o f  mass wave f u n c t l o n  and 
(2) 

( 1 ) ( 6 i )  ' i n t  
and @lnt(<z) a re  func t ions  o f  i n te rna l  coordlnates 5, and 5, , de- 

sc r l b ing  the motlon o f  the nucleons i n  each fragment w i t h  respect t o  
+ - h  

i t s  center  o f  mass. The func t i on  r (x ,a)  I s  a gausslan packet 

w i t h  the w id th  B expressed I n  terms of the o s c l l l a t o r  length  b as 

For p r a c t i c a l  purposes i t  i s  convenient t o  work w i t h  the r e l a -  

t i v e  Hamilt.onian H r ,  obtained by e x t r a c t i n g  the i n te rna l  energies o f  

the fragmerits from the many-body Hamiltonian HT. The sca t te r i ng  energy 
- + - h  

E replaces then the t o t a l  energy E and the GCM kernel ~ ( a , a l )  takes the 

form 

As i t  f requent ly  happens i n  low-energy nuc 

convenient t o  make p a r t i a 1  wave expansions and  so 

equations f o r  each R value. With the expansions 

l e a r  physics i t  i s  

I v e  the r e s u l  t i n g  

(1 oa) 

" " 1 
K"(a,al)= ela' 1 Q(a,al) Y&((S) Yh(Q1) (10b) 

h a 

the scat ter . lng problem i s  reduced t o  so lv ing  a set  o f  angular momen- 

tum pro jec ted GHW equations 

The f i r s t  step i n  apply ing the GCM 

the ca l cu la t i on  o f  the kernels fR(a,al).  Th 

t o  nuclear s c a t t e r i n g  i s  

i s  c a l c u l a t i o n  can be done 

more eas i l y  i f  the generator funct ions o f  eq. (9)  are  put  i n  the form 

o f  a s lng le  (Al+Az)-dimensional S la ter  determinant. With t h i s  procedure 

zk(a,al) can be expressed i n  terms o f  matrix-elements o f  one-body and 



two-body operators in a basis of Slater deterrninants which can be 

handled8 by commonl y used shel 1 rnodel techniques. The GHW equat ion shoul d 

then be solved with scattering boundary condition. This is usually done 

on the basis of the cornection (eqs. (21) and (22) of sec. 2.2) between 

the GCM and the RGM. 

2. The Resonating Group Method 

The Resonating Group Method was introduced by wheeler9 as a 

molecular description of clustering phenomena in nuclei. If the nucleus 

has the tendency to group in two clusters having rnass numbers A, and A, 

the rriany-body wave function is approxirnated as 

+ 
In the above expression g(r) describes the relative motionof t w ~  clus- 

-f (1) (2) 
ters of rnasses A, and A,, separated by the distance r, and $int , 'int' 
OCM and have the same rneaning as in the previous section. 

The relative wave function is then deterrnined by a variational 

principie as that of eq. ( 3 1 ,  for vsriations of $RG through changes in 

g($). I t is cunvenient to rewri te the "Ansatz" of eq. (12a) in the form 

Using eq. (12b) in the variational condition of eq. 

integral form of the RGM equation 

(12b) 

3) one obtains the 

+- + + + 
where A(x,zl) and H(x,xl) are, respectively, the overlap and the Hamil- 

tonian RGM kernels, 

In order to get the usual integro-differential form of the RGM 

equation the identity 1 is extracted frorn the antisymmetrizer 

d = l - o  



When t h e  nucleon-nucleon i n t e r a c t i o n  v i n  t h e  many-body Hami l t o n  i a n  i j 
depends l o c a l l y  on  nuc leon separa t ions  t h e  i d e n t i t y  i n e q .  (15) g i v e s  

-+ -+ 
r i s e  t o  a  l o c a l  p a r t  i n  K ( x , x l )  and the  RGM equat ions  takes t h e  i n t e g r o  

- d i f f e r e n t i a l  form 

where !.I i s  t h e  reduced mass and 

Equat ion (16) i s  a  ~ c h r g d i n ~ e r  equa t ion  w i t h  a  f o l d i n g  model 
+ + 

type  l o c a l  p o t e n t i a l  VD p l u s  a  s h o r t - r a n g e *  non- local  p o t e n t i a l  S(x,xl), 

r e s u l  t i n g  From t h e  exchange o p e r a t o r  0. 
-+ + + 

W i  t h  p a r t  ia1 waves expans i o n  o f  S (x ,x l )  and g(x), analogous t o  

eqs. (10a) and (1 Ob), t h e  angu la r  momentum p r o j e c t e d  equat i o n  

(18) 

i s  ob ta  i ned. 

