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Abstract We d i s c u s s  t h e  a n i s o t r o p i c  square l a t t i c e  s p i n  1/2 I s i n g f e r r o -  
magnet. Thr~~ugh  t h i s  system we i l l u s t r a t e  how a l l  relevantthermodynamical 
q u a n t i t i e s  (phase diagram, magnet i za t ion ,  s h o r t  range o r d e r  parameter,  
s p e c i f  i c  heat  and s u s c e p t i b i l  i t y )  can be approx imate ly  ca icu la ted  w i t h i n  
an e f f e c t i v e - f i e l d  u n i f i e d  procedure (which s u s b t a n t i a l l y  irnproves t h e  
Mean F i e l d  Approx imat ion) .  Two s l  i g h t l y  d i f f e r e n t  approx imat ions  f o r  t h e  
s u s c e p t i b i l i t y  (whose exac t  computat ion i s  s t i l l  l a c k i n g )  a r e  presented. 
The way the ex t reme ly  a n i s o t r o p i c  square l a t t i c e  recovers t h e  l i n e a r  
c h a i n  i s  e x h i b i t e d .  The p resen t  ( m a t h e r n a t i ~ a l l ~  s i r n p l e )  p r o c e d u r e s  
cou ld  be u s e f u l  i n  t h e  s tudy  o f  complex I s i n g  problems. 

The bas ic  understanding o f  most magnetic phenomena i s  p r e s e n t l y  

q u i t e  deep. I n  what concerns t h e o r e t i c a l  approaches, a g r e a t  amount o f  

techniques a r e  p r e s e n t l y  a v a i l a b l e  (ser iesl ,  Monte c a r l o 2 ,  Renormal i z a -  

t i o n  ~ r o u ~ ~ ' ~ ,  Coherent P o t e n t i a l  ~ ~ ~ r o x i m a t i o n ~  among o t h e r s ;  see a l s o  

re fe rences  t h e r e i n ) ;  however i n  p r a c t i c e  n o t  a l l  of them a r e  t r a c t a b l e  

f o r  complex systems, and consequent ly  e f f e c t i v e - f i e l d  t h e o r i e s  can be 

v e r y  u s e f u l  t o  p r o v i d e  a f i r s t  i n s i g h t  i n t o  these problems. R e c e n t  l y 

Honrnura ano ~ a n e ~ o s h i ~  have in t roduced,  f o r  t h e  I s i n g  model , a new type  

o f  e f f e c t i v e - f i e l d  t rea tment  ( b a s e d  o n  t h e  u s e  o f  a n  a p p r o p r i a t e  

d i f f e r e n t i a l  o p e r a t o r  i n t o  t h e  s p i n  c o r r e l a t i o n  funct ion Callen i d e n t i  t y 7 )  

which, w i t h o u t  i n t r o d u c i n g  rnathematical c o m p l e x i t i e s ,  h a s  b e e n  q u i t e  

s u c c e s f u l l y  a p p l i e d  f o r  a l a r g e  v a r i e t y  o f  s i t u a t i o n s  (pure s y s t e r n s 8 ,  

bond-randoni magnets3 '10 '11 i n c l u d  i n g  ~ ~ i n - ~ l a s s ' ~  and a m ~ r ~ h o u s ~ ~ " ~  

systems, b i n a r y  a l  l oys15 ,  t ransverse  I s i n g  model l6 and surface problem$7). 

Th is  approach i s  q u i t e  s u p e r i o r  t o  t h e  s tandard Mean F ie ldApprox imat ion  
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(MFA) i n  severa1 senses; f o r  example, c o n t r a r i  l y  t o  MFA, i t p rov ides  

a v a n i s h i n g  c r i t i c a l  temperature f o r  the nearest- neighbour  l i n e a r  cha in ,  

and e x h i b i t s  p h y s i c a l l y  expected non u n i f o r m  convergences ( r e l a t e d  t o  

v a r i o u s  c rossovers )  i n  random magnets9"0. Up t o  now rnost works w i t h i n  

t h i s  new frarnework have been e x c l u s i v e l y  ded ica ted  t o  t h e  c a l c u l a t i o n  

o f  t h e  phase diagrams and rnagnet izat ion;  the  s p e c i f i c  h e a t  h a s  b e e n  

analyzed i n  two o c c a ~ i o n s ~ ' ~ ~  i n  i s o t r o p i c  systerns and t h e  rnagne t  i c  

s u s c e p t i b i l i t y  i n  none. 

