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Abstract We presen t  an exact  c a l c u l a t i o n  o f  t h e  P o t t s  L a t t i c e  Gas i n o n e  
dimension. Close t o  T=O'K, the  u n i f o r m  s u s c e p t i b i l  i t y  p resen ts  an es- 
sen t ia1  s i n g u l a r i t y ,  when t h e  exchange parameter i s  p o s i t i v e ,  and a 
power law behaviour  w i t h  c r i t i c a 1  exponent y= l ,  when t h i s  parameter i s  
nega t i ve. 

1. INTRODLICTION 

The pure r - s t a t e  P o t t s  model has been e x t e n s i v e l y  i n v e s t i g a t e d  

i n  recent  years' .  The annealed ( s i t e )  d i l u t e  P o t t s  model o r  P o t t s  l a t -  

t i c e  gas i s  a l s o  o f  i n t e r e s t  i n  r e l a t i o n  t o  adsorbed g a s e s  o n  sub- 

~ t r a t e s ~ ' ~ ' ~ .  I n  t h e  l a t t e r ,  each of t h e  N s i t e s  o f  a d-dimensional 

l a t t i c e  rnay be occupied ( t  .=I) o r  n o t  (ti=O), z 
t r o l l e d  by a chemical p o t e n t i a l  A ' .  An occupim 

the  r s t a t e s ,  ai = I, ... r and two ne ighbour i  

a c t  through t h e  P o t t s  hami l ton ian ,  t h e  c o u p l i  

t h e  vacancies being con- 

ed s i t e  may be i n  one o f  

ng occupied s i t e s  i n t e r -  

ng cons tan t  be ing J ' .  Thus 

The grand-canonical p a r t i  t i o n  f u n c t  i o n  ZN=ZN(J,A,r) i s then  

where J = B S ,  A=BA1 and B=l /  kgT.  kg i s  t h e  BOI tzmann cons tan t  and T, the  

temperature. The p r i m e o n  1' i m p l i e s a  summat ionon ly  o v e r o c c u p i e d  

s i  tes .  tui) 
Th is  model i s  a l s o  r e l e v a n t  i n  t h e  polymer g e l a t i o n 5  and i n  

the  s i te-bond p e r c o l a t i o n  problems6. Furthermore, t h e  d i 1 u t e  I s i n g  

(r=2) and t h e  pure P o t t s  (A '  = -w) l i m i t s 7  f o l  tows immediately. 

*Work p a r t i a l l y  supported by FINEP, CNPq and CAPES. 



2. EXACT CALCULATION OF Zn f J. A, r ) IN ONE DIMENSION 

We rewr i  t e  eq. (1) f o r  the  open cha in  as: 

Zm-l (tu-, , u ~ - ~ )  i s  the p a r t t t i o n  f u n c t i o n  f o r  an open cha in  w i t h  N-1 

s i t e s ,  w i t h  f i x e d  values o f  tNql and ON-]. 

But, c l e a r l y  

2, = 2 (t ) + zN(ti=l) N i = O  

where q denotes an a r b i t r a r i l y  g iven  s t a t e  t h a t  t he  v a r i a b l e  

assume. From eqs. (31, (4) and (5) i t  f o l  IOWS t h a t  

Def i n i n g  

a l l ows  us t o  condense eqs. (6) and (7) i n  

and, by i t e r a t i o n  

The e igenvalues o f  t he  T- mat r i x  a r e  
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whe r e  

From these and from the elgenvectors we can e a s i l y  f i n d  

and thus f rom eq. (4) 

3. THERMOCiYNAMICS OF THE DILUTE POTTS CHAIN 

From eq.(13) many thermodynamic proper t ies  of the chain can be 

obtained. For example, the f ree  energy per s i t e ,  i n  the thermodynarnic 

l i m i t ,  i s  

s ( ~ , ~ )  = k$ r n  A+ (14) 

The entropy per s i t e  i s  g iven by 

where 
- ~ ( r - 1 )  - e-J A ,  = e  

We define the c o r r e l a t i o n  func t i on  by r r (J , r )  = <(r6 
ú ú 

-1) ti tr+;>; 

i t  i s  shown i n  the Appendix t ha t :  i R+i 

From t h i s  r e s u l t  and the f l uc tua t i on- d i ss ipa t i on  theorem we 



can compute the zero field uniform susceptibility 

We now discuss the physical picture emerging from the above 

results. When J'>O, two situations are possible according to the rela- 

tive magnitude of A' and J' . When Ai<J' (r-1 ) ,  the ground state (2'0'~) 

has energy E o  = -(N-I)Ji (r-1) and corresponds to a r-fold degenerate 

ferromagnetic order without vacancies, the entropy per site being zero 

in the thermodynamic limit. As the temperature approaches O 

uniform susceptibil ity eq. (18) exhibits an essential singular 

which is characteristic of the pure ferromagnetic Ising model 

this holds for the pure ferromagnetic Potts model as well. 