I r i  a p p l i c a t i o n s  o f  t h e  RGM t o  nuc lear  s c a t t e r i n g  the  main d i f -  

f i c u l t y  rer i ides i n  t h e ~ c a l c u l a t i o n  o f  the  non- loca l  ke rne l  ~ ( x , x ' ) . T h i s  

k e r n e l ,  which i s  much more cornpl icated than those o f  t h e  GCM, i s u s u a l l y  

ob ta ined  by t h e  u n f o l d i n g  o f  eq. (22) .  

li: w i l l  prove convenient  t o  in t roduce  t h e  e i g e n f u n c t i o n s  o f t h e  

RGM o v e r l a p  k e r n e l ,  d e f i n e d  by the  c o n d i t i o n  

The o p e r a t o r  A and i t s  e i g e n f u n c t i o n s  w i l l  p l a y  a  r e l e v a n t  r o l e  i n  sec- 

t i o n  2.3. F\ spec ia l  c l a s s  o f  such e i g e n f u n c t i o n s  a r e  t h e  redundant 

s t a t e s  yj, which have e igenval  ues equal t o  zero.  These e i g e n f u n c t  ions4  

a r e  t r i v i a l  s o l u t i o n s  o f  t h e  RGM equat ion .  They v i o l a t e  P a u l i  Principie 

* F o r  ident : ica l  f r a g m e n t s l O a n a d d i t i o n a l  l ong  range p o t e n t i a l  p ro -  
+ -+ + + 

p o r t i o n a l  t:o G(x+xl) i s  con ta ined  i n  S ( x , x l ) .  



and lead t o  i d e n t i c a l l y  vanishing RGM many-body wave func t i on  (eq.12b). 
-f 

The redundant states g i ve  r i s e  t o  ambigui t i e s  i n  the wave func t i on  g ( x )  

s ince new so lu t ions  can be obtained by the add i t i on  o f  a r b i t r a r y  combi- 

na t ions  of redundant states.  To overcome t h i s  d i f f i c u l t y  one def ines a  

redundancy f ree RGM wave func t  ion* g 

w i t h  the he lp  o f  the p ro jec to r  A t ha t  e l l rn inates the cornponents o f  g 

i n  the subspace spanned by the redundant s ta tes .  

2.2.1 - The equivalence between RGM and GCM 

As long as the GCM generator f unc t i on  fac to r i zes  i n  the form 

o f  eq. ( 6 )  the RGM and the GCM are  equivalent  methods. Using the fac-  

to r i zed  @* i n  eq. (1) and cornparing t o  eq. (12b) one gets the r e l a t i o n  
a  

g 6 )  = j r C , 8 )  jy;) d3g (21 

Fol lowing the same procedure i t  i s  s t ra igh t fo rward  t o  show tha t  GCM 

kernels and RGM kernels are  connected by the double f o l d i n g  r e l a t i o n  

- + + - + +  
wi t h  analogous expressions f o r  ~ ( a , a ' )  and ~ ( a , a ' ) .  Expressions (21) and 

(22) can be used f o r  each pa r t i a1  wave w i t h  the replacement o f  r(;,;) 
1 o 

by rQ(x,a) and d 3 x  by h. 

I n  ac tua l  app l i ca t i ons  o f  the RGM o r  the GCM i t  i s  o f  utrnost 

importance tha t  the r e l a t i o n s  (21) and (22) hold.  For t h i s  reason Har- 

monic O s c i l l a t o r  o r b i t a l s  w i t h  the same o s c i l l a t o r  lenght a re  comrnonly 

used i n  the desc r i p t i on  o f  the interna1 motion o f  the fragments. 