I n  the  present  work we study t h e  a n i s o t r o p i c  s q u a r e  l a t t  i c e  

s p i n  1/2 I s i n g  ferrornagnet. A l l  r e l e v a n t  t h e r r n o d y n a m i c a l  q u a n t  i t i e s  

(narnely t h e  phase diagrarn, spontaneous rnagnet izat ion,  s h o r t  range o r d e r  

parameter,  s p e c i f  i c  heat  and isotherrnal magnetic s u s c e p t  i b i l i t y )  a r e  

c a l c u l a t e d  w i t h i n  an u n i f i e d  approxirnat ion framework; i n  p a r t i c u l a r  f o r  

t h e  s u s c e p t i b i  l i t y  (whose exact  cornputat ion i s  s t i l l  t o  be done) we 

in t roduce  two s l i g h t l y  d i f f e r e n t  approx i rnat ions.  The f a c t  t h a t  we a r e  

d e a l i n g  ~ i t h  an a n i s o t r o p i c  systern w i l l  enable us t o  e x h i b i t  how the  

d=2 t o  d=l crossover  (d  dirnensional i t y )  occurs.  

2. MODEL AND FORMALISM 

2.1. Spontaneous rnagnet izat ion 

L e t  us consider  t h e  Harn i l ton ian 

where <i,j> r u n  over  a1 1 the  couples o f  nearest- neighbour ing s i t e s  on a 

square l a t t i c e ,  and J equal s e i  t h e r  J 1  and J ,  (O<J,&J,> O), r eçpec t  i v e l  y  

corresponding t o  t h e  x and y axes. The s t a r t i n g  p o i n t  f o r  t h e s t a t i s t i c s  

o f  t h i s  systern i s  t h e  f o l l o w i n g  Ca l len  i d e n t i t y 7  

where j runs over  t h e  4 ne ighbours o f  s i t e  i, and <. . .> denotes t h e  

canon i ca 

D E a/ax 

thermal average. By i n t r o d u c i n g  t h e  d i f f e r e n t i a l  o p e r a t o r  

Eq.  (2)  rnay be r e w r i t t e n  as f o l l o w s :  



By i n t r o d u c i n g  t h e  d e f i n i t i o n  

w h e r e t  5 7.: T / J 1 ,  j 2 / j i  E @,I) and o, and 0, (a, and 0,) a r e  the  
B 

" l e f t "  and " r i g h t "  ("up" and "down") neares t  ne ighbcurs o f  s i  t e  i, the  

spontaneous reduced magnet i za t ion  w i l l  be g i v e n  by 

We have ne.glected c o r r e l a t i o n s  between n e x t - n e a r e s t  n e i g h b o u r s .  By 

e v a l u a t i n g  Eq. (5) we o b t a i n  (see a1 so Ref. (9 ) )  

2  r 2(1+a) + tanh  - + tanh - /: E tanh - 1 t t t 
( 6 ' )  

which admits t h e  paramagnetic s o l u t i o n  m-O and t h e  fe r romagnet i c  one 

(see f i g . l )  I-A 1 /2  
m = (-) 

B 
The c r i t i c a l  l i n e  i s  g iven  by A=l ,  which p rov ides  a  c r i t i c a 1  reduced 

ternperature t monotonously inc reas ing  f rom O ( d = l )  t o  3 . 0 8 9 8  (d  = 2) 
C 

w h i l e  a runs f rom O t o  1 ( t e x a c t  (a=] )=2.2692; t M F A ( a = ~  )=4) .  
C C 

2.2. Shor t  range o r d e r  parameter and s p e c i f  i c  heat  

The in te rna1  energy per s i t e  <E> i s  g i v e n  by 



F ig .1  - Thermal behaviours o f  the  spontaneous rnagnet izat ion ( s o l i d  1 ine)  

and the  square r o o t  o f  the  s h o r t  range o r d e r  pararneters a l o n g  t h e  x -  

(dashed 1 i ne )  and y-  (dot-dashed l i n e )  d i  r e c t i o n s  f o r  se lec ted  va lues  

o f  a J , / J , .  

( T ~  and T a r e  r e f e r r e d  h e r e a f t e r  as s h o r t  range o r d e r  parameters) . By Y 
u s i n g  the  t w o - s i t e  Cal l e n  i d e n t i t y  we can r e w r i t e  Eqs. (9) and ( 9 ' )  as 

f o l  lows: 