The average number of vacancies per site i s  

ri, the 

t Y 

Clearly 

(19) 

Figure I-a illustrates the dependence of qs upon T. As T -+ m, 
m 

q = l/(l+r)as can be seen using eq. (19) or remembering that each si te 
S 

can be in (l+r) states (vacant or in r occupied states). Thus qs < 1/2 

whenever r > I, for any temperature, and occupied si tes are more favor- 
o 

able than vacancies. At T=O K, the energy is reduced by occupyingevery 

lattice site; as T raises, vacancies are created. 
In figure I-a we plot alço 

- 
p ,  = <titi+, > - (20) 

(A+) 

the probability of having a neighbouring pair of occupied sites and 

the probability for a neighbouring pair vacancy-occupied site. It's 

easily seen on physical grounds or using eqs.(20) and (21) that, as 
m m a> m, p, = r2/(l+r)' = (I-4s) and p& = 2r/(l+r)' = 2 %(1-4~). 

In the one-dimensional system, the introduction of a vacancy in 

the interior o f  a cluster of occupied sites splits the cluster and at 



the same t ime creates two vacancy-occupied s i t e  pa i r s .  The t o t a l  num- 

ber o f  c l u s t e r s  ( c l us te rs  o f  vacancies p lus  c l u s t e r s  o f  occupied s i t e s )  

increases by two. The quan t i t y  p thus counts the number o f  c l u s t e r s  
ou 

per s i t e  and i n  some sense plays the r o l e  o f  a d isorder parameter. 

Orice the p r o b a b i l i t i e s  q and pou are  both less  than 1/2 (see 
S 

f i g . l a ) ,  there i s  a tendency o f  the system t o  segregate o r  t o  f o n  clus- 

t e r s  o f  occupied s i  tes.  

lf: A'>J1 ( r - ] ) ,  a t  T=O'K, E,=-NA' and every s i t e  i s  ernpty. Thus 

S=O and x=:O. I n  f ig.1-b we p l o t  q p, and pou against  T. 
s' 

The q u a l i t a t i v e  behavlour o f  the entropy w i t h  temperature i s  

i r r espec t i ve  o f  the r e l a t i v e  value o f  A' and J' (J1>O), and i s  shown 

i n  f i g . 2  (lower curve).  When 1400,Sm=kB Rn ( I + r ) ,  as expected i n  physi-  

ca l  grouncls. 

W a c o n s i d e r n o w J ' < ~ . A g a i n t w o s i t u a t i o n s a r e p o s s i b l e .  I f  

A ' > ~ J '  I ,  t.he r e s u l t s  are the same as those f o r  J1>O and A '  > J' ( r - I ) .  

More i n t e r e s t i n g  i s  the behaviour o f  the system when A1< lJ ' I  ( t h i s  i n -  

cludes the pure Pot ts  model w i t h  J'<O). As the temperature approaches 

OOK, the uni form s u s c e p t i b i l i t y  eq. (18) has now a power law s ingu la r -  

i t y  

which def ines the exponent y=l . At T= O'K, the system becomes pure. I n  

order  t o  iinderstand the nature o f  t h i s  t r a n s i t i o n ,  l e t  us a p p l y a  small 

uni form megnetic f i e l d ,  say, i n  " d i rec t i on"  q= l .  The system then o r -  

ders i n  the fo l l ow ing  way: i n  a l t e r n a t e  s i t e s  o f  the l a t t i c e  ( s a y  , 
s u b l a t t i c e  A,) the atoms are  i n  the same s ta te  q=l and the s i t e s  on 

the other s u b l a t t i c e  (say, A Z )  are  d i s t r i b u t e d  among the rema i n i n g  
N/2) ( r - I )  stat.es ( the  degeneracy i s  ( r - 1)  . 

Clear ly ,  t h i s  k i nd  o f -order  i s  on l y  possib le f o r  1923. For r = 2 ,  

i t  i s  an usual ant i ferrornagnet ic phase. O f  course, we can a l so  have 

" true"  ant i ferromagnet ic phases i n  the Pot ts  model, but we expect these 

t o  show up i n  the corresponding wave vector  dependent s u s c e p t i b i l i t y .  

At: zero magnetic f i e l d  the  above conf igura t ions  have the same 

energy as those obtained by p a r t i t i o n i n g  the l a t t i c e  i n  up t o  sub la t -  

t i ces ,  where a t  l eas t  one i s  ordered. There are  s t i l l  many other de- 

genate conf igura t ions  w i t h  no ordered sub la t t i ce .  Counting a11 them, we 
o end up w i t h r ( r - ~ ) ~ - l  p o s s i b i l i t i e s .  Thus, a t  T=DK,  i n  the ground 



s t a t e ,  whose energy i s  E, = -(N-I) IJ ' I ,  the entropy.per s i t e  i s  g iven 

by S,= k Rn ( r -1) ,  as can a l ço  be seen by performing the appropr iate B 
l i m i t  i n  eq.(15). Theent ropy  versus temperature i s  shown i n  f i g .  2 

(upper curve).  