2.3. Approximate treatment o f  the Paul i  P r i n c i p l e  - The OCM 

The GCM and the RGM are microscopic theor ies  i n  which a n t i -  

symmetrization e f f e c t s  are  f u l l y  accounted f o r .  These rnethods have been 

app l ied  t o  c o l l i s i o n s  invo lv ing  few nucleons and t o  c o l l i s i o n s  between 

heavier doublyclosed she l l  nucleiwithA640. For other cases, however, the 

c a l c u l a t i o n  o f  kernels i s  p r o h i b i t i v e l y  cornplicated and the app l i ca t i on  

o f  such theor ies  i s  d i f f i c u l t .  This s i t u a t i o n  led t o  s imp l i f i ed  
* 

For compactness, vector  no ta t i on  w i l l  be used. 



microscopic theor ies,  l i k e  the OCM, i n  which the Pau l i  P r i n c i p l e  i s  

t rea ted approximately and non- loca l i t i es  are  more e a s i l y  handled. 

The OCM i s  an approximate vers ion  o f  the R e s o n a t i n g  Group 

Method based on the assumption tha t  the RGM kernels ç a t i s f y  the con- 

d i t l o n s  

A = A  (23a) 

I n  eqs. (2:i), w r i t t e n  compactly i n  terms o f  operators, T = - H 2  V:/ 2p 
-+ x 

i s  the x-space k i n e t i c  energy operator .  

It: can be e a s i l y  shown tha t  eq. (23a) i s  exac t l y  sat is f iedwhen 

a l l  non-zero eigenvalues o f  A a re  equal t o  one. I n  c o l l i s i o n s  between 

very l i g h t  nuc le i ,  as a- pa r t i c l es ,  one i s  very c lose t o  t h i s  idea l ized 

s i t u a t i o n  and the approximation i n  eq. (23a) i s  f u l l y  j u s t i f i e d .  

I t .  could be argued tha t  the sirnplest approximation f o r  H would 

be B = T+VL,, completely neg lec t ing  antysymmetrization e f f ec t s  i n  the 

hami l tonian kerne l .  This would not ,  however, be good enough. Antisym- 

rnetr izat ior i  e f f e c t s  should be considered a t  l eas t  t o  the ex tent  t ha t  the 

hami l tonian kernel keeps the proper ty  o f  a n n i h i l a t i n g  redundant s ta tes .  

The simplest Hermi t i a n  approximation according t o  t h i s  c r i  t e r i a  i s  t h a t  

o f  eq. (23b) . 
Using expressions (23a) and (23b) i n  the RGM equat ion one gets 

A(T+v*) IÜ> = E 16, (24b) 

w i  t h  

1; > =  A = (25) 

Eq. (24b) i s  the Sai t o  OCM equation. 

I t  happens f requent ly,  however, t ha t  cond i t ions  (23a) and (23b) 

are  not  met. In  such cases i t  i s  necessary t o  go beyond theconvent ional  

OCM and loo,k f o r  a be t te r  approximation t o  the RGM non- loca l i t y .  For 

t h i s  purpose one s t a r t s  by de f i n ing  e f f e c t i v e  po ten t i a l s  Veff by the 

cond i t ion 



I n  eq. (26) A"' i s  the  square r o o t  o f  t h e  RGM o v e r l a p  opera to r ,  g i ven  

by 
AI/2 = C $ <)?I (27) 

i 

where y5> and y have been def i ned i n eq. (1 9 ) .  The RGM equat i o n  can i 
then be wr i t t e n 6  

where I X >  a r e  the  renormal i zed  RGM s t a t e s  

Ix> = A  1 / 2  l g> 

The problem o f  f i n d i n g  approx imat ions t o  the  RGM i s  then re-  

duced t o  f i n d i n g  s imple p o t e n t i a l s  f o r  which eq. (26) i s  n e a r l y  s a t i s -  

f i e d .  I t  can be e a s i l y  shown t h a t  t h e  p o t e n t i a l  VD has such a f e a t u r e  

when t h e  condi  t ions f o r  appl  y  i n g  t h e  OCM (eq. 23a,b) ho ld .  On the  o t h e r  

hand, when t h i s  i s  n o t  t h e  case, a  s imp le  approx imat ion  f o r  e f f  Can 
s t i l l  be sought.  T h i s  problem was s t u d i e d  i n  r e f . 5 .  Since Gaussiansare 

convenient  f o r  c a l c u l a t i o n a l  purposes t h e  p o t e n t i a l  waç pararnetr ized 

as  a sum o f  M Gauss 

To a v o i d  d e a l i n g  wi 

ans, 

M 

h h i g h l  y  cornpl i c a t e d  RGM ke rne ls ,  eq. (26) was r e -  

p laced by an e q u i v a l e n t  r e l a t i o n 5  i n v o l v i n g  GCM ke rne l  s  