B D c J . . a .  
T = <o e 3 > tanh x 
x,y 

o r  even 

2 ( l+a)  
+ i 3 tanh - - tanh - 

t 
I 

2 tanh i m4 
t 



+ i { 3 tanh + tanh  - 
t t 

The temper,ature dependences o f  JS- and JS- a r e  d e p i c t e d  i n  F ig.1.  The 
x Y 

s p e c i f i c  heat per  s i t e  i s  g i v e n  by 

The therrnal behaviour o f  the  s p e c i f i c  hea t  i s  shown i n  F i g . 2  f o r  s e l e c t e d  

va lues  o f  a :  we remark t h a t ,  a l though  t h e  w e l l  known l o g a r i t h m i c d i v e r -  

gence i s  n o t  reproduced ( t h i s  i s  o f  course t y p i c a l  f o r  e f f e c t i v e - f i e l d  

t h e o r i e s ) ,  a  paramagnetic t a i  l ( p r c q o r t i o n a l  t o  1 / ~ ~  i n  t h e  1 i m i t  o f  

h i g h  tempei-atures) i s present ,  thus improv ing t h e  s tandard MFA r e s u l  t . 

Fkg. 2 - Therrnal behaviour  

s p e c i f i c  heat  f o r  se lec ted  

o f  t h e  reduced 

va lues  o f  a. 



2.3. S u s c e p t i b i l i t y  

I n  the  presence o f  an ex te rna1  magnetic f i e l d  H, theterm-g%H 
must be added t o  Hamil t o n i a n  (1) (g  E Landê f a c t o r  and P 5 ~ o h ;  mag- 

3 
neton)  ; consequentl  y i d e n t i  t y  (2) i s extended i n t o  

The zero  f i e l d  isotherrnal rnagnetic s u s c e p t i b i l i t y  pe r  s i t e  i s  g i v e n  by 

where h E guBH/Jl 

The i d e n t i t y  (13) can be r e w r i t t e n  as f o l l o w s :  

By n e g l e c t i n g  next- nearest- neighbour  s p i n  c o r r e l a t i o n s ,  Eq. (16) becomes 

i d e n t i c a l  t o  Eq.  ( 5 )  e x c e p t  f o r  t h e  t r a n s f o r m a t i o n  t a n h x - t  tanh(x+h / t ) ;  

d i f f e r e n t i a t i o n  w i t h  respec t  t o  h on b o t h  s ides  leads t o  our  p resen t  

f i r s t  approx imat ion f o r  t h e  s u s c e p t i b i l i t y :  

where I stands f o r  " f i r s t "  approx imat ion,  A ,  

( 6 ' ) ,  (6") and (7)  r e s p e c t i v e l y ,  and 

(1 7) 

B and m a r e  g i v e n  by Eqs. 



2 2( l+a)  + [, sech - 2 2(1-a) - 2 sech - - 
t t 

r- 
2 2(1-a) + k e c h 2  + sech - - 2 sech2 2 

t t t 

t 
(18) 

The temperature dependence o f  x i s  dep ic ted  i n  F i g .  3 ;  remark that ,  i n  - 
1 

the  l i m i t  t + x - l/t. 
Let  us now t u r n  o n t o  another  t ype  o f  approx imat ion  which w i l l  

11 
p r o v i d e  o u r  second proposal  f o r  t h e  reduced s u s c e p t i b i l i t y ,  noted x . 

t h e  t e x t )  ; 

exact  resu 

s u s c e p t i b i  

F ig .  3 - Thermal behaviour  o f  t h e  inverse  reduced zero  f i e l d  s u s c e p t i -  

b i l i t y  w i t h i n  approx imat ions I ( s o l i d  l i n e )  and 11 (dashed l i n e )  ( see 

t h e  dot-dashed l i n e  q u a l i t a t i v e l y  i n d i c a t e s  t h e  p o s s i b l e  

, we have taken i n t o  account t h e  f a c t  t h a t  t h e  e x a c t  

i c a l  exponent y i s  known t o  be l a r g e r  than one) .  

1 t (where 

l i t y  c r i t  



Both s 

be general izedl 

ingle-si te (Eq. (2)) and two-si te Cal len ident 

into 

ities7 can 

where fr is an arbitrary function of a1 1 ak # ai (fr=l and fr = o  
k 

spectively provide the single-and two-site identities). By choosing 

f r  = fC1 + (tanh B CJ. .o.;) (tanh BgPB~)] where f also is an arbitrary 
j ?-C 3 

function of all a # a. we rewrite Eq. (19) as follows: 
k z 

<fa .> + <fui tanh (BCJ . .o.)> tanh(BgpBH ) z j 233 

By finally choosing f = 1 and introducing19 the diffc 

D into this identity, we obtain: 

BJ . .a .D 
<a .> + <o .lI e 21 J > tanh x 

x=Otanh 'L Z 
j 

(20) 

,ent ia1 operator 

BJ . .o .D 
By decoupl ing the nearest-neighbour spin term, i .e. <o lI e " ' > i i BJ. .o .D 
= <a.><iie ZJ 3 >,  and by further decoupl ing the next-nearest 

