
Revista Brasileira de Flsica, Volume 13, n? 2, 1983 

Thermodynamics of s = X Magnetic Linear Chain 

ANTONIO CAL1 R I  and DANIEL MATTIS 

Physics Department, University of Utah, Salt Lake City, Utah,.USA 

Recebido em 14 de setembro de 1983 

Abstran We solve the thermal Hartree-Fock e q u a t i o n s f o r t h e  an i so t rop i c  
Heisenberg model i n  ID i n  the neighborhood o f  the exac t l y  s o l u b l e  XY 
model. This paper d isp lays  the s p e c i f i c  heat. 

1. INTRODUCTION 

The an iso t rop ic  Heisenberg Hamil tonian i s  c h a r a c t e r  i zed  by 

three coupl ing constants Jz, Jy, and Jz. The thermodynamics o f  t h e  

s=1/2 XY model ( ~ e i s e n b e r ~  model w i t h  J~=O) i s  exac t l y  ca lcu lab le  inone 

dimension (ID) by a  " t r i ck " :  t ransformat ion o f  spin operators S' i n t o  
n 

fermion c reat ion  and dest ruc t ion  operators c: and c% ' . ~ h e  an i so t rop i c  

Heisenberg model (Jz#O) cannot be so e a s i l y  reduced t o  quadrature; the 

ground s ta te  f o r  the cases Jx=J i s  ob ta inab le  by Bethels ansatz2 but 
Y  

the thermodynamics i s  g iven by formidable coupled nonl inear equations3, 

the v a l i d i t y  o f  which has not  been f u l l y  establ ished.  Our basic knowl- 

edge o f  the thermodynamics o f  s=1/2 magnetic systems i n  lD,comes,there- 

fore,  from numerical ex t rapo la t ions  on f i n i t e  chains4, and n o t  from 

fundamental theory. 

I n  t h i s  paper, we seize upon a  remark by severa1 researchers5 

t ha t  the elementary exc i t a t i ons  o f  magnetic systems i n  ID  are fermionic 

i .e.  " spin waves" ca r r y  sp in  one-hal f .  This is prec i se l y  the s i t u a t i o n  

f o r  the XY model, and suggests t ha t  the general an i so t rop i c  Heisenberg 

model may be modeled on the XY model. For the ground state,,thismodeling 

y i e l d s  exce l len t  resu l t s 6  i f  "exchange" and " cor re la t ion"  terms are  re-  

ta ined i n  the treatment o f  the per turbat ion ,  

For ~ J ~ J  IJ 1 o r  IJ I the exchange terms are  s u f f  i c i e n t ,  because the x  Y 
c o r r e l a t i o n  energy cont r ibu tes  on l y  o ( J ~ )  6 .  The " exchange"  c o n t r i -  

butions are  given exac t l y  by Hartree-Fock theory, and so we have the 



m o t i v a t i o n  f o r  t h e  present  work: We d e r i v e ,  and so lve ,  t h e r a t h e r  s imp le  

Hartree-Fock equat ions f o r  t h e  Hami l ton ian  H=H,+H1, where H,, i s  

choosing J2:=J = I  as the  u n i t .  We d i s p l a y  t h e  s p e c i f i c - h e a t  cu rves  ob- 
Y 

t a i n e d  by t h i s  method i n  t h e  accompanying f i g u r e s .  I n a c o n c l u d i n g  para-  

graph, we i n d i c a t e  p o s s i b l e  ex tens ions  o f  these c a l c u l a t i o n s  t o  i n c l u d e  

t h e  aforementioned c o r r e l a t i o n  terms, as w e l l  as e x t e r n a l l y  a p p l i e d  

f i e l d s  and XY a n i s o t r o p y  (Jx # J ) .  
Y 

2. HARTREE-I'OCK EQUATIONS 

A f t e r  t h e  t r a n s f o r m a t i o n  t o  fermions,  H,, takes t h e  form 

N 

H = 1  cn+, + H.c.] 
n= 1 w h i l e  H '  assumes t h e  form 

Together, they represen t  a  one-component f e r m i  gas ("Majorana fermionsl') 

w i t h  weak nearest- neighbor  i n t e r a c t i o n s .  Exact t h e o r i e s 2  have es tab-  

1 ished t h a t  i n  t h e  range IJ 1 6 1 t h e  p i c t u r e  o f  f r e e  fermions remains 
Z 

essentiaZZy exact. (I t i s  o n l  y  f o r  ( J ~  I > 1  t h a t  fundamental changes o c -  

c u r :  f o r  Jz > I t h e r e  develops an energy gap and the  ground s t a t e  i s  

t h e  p a r t i c l e  vacuum. The ground s t a t e  f o r  J < - 1  i s  a l s o  c h a r a c t e r i z e d  

by a  gap, b u t  vacuum f l u c t u a t i o n s  i n t r o d u c e  a d d i t i o n a l  c o m p l  i c a  t i o n s  

i n t o  t h i s  I s i n g- a n t i f e r r o m a g n e t i c  l imi t . )  