The parameters o f  t h e  p o t e n t i a l  (eq. 30) should then be chosen by f i t -  - 
t i n g  a s e l e c t e d  s e t  o f  GCM k e r n e l s  H(ai,a .) wi t h  the corresponding m a t r i x  

3 
elements o f  eq. (31) .  For t h e  sake o f  keeping t h e  c a l c u l a t i o n  simple t h e  

parameters {a ,Vm} were a d j u s t e d  as t o  reproduce t h e  GCM energy s u r f a c e  rn 
E (;a. 

w i t h  t h e  mat r i x- e lements  



+ 
a t  N e q u a l l y  spaced va lues o f  the  generator  c o o r d i n a t e  ai, taken a long  

- +  + 
t h e  z - a x i s .  The d i v i s i o n  by l(ai,ai) i s  t o  emphasize t h e  f a c t  t h a t  t h e  

GCM hami1t:onian k e r n e l s  should be c a l c u l a t e d  w i t h  normal ized genera to r  
-+ 

f u n c t i o n s  @(ai). 

A t r i v i a l  improvement o f  t h e  method o u t l i n e d  above i s  t h e  i n -  

t r o d u c t i o n  o f  p a r i t y  dependence. ! n  t h i s  case t h e  p o t e n t i a l  i s  w r i t t e n  

(4) (-1 
Veff = Veff P  + Veff ( I+) (34) 

where P  i s  the  p r o j e c t o r  on the  space o f  p o s i t i v e  p a r i t y  s t a t e s ,  and 

3. APPLICATION OF OCM TO a - 160 SCATTERING 

3.1. E f f e c t i v e  p o t e n t i a l s  

I n  t h i s  s e c t i o n  we app ly  t h e  OCM t o  a-"O s c a t t e r i n g  u s i n g  

b o t h  the  p o t e n t i a l  VD and t h e  e f f e c t i v e  p o t e n t i a l  o f  eqs. (30) and (31). 

I n  o u r  c a l c u l a t i o n s  t h e  many-body nuc lear  p o t e n t i a l  was ex-  

pressed i n  terms o f  Vo! kov V2 l 1  nucleon-nucleon i n t e r a c t i o n s  wi t h  the  

forrn 

where PM i s  the  Majorana exchange o p e r a t o r  and t h e  parameters M,al,a2, 

v i ,  v2 hav~z t h e  va lues  
a1  = 1.8 fm v i  = -60.65 MeV 

a2 = 1.01 fm V2 = 61.14 MeV M = 0.621 

I n t r i n s e c  wave f u n c t i o n s  were descr ibed  by harmonic o s c i l l a t o r s  o r b i t a l s  

w i t h  t h e  l e n g t h  b = 1.62 fm (Eu = 15.81 MeV). I n  t h i s  case the  e igen-  

s t a t e s  o f  .4 (eq. (19) )  a r e  harmonic o s c i l l a t o r  s t a t e s  w i  t h  w i d t h  

6 = 0.91 fin (eq. ( 8 ) )  hav ing  t h e  eigenvalues12 represented i n  f i g .  1. 

The e i g h t  lowest  s t a t e s  w i t h  N = O,], ..., 7 a r e  redundant.  



F ig .1  - Eigenvalues vN f o r  the  a-160 system. N = N +ri +N f 2n+R i s  t h e  
X Y Z  

t o t a l  number o f  phonons i n  t h e  o s c i l l a t o r  w.f. F u l l  c i r c l e s  and open 

c i r c l e s  correspond t o  even and odd ' p a r i t y  s t a t e s ,  r e s p e c t i v e l y .  

The l o c a l  p a r t  o f  t h e  RGM p o t e n t i a l  f o r  a-160 s c a t t e r i n g  i s  a 

sum o f  two terms. A nuc lear  term ( r  h i g i v e n  a n a l y t i c a l l y  
1 3  

i n  r e f .  13 and p i c t u r e d  i n  f i g .  3., and t h e  Coulomb term 

e r f  ( x )  be ing  t h e  usual e r r o r  f u n c t i o n .  