The discussion on the p r o b a b i l i t i e s  qs , p ,  and p fo l lows 
0 v 

analogously as i n  the case S'>O, A 1 < J ' ( r - I ) .  ( ~ e e  f i g . l - a ) .  

The hami l tonian eq. ( 1 )  corresponds t o  a p a r t i c u l a r  case o f  a 

more general Pot ts l a t t i c e  gas hamiltonianl  

w i  t h  K=Jr and K '  = -J. Nevertheless, eq. (22)  can be t rea ted by the same 

rnethods developped before g iv ing the sarne resu l t s ,  except t ha t  now 

A, = eK+K' + ( r - i ) e  K '  

and 
- K+K1 - eK1 A, = e 

The discussion o f  t h i s  sec t ion  s t i l l  app l i es '  but now the com- 

par ison must be made between K1+K and A ( f o r  K>O) and between K '  and A 

( f o r  K < O). 

APPENDIX 

We der ive  here the expression eq. (17) f o r  the c o r r e l a t i o n  

func t i on  

Let 

Then 

i However, hami 1 tonian eq. (22) has an add i t ional  symmetry not  presented 

i n  eq. ( I ) ;  when 2K=2K1=A the former reduces, i n  d=l ,  t o  the ( r + [  ) - 
- s ta te  Pot ts  rnodel. 



1 prob. 

Fig.1-Plots o f  the 
average number o f  
vacancies per s i t e  
( qs ) ,  o f  the prob- 
a b i l i t y  o f  a ne igh  
bouring p a i r  o f  
occupied s i  tes  (p,) 

(1 a) 
and o f  the prob- 
a b i l i t y  o f  a ne igh  
bouring p a i r  occu- 

prob.  pied site-vacancy 
(pov) versus tem- 
perature.  For T- 
c0 m 

qs = l / ( l+r) ,  p ,  = 
= 2r /  (l+r)2 and p o v  

POV = 2 r / ( 1 + r ) ~  a )  J'>O 

and A1<J '  ( r-1)  o r  

J1<O and A ' s ~ J '  I 
b )  J f >  O and 

AI>J' ( r - i )  o r  J 1 <  O - 
Tí°K)  and A i > l J '  I .  

Fig.2 - Entropy per s i t e s  ver -  

sus temperature. Lower curve: 

J1>O o r  Jf<O and Ar > I J ~ ;  Upper 

curve: Jf<O and A < I J r I ;  S, = 

= k Rn(r-1), Sw = kg Rn(r+ l ) .  
B 



and so, 

Divide a N-si te chain in two others with Rtl and /V-R sites,such 

that the hl site is in a fixed spin-state 2. It follows that 

Note that the h1 site of the original lattice is now the first one of 

the (fl-R)-site lattice. Also 

X ZN=.R(t,=l ,aI=q) 

Using eqs. ( 5 )  and (A4 )  we have 

The calculations of Zhl (tl=l ;tR+l=l) and Zhl (tl = I  ,ol =q , 
thl=l ,ohl=q) are carried out by a shaightforward general ization of 

the procedures leading froni eqs. (6) to (13) 

= (ra)-' [(r-I)a(h~)' + eAA+(h+)' - eAA-(~;)'] (~8) 

with h', a ,A' and h ,  defined in section 2. 



Using eq. (12) t o  eva lua te  

Note t h a t  t h i s  reduces t o  

ZN-R(tl=l) i n  eq. (A6), we o b t a i n  

express ion  eq. (20), when R=l . 
Expressions eqs. (5) and (12) a1 low us t o  e v a l u a t e  zN-R(t , 

~ , = q )  i n  eq. (A51 and thus  

(AI 0) 

F i n a l l y ,  f rom eqs. ( ~ 9 ) ,  ( ~ 1 0 )  and (AI), eq.(17) f o l l o w s .  
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Resumo 

Propõe-se um método que p e r m i t e  o c á l c u l o  exa to  do modelo de 
P o t t s  d i  1 urdo em uma dimensão. Para parâmetro d e  t r o c a  p o s  i t i  v o ,  a 
s u s c e p t i b i l i d a d e  un i fo rme apresenta uma s i n g u l a r i d a d e  e s s e n c i a l ,  quan- 

O do a tempsratura tende a O K; para parâmetro d e  t r o c a  n e g a t i v o ,  é 
o b t i d o  um comportamento em l e i  de po tênc ia ,  com expoente c r í t i c o  y=1. 