Z 
j BJ . .O .D BJij3D> 2 <e 23 J >, eq.(21 ) 

-neighbour spin correlations, i.e. <IIe 
i i 

can be rewritten as follows: 

rn + m 11Eosh(Í3~. .D) + rn sinh(~. .DU tanh x tanh (&pBH) 
j 22' 2' 1x4 

By differentiating (with respect to H )  on both sides and expl ic i tl y 

applying the D- operator we obtain the following approximate zero field 

reduced susceptibility: 



We remark tha t  the present denominator coincides w i t h  t h a t  o f  Eq. (17); 
I 

consequently x and x r I d i v e r g e  a t  one and the same c r i t i c a 1  po in t ;  

furthermore, i n  the l i m i t  t -t Xr %xrI %l/t. The temperature depen- 

dente o f  XII i s  i l l u s t r a t e d  i n  F ig .  3; we remark tha t  i n  the h igh  tem- 

perature region ? i~ a b e t t e r  approximation than xrI, whereas a t  low 
I 

temperatures xrr tends t o  be b e t t e r  than x . 

3. CONCLUSION 

The spin 112 I s i ng  ferromagnet i n  an i so t rop i c  square l a t t i c e  

has been discussed. A l l  re levant  thermodynamlcal q u a n t i t i e s (  phase  

diagram i n  the T - a space w i t h  a S J, /J , ,  spontaneous magnetization, 

short  range order parameter i n  both x and y d i rec t i ons ,  s p e c i f i c  heat 

and zero f i e l d  isothermal magnetic s u s c e p t i b i l i t y )  have beericalculated 

i n  an e f f e c t i v e  f i e l d  u n i f i e d  framework which e x t e n d s  tha t  recen t l y  

introduced by Honmura and ~aneyosh i  6. Two SI i g h t l  y d i f f e r e n t  new pro- 

cedu res fo rapp rox ima t i ve l yca l cu l a t i ng  the s u s c e p t i b i l i t y  (whose exact 

computation i s  s t i  1 1  t o  be done) are  presented: one o f  them tends t o  

be b e t t e r  a t  h igh  temperatures wh i l e  the o ther  one tends t o  be b e t t e r  

a t  low temperatures. 

A1 though the present approach leads t o  c l ass i ca l  (Landau-type) 

c r i t i c a 1  exponents (as i t  i s  the case f o r  most ef fect ive- f ie ld theories), 

and consequently no s t r i c t  crossover can be observed a t  the c r i t i c a l  

exponents l eve l ,  t h i s  framework i s  q u i t e  super ior  t o  the standard Mean 

F i e l d  Approximation one as i t  provides: a )  a vanishing c r i t i c a l  tem- 

perature i , ~  the l i m i t  a + O; b)  non vanishing t a i l  i n  the paramagnetic 

phase specif i c  heat; c )  c r i t i c a l  temperatures, as func t ion  o f  a, which 

f o r  d e t a i l s  on t h i s  and stand c loser  t o  the exact ones (see Ref . (9) 

other t y p e j  o f  improvernents) . 
We bel ieve the (mathematical l y simp 

here in  can be usefu l  i n  order t o  provide a 

v a r i e t y  o f  complex I s i ng  problems. 

l e )  procedures i l l u s t r a t e d  
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Resumo 

Discut imos o ferromagneto de I s i n g  de s p i n  1/2 na rede quadra- 
da an iso t rÓp ica .  A t ravés  des te  sistema i l us t ramos  como todas-as grande- 
zas termodi nâmicas re levan tes  (d iagrama de fases,  magnet izaçao, parârne- 
t r o  de ordem de c u r t o  alcance, c a l o r  e s p e c í f i c o  e s u s c e p t i b i  1 idade) po- 
dem ser  ca lcu ladas  aproximadamente com um procedimento un i f i cado  decam- 
po e f e t i v o  (que ~ l h o r a  substancia lmente a Aproximaçao de Campo ~ é d i o ) .  
Duas a p r o x i m a ç õ e s  l i g e i r a m e n t e  d i f e r e n t e s  para a s u s c e p t i b i l i d a d e  
( c u j o  c á l c u l o  exa to  a inda e s t á  para ser  f e i t o )  sao apresentadas. O modo 
a t r a v é s  do qual a rede quadrada extremamente a n i  s o t r ó p i c a  reproduz a 
cadeia l i n e a r  é e x i b i d o .  Os presentes procedimentos(matematicamentesirn- 
p l e s )  poderiam ser  ú t e i s  para o estudo de problemas de I s i n g  complexos. 