The e f f e c t i v e  p o t e n t i a l  i s a l s o  w r i  t t e n  as  a sum o f  two terms, 

(C The Coulomb term Veff ( r )  i s approximated by V:) (r) (eq. (38 ) )  w h i l e  

("I i s d e r i v e d  f r o m  t h e  GCM energy ç u r f a c e  - e x c l u d i n g  t h e  Coulomb 
e f f 
p a r t  - by t h e  technique o u t l i n e d  i n  t h e  p rev ious  s e c t i o n .  i s ex-  

panded as  a sum o f  f o u r  Gaussians (eq. (30))  and t h e  parameters {V,, . . . , 
V,; a,, ... a,) a r e  determined by comparing t h e  q u a n t i t i e s  (32) and (33) 

a t  20 e q u i d i s t a n t  p o i n t s  a = 0.5, 1.0, ..., 10.0 fm and m i n i m i z i n g  t h e  

rms d e v i a t i o n .  By t h i s  procedure we o b t a i n  t h e  parameters l i s t e d  i n  

t a b l e  1, w i t h  an rrns d e v i a t i o n  A = 0.05 MeV. 

F i g .  2 i l l u s t r a t e s  the  dependence o f  t h e  f i t  on t h e  number o f  

Gaussiãns used. The exac t  energy s u r f a c e  i s  compared t o  va lues  f i t t e d  

w i t h  one (A  = 0.4 M ~ V )  , two (A = 0.2 M ~ V )  ãnd f o u r  Gaussians. The com- 



F ig .2  - The a-160 energy 
su r face  (wi t h o u t  Coulomb 
c o n t r i b u t i o n ) .  The so l  i d  
l i n e  i s  the  m ic roscop i -  
caIlycalculatedexpression 
(32) and the  o t h e r s  a r e  
ob ta ined  by i n s e r t i n g  l o -  
c a l  p o t e n t i a l s  i n t o  t h e  
express ion (33) .  The d o t -  
ted 1 i n e  i s  ob ta ined  w i t h  
V and the  dashed and d o t  
-$ashed l i n e s  a r e o b t a i n e d  
w i t h  e f f e c t i v e  p o t e n t i a l s  
f i t t e d  w i t h  one and two 
gaussians, respec t  i v e l  y .  
The f i t w i t h  f o u r  gaussians 
i s  i n d i s t i n g u i s h a b l e  f rom 
t h e  exac t  k e r n e l .  

F ig .3 - P o t e n t i a l s  f o r  t h e  
OCM. The s o l i d  l i n e  i s  
Veff; the  dashed and d o t -  
-dashed l i n e s  a r e  t h e p a r -  
i t y  p r o j e c t e d  e f  f e c t - i v e  
p o t e n t i a l s  cff and Veff, 
r e s p e c t i v e l y ,  and t h e d o t -  
ted  l i n e  i s  the  l o c a l  p a r t  
VD o f  the  RGM. 



p a r l s o n  shows t h a t  va lues ob ta ined  w i t h  one o r  two Gaussians a r e c l e a r l y  

poore r .  

The procedure descr ibed  above i s  a l s o  f o l l o w e d  t o  c a l c u l a t e  

e f f e c t i v e  p o t e n t i a l s  V") f o r  even and odd waves. These p o t e n t i a l s  were 
e f  f 

d e r i v e d  f rom p a r i t y  p r o j e s t e d  energy su r faces  E ( ' )  obta ined  f rom eq. 
- + +  

(36c), w i t h  an analogous d e f i n i t i o n  f o r  ~(ol,ol) .  Using fcur Gaussians i n  

expansion (30) We f i t E") w i t h  rms d c v i a t i o n s  o f  the  same o r d e r  as 

t h a t  f o r  unpro jec ted  p o t e n t i a l s .  

The e f f e c t i v e  p o t e n t i a l s  Veff ,  V:,, and .éff ob ta ined  i n  t h e  

p resen t  work a r e  shown i n  f i g .  3 .  For cornparison the p o t e n t i a l  VD i s  

a i s o  shown. The f i r s t  p o i n t  t o  be n o t i c e d  i s  t h a t  t h e  p a r i t y  p r o j e c t i o n  

has a  v e r y  weak e f f e c t .  The p o t e n t i a l s  f o r  odd and even waves, (-1 
'eff 

and V':;, a r e  v e r y  c i o s e  t o  \ff, except  a t  small  separa t ions  r 5 1 fm 

where these p o t e n t i a l s  d i f f e r  s l i g h t l y .  The d i r e c t  RGM p o t e n t i a l s  VPon 

the  o t h e r  hand, i s  n o t  so c l o s e  t o  V Al though bo th  p o t e n t i a l s  have 
e f f '  

t h e  same t a i l  t h e r e  i s  some d iscrepancy between 2.5 and 5 fm and con- 

s i d e r a b l e  d i f f e r e n c e s  a t  r < 2.5 fm. 