The Hartree-Fock t rea tment  o f  H '  thus models i t  on 
H o t  aP- 

p rox imat ing  i t  by a  s i m p l e r  o p e r a t o r  

I n  s e l e c t i n g  the  terms t o  be r e t a i n e d  one 

c a l c u l a t i o n .  Thus, we have not considered 

determines t h e  outcome o f  t h e  

c o n t r a c t i o n s  such as 



<Cn Cn+~ > 
and have assurned 

<e; e, 
- 1/2> = o 

At  t h e  outcorne o f  the  c a l c u l a t i o n ,  one v e r i f  i e s  t h a t  eqs. (6a) and (6b) 

van i sh . 
The novanish ing b racke ts  a r e  thermal averages. L e t  us d e f i n e  

u (T)  as, 

'n+i 
> = < c *  c > = l J  

na1 n (7) 

rnaking t h e  f u r t h e r  assurnption t h a t  i s  r e a l ,  aga in  v e r i f i e d  a t t h e c o n -  

c l u s i o n .  The i n t e r n a 1  energy i s  

k 

1 2Ti 
-BJeff cos k - 

= - 2Ti j' di( cos I< E / ( e  + 19 I - 

and 

Jeff = 1 - 2Jzp (1  0) 

The opera to rs  a; c r e a t e  ferrnions i n  p lane  wave s ta tes ,  ak d e s t r o y  them. 

A t  t h i s  p o i n t ,  one rnay v e r i f y  t h a t  eqs. (6a) and (6b) vanish.  

To so lve  these equa t ion ,  i t  i s  e f f i c i e n t  t o  d e f i n e  a n a u x i l i -  

a r y  v a r i a b l e  

f3* E B J  
e f  f (11) 

i n  terms o f  which we o b t a i n  

w i t h  = au(B*)aB* . 
The r .h .s .  o f  eqs. (12)- (14)  i n v o l v e  o n l y  the  a u x i l i a r y  v a r i a b l e .  S im i -  

l a r l y ,  the  s p e c i f i c  heat  ( t h e  therrnal d e r i v a t i v e  o f  eq. (8 ) )  i s  ob ta ined  



Fig.1 - S p e c i f i c  heat  i n  u n i t s  o f  k ,  eq. ( l s ) ,  f o r  

v a r i o u s  Jz, as a  f u n c t i o n  o f  kl' ( i n  u n i t s  o f  

F ig .2  - Approximate s c a l i n g :  c/cmax v s  T/Tmax 
y i e l d s  a  u n i v e r s a l  cu rve  o n l y  f o r  T < T  . 

ma x  



as a f u n c t i o n  o f  B* a lone  

The p r o c e d u r e  we adopted was t o  s p e c i f y  B*, then c a l c u l a t e  B, and 

so as t o  o b t a i n  t h e  z e r o - f i e l d  s p e c i f i c  heat  eq. (15) .  F i g .  1 g i v e s  

t h e  r e s u l t s  o f  such c a l c u l a t i o n s ,  showing t h a t  even o u t s i d e  t h e  range 

o f  v a l i d i t y  o f  t h e  theory ,  a t  J = I 1  o r  11.57, t h e  r e s u l t s  a r e  w e l l -  

- behaved . 
F i g u r e  2 shows a n  a p p r o x i m a t e  s c a l  i n g .  P l o t t i n g  c/cmax 

vs. T/Tmax (where the  maximum s p e c i f i c  heat  c occurs  a t a  temperature 
max 

Tmax) one would o b t a i n  a u n i v e r s a l  cu rve  a t  a1 1 JZ i f  C(T) were 1 inear  
- 2  

a t  low T and s a t i s f i e d  an Inverse  power law, say T a t  T > Tmax. How- 

wever, t h i s  s c a l i n g  seems a c c u r a t e  o n l y  f o r  t h e  low- temperature range. 

3. DISCUSSION 

A t  @*-'=O, u=l /n .  Thus, f o r  1 %  1 > n /2 , we have t r o u b l e  a t  

T=O w i t h  eq . ( lO) .  (The c o r r e c t  c r i t i c a 1  / J ~ I  i s  eq.1).  I f  we r e t a i n e d  

t h e  c o r r e l a t i o n  terms, t h e a p p r o x i m a t e c r i t i c a l  IJ I becornes 4 ,  a 
Z 

decided improvement over  t h e  p resen t  r e s u l  t s 6 .  However, t o  r e t a i n  t h e  

c o r r e l a t i o n  terms a t  f i n i t e  temperature, one r e q u i r e s  a temperature-  

-dependent bosonizat  i o n  scheme (an i n t e r e s t  i ng  p r o j e c t  f o r  t h e  f u t u r e )  . 
To s tudy  small  Jz c o r r e c t i o n s  t o  t h e  a n i s o t r o p i c  XY model ( Jz # J ),  

Y 
one r e q u i r e s  averages o f  t ype  eq.(6a) .  I n  t h e  presence o f  an e x t e r n a l  

f i e l d ,  o r  a t  va lues  o f  1 ~ ~ 1  exceeding t h e  c r i t i c a 1  va lue,  one s i m i l a r l y  

r e q u i r e s  nonzero averages f o r  eq. (6b) .  But,  f o r  the  s t a t e d  condi t ions o f  

sma11 I J ~ I  and J = J = 1 i n  ze ro  e x t e r n a l  f i e l d ,  t h e  present  s o l u t i o n  
x Y 

o f  t h e  exac t  Hartree-Fock equa t ions  appears t o  be s a t i s f a c t o r y .  
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Resumo 

Resolvemos as equações de Hartree-Fock para o modelo de 
Heisenberg an iso t rõp ico  em 1 D  na vizinhança do modelo XY exatamente so- 
l úve l .  Neste t rabalho apresentamos o ca lo r  especí f i co .  