Table 1 - P a r a m e t e r s  o f  t h e  f o u r  
gaussians e f f e c t i v e  p o t e n t i a l .  

The a-160 p h a s e- s h i f t s  ob ta ined  by s o l v i n g  the  OCM equa t ion  

w i t h  the  p o t e n t i a l  VD and Veff a r e  shown i n  f i g s .  4 and 5,  toge ther  w i t h  

"exact" RGM v a ~ u e s ' ~ .  The c a l c u l a t  ions were performed a t  C.M. energ ies  

up t o  30 MeV f o r  t h e  r e l e v a n t  p a r t i a l  waves R = O,1, ..., 10,11.Thephases 

a r e  drawn so t h a t  they  converge t o  ze ro  i n  t h e  h i g h  energy l i m i t .  T h e i r  

t h r e s h o l d  v a l u e  isl ' 

where mg i s  t h e  number o f  bound s t a t e s  i n  t h e  p a r t i a l  wave R and nll i s  

t h e  number o f  redundant s t a t e s  g i v e n  by nR = 4-R/2 f o r  even waves and 



Fig.5 - Phase-shifts for odd-R. 
O 

The notations are the same as 

in fig.4. 

Fig.4 - Phase-shifts foreven- 
-R. The sol id lines are the 

results of a full RGM calcu- 

lation; the dashed and dotted 

l i n e s  a r e  obtained by solv ing 
the OCM with the potentials 

Veff and VD , respectively. 



nR = 4-(R-1 ) /2  f o r  odd waves. 

The agreement between "exact" p h a s e- s h i f t s  and p h a s e- s h i f t s  

ob ta ined  by t h e  OCM w i t h  Veff i s  v a r i a b l e .  I t  i s  good f o r  R=4, ve rygood  

f o r  R=6 and 8 and f a i  r f o r  R=0,2 and 10. For odd waves, where t h e  OCM 

c a l c u l a t i o n  seems t o  be more accurate,  t h e  agreement i s  good f o r  R=l and 

3 and v e r y  good f o r  the remain ing waves. 

On t h e  o t h e r  hand, t h e  phase- sh i f t s  ob ta ined  by t h e  OCM w i t h  

the  p o t e n t i a l  V a r e  c o n s i s t e n t l y  s a t i s f a c t o r y  f o r  a1 1 waves ( S I  i g h t l y  
D 

b e t t e r  f o r  odd waves) . The o v e r a l  1 agreement i s, h o w e v e r  , d e f i n i  te1  y  

poorer  than i n  t h e  p rev ious  case. 

The p h a s e- s h i f t s  ob ta ined  i n  b o t h  OCM c a l c u l a t i o n s  ( w i t h  Veff 
and wi t h  vD) as wel 1 as the  "exact" p h a s e- s h i f t s  show bands o f  reson-  

ances; two bands f o r  even waves and one band f o r  odd waves. The reson- 

ance energ ies ob ta ined  f rom each c a l c u l a t i o n  a r e  l i s t e d  i n  t a b l e  2, f o r  

even-R bands, and t a b l e  3, f o r  t h e  odd-R band. Wi th  t h e  excep t ion  o f  a  

few resonances the  energ ies  p r e d i c t e d  by b o t h  ve rs ions  o f  the  OCM a r e  

c o n s i s t e n t  w i t h  those o f  the  RGM. One can n o t i c e  a l s o  t h a t  t h e  p r e d i c -  

t i o n s  w i t h  t h e  p o t e n t i a l  V a r e  s l i g h t l y  b e t t e r .  
e f f  

Table 2 - Even-waves resonance energ i es. Ebf f  ( E & ~ )  and 
1 

E ~ ~ ( E ; ~ )  a r e  energ ies  (MeV) f o r  t h e  f i r s t  (second) band, ob ta ined  w i  t h  

t h e  RGM and t h e  OCM w i t h  Veff and VD, r e s p e c t i v e l y .  

1 b o u n d  b o u n d  b o u n d  2 . 9  8 .1  'exac t 
- 



Table 3 - Odd-waves resonance energies. The no ta t i on  i s  the same as i n  

t ab le  2 .  

1 
e x a c  t bound 1 .6 

3.3. Ambiguit ies i n  the e f f e c t i v e  po ten t i a l  

I n  t h i s  subsection we study the dependence o f  e f f e c t i v e  poten- 

t i a l s  and correspondlng OCMphase-shifts on d e t a i l s o f t h e  parametrization 

o f  eq. ( 3 0 ) .  For t h i s  purpose we compare the p o t e n t i a l s  V (a (b) 
e f f  and 'eff 

and the phase-shifts and 6 a b ) ,  der ived from two sets o f  parameters R 
(b) (b) . (b) (a), . . . a(a) }  and { V ,  . . V , ,  , a, , . . . a ( b ) } . ~ i t h  both {v l (a! . . .vp) ;  a1 

sets the G1:M energy surface i s  f i t t e d  w i t h  very small rms dev ia t i on  

(8-0.05 MeV) . The po ten t i a l  s V (a (b) 
e f f  

an'ibYeff a re  shown i n  f i g .  6, which 

a1 so includes VD. A1 though and Veff have the same t a i l  these poten- 

t i a l s  d i f f a r  considerably a: r 5 2fm. I n  f i g s .  7 and 8 the phase-shifts 

6:) and 6 i b )  a re  p i c tu red  f o r  R=5 and k=6, respect ive ly .  "Exact" RGM 

phase-shif t s  a re  a l  so shown. Aga in, the  sets o f  parameters 5 and lead 
(a t o  s i g n i f i c a n t l y  d i f f e r e n t  resu l t s .  I n  both cases the phase- shi f ts  ?iR 

and 6Lb) d i f f e r  by -20 degrees. For the sharp resonance the s i t u a t i o n  

i s  s t i l l  wOrse. While the resonance energies pred ic ted w i t h  a re  

not  f a r  from the "exact" values, the r e s u l t s  obtained w i t h  t hepo ten t i a l  
(b) Veff a re  much poorer. The resonance a t  R = 5  i s  missed by -2 MeV and tha t  

a t  R=6 appears as a bound s ta te .  

The existence o f  the above ambigui t ies i s  an unpleasant fea ture  

o f  the technique used t o  der ive  the e f f e c t i v e  p o t e n t i a l .  The source o f  

t h i s  d i f f i c u l t y  could be i n  the unfold ing o f  the convoluted ma t r i x -e l -  

ements o f  eq.(33), t o  der ive  the e f f e c t i v e  po ten t i a l .  The deconvolution 

o f  such expressions i s  a d i f f i c u l t  operat ion which may become worse i f  

the po ten t i a l  i s  expressed i n  terms of a la rge number of porameters and 



Fig.6 - Ambiguit ies i n  the e f f ec -  

(a )  and t i v e  po ten t i a l s .  VD, Veff 

a re  def  ined i n  the t e x t .  

F ig .  7 - The a-160 phase-shifts f o r  R = 5. The 
s o l l d  l l n e  i s  the r e s u l t  o f  a  f u l l  RGM calcu- 
l a t i o n ;  the dashed and dot-dashed l i n e s  are  t e  

respect i v e l  y. 

P r e s u l t s  o f  the OCM equation w i t h  ~ 2 i  and 



F ig .8  - The a-160 p h a s e- s h i f t s  f o r  R-6. The no- 
t a t i o n  a r e  t h e  same as  i n  f i g .  7.  N o t i c e  t h a t  
t h e  sharp resona c p r e d i c t e d  by t h e  RGMcalcu- 

s t a t e .  
I b7 l a t i o n  f o r  the  Veff case appears as a bound 

these parar ie ters  a r e  chosen t o  f i t  t h e  convo lu ted  m a t r i x  elements w i t h  

g r e a t  accuracy. I n  some cases t h e  u n f o l d i n g  can be improved by s imp ly  

reduc ing  t h e  number o f  parameters and a l  lowing f o r  some inaccuracy i n  

i n  t h e  f i t .  Having t h i s  i n  mind we performed c a l c u l a t i o n s  w i t h  Veff 

parametr ized i n  terms o f  t h r e e  and. two gaussians w i t h  t h e  r e s u l t  t h a t  t h e  

use o f  t h r e e  gaussians l e d  t o  a m b i g u i t i e s  o f  t h e  same k i n d  a n d t o s l i g h t l y  

poorer  phase s h i f t s  and w i t h  two gaussians t h e  phase s h i t s  were t o o  poor 

and some ambigu i t y  s t i l l  remained. The a m b i g u i t i e s  i n  Veff cannot , there-  

f o r e ,  be assoc ia ted  w i t h  t h e  use o f  t o o  many parameters i n  our  c a l c u-  

l a t i o n .  

A d i f f e r e n t  approach t o  handle t h i s  problem c o u l d  be f o l l o w e d  

by i n t r o d u c i n g  a few changes i n  t h e  p r e s c r i p t i o n 5  f o r  d e r i v i n g  t h e  e f -  

f e c t i v e  p o t e n t i a l .  The major  l i m i t a t i o n s  o f  such a p r e s c r i p t i o n ,  namely, 

r e s t r i c t i n g  the  f i t  t o  d iagonal  elements o f  t h e  GCM k e r n e l s  a t  a  s e t  o f  

e q u a l l y  spaced generator  c o o r d i n a t e  va lues,  can be p a r t l y  dropped. The 

i n c l u s i o n  o f  e x t r a  p o i n t s i n  the  v i c i n i t y  o f  the  minimum o f  t h e  energy 

su r face ,  which p l a y s  an impor tan t  r o l e  f o r  sharp resonances, i s s t r a i g h t -  
- +  + 

forward.  Of f -d iagona l  GCM k e r n e l r  ~ ( i r ~ , a . )  w i t h  ai and a long  t h e  same 
3 i 

d i r e c t i o n  can a l s o  be inc luded  w i t h o u t  a p p r e c i a b l e  co rnp l i ca t ion .  We be- 



lieve that this approach can lead to improvements in the effective po- 

tential and in the phase shifts. Presently a study aiong these lines is 

in progress. 

4. CONCLUSION 

The coll ision a-160 i s studied with microscopic theories. The 

OCM, using both the local part of the RGM potential and an effectivepo- 

tential derived from diagonal elements of GCM kernels, is used to 

derive nuclear phase-chifts in the partial waves R = O,], ..., 11,at C.M. 
energies up to 30 MeV. The calculations are performed withthecommonly 

used Volkov V2 interaction and the results are compared to "exact" RGM 

results. The OCM phase-shifts obtained with Veff are in good agreement 

with those of the RGM, specially for the partial waves R = 5, 6,7,8,9. 

The overall agreement is better for odd partial waves. The OCM phase- 

-shifts when calculated with VD are also consistent with those of the 

RGM, although they are poorer than in the former case. The improvement 

resulting from the use of V is appreciable. It is however less im- eff 
pressive than that for calculations5 with the Brink-Boeker16 BI interac- 

tion, for which the OCM with V fails entirely. D 
We study the sensitivity of the results to details of the 

parametrization of Veff. We f ind that this potential is ambiguous. We 

show that two equal ly good parametrizations (by the criteria of f it- 

ting our mesh of GCM kernels to the same r.m.s. deviation) can lead to 

rather different potentials and nuclear phase-shits. A detailed study 

of the origin of such ambiguities is presently in progress. 
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Resumo 

O uso de teo r i as  miscroscÔpicas aproximadas na co l  isso a-160 é 
investigado. O modelo da condição de or togonal  idade (OCM) com o poten- 
c i a l  d i r e t o  do Método do Grupo Ressonante (RGM) e também com um poten- 
c i a l  e fe t i vo ,  Vef+-, derivado a p a r t i r  de "Kernel s" do Método de Coorde- 
nada Geradora (GCM) é empregado para estudar co l  isÕes em energias (C.M.) 
a t é  30 MeV, para todas as ondas pa rc ia i s  relevantes. Embora as p r e v i -  
sões do OCM sejam consistentes com resultados "exatos" do RGM em ambos 
os casos, as defasagens obt idas  com o potenc ja l  e f e t i v o  são melhores. 
São constatadas ambiguidades na determinação de V A natureza destas 
ambiguidades é d i scu t i da .  e f f '  


