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Abstract We i l l u s t r a t e  t h e  rneaning and v a l i d i t y  o f  usual second o r d e r  
approxirnat ions f o r  d e n s i t y  o p e r a t o r s  w i t h  t h e  h e l p  o f  a s imp le  e x a c t l  y  
s o l u b l e  two-leve1 model i n  which a l l  r e l e v a n t  q u a n t i t i e s  can e a s i l y  be 
c o n t r o l l e d .  Th is  leads t o  exact  upper bound e r r o r  es t imates  which h e l p  
t o  s e l e c t  more p r e c i s e l y  p e r m i s s i b l e  c o r r e l a t i o n  t imes as f r e q u e n t l y  
in t roduced  i f  s t o c h a s t i c  p o t e n t i a l s  a r e  p resen t .  A f i n a l  c o n s i d e r a t i o n  
o f  i n fo r rna t ion  en t ropy  revea ls  c l e a r l y  t h e  l i m i t a t i o n s  o f  t h i s  k i n d  o f  
approx imat ion  procedures.  

I .  INTRODUCTION 

Most o f  the  common approx imat ions  f o r  d e n s i t y  o p e r a t o r s l Y 2  

i n v o l v e  so many s i m p l i f y i n g  assumptions t h a t  i t  i s  d i f f i c u l t  t o  k n o w  

any th ing  about  t h e  r e l i a b i l i t y  o f  t h e  f i n a l  r e s u l t .  However, a d j u s t a b l e  

phenomenological parameters h e l p  t o  b r i n g  t h e o r e t i c a l  s o l u t i o n s  i n t o  

agreement w i t h  exper imenta l  da ta .  T h i s  s i t u a t i o n  i s  i n s a t i s f a c t o r y .  

One o f  t h e  bas ic  approx imat ions i n  s o l v i n g  t h e  e q u a t  i o n  o f  

f o r  d e n s i t y  o p e r a t o r  p, w i t h  harn i l ton ian  

H = H. + H 1  ( t )  

i s  t o  keep o n l y  terrns up t o  second o rder  

rnay o r  rnay n o t  depend e x p l i c i t l y  on t ime.  

be a  t ime  dependent s t o c h a s t i c  p o t e n t i a l .  

i n  t h e  p e r t u r b a t i o n  ~ , ( t )  whi 

I n  rnany cases, i t  i s  taken 

The second order approx imat  i 
(2) r e s t r i c t s  the  v a l i d i t y  o f  the  s o l u t i o n  t o  a  d e f i n i t e  t ime  i n t e r v a l  T . 

Any f u r t h e r  approxirnat ions such as, e .g. ,  s t a t i s t i c a l  averag ing  under 

the assumptions o f  s imp le  l i n e  shapes f o r  two- po in t  a u t o c o r r e l a t i o n  

f u n c t i o n s  f o r  H ,  and corresponding c o r r e l a t i o n s  t imes , "coarse  g r a i n i n g "  

procedures, e t c . ,  have t o  be chosen w i t h  respec t  t o  T ( ~ ) .  1n general,  i t  
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may be q u i t e  d i f f i c u l t  t o  g i v e  reasonable q u a n t i t a t i v e  e s t i n i a t e s  f o r  

T ( ~ )  and i t  would be des i  r a b i e  t o  have a  s imple model where a1 1 quan- 

t i t i e s  o f  i n t e r e s t  can be c o n t r o l l e d .  Therefore,we c o n s i d e r t h e  e x a c t l y  

s o l v a b l e  c a s e  o f  a  two-leve1 system and i n q u i r e  about  t h e  r e l a t i v e  

e r r o r  A between exact  and second o r d e r  s o l u t i o n s  as a  f u n c t i o n  o f  t ime.  

Th is  a n a l y s i s  i s  by no means o n l y  o f  academic c h a r a c t e r  b e c a u s e  many 

processes rnay a p p r o p r i a t e l y  be descr ibed  by such a  inodel as, e .g.  prob-  

lems o f  magnet i c  r e ~ o n a n c e " ~ ,  photo- physica l  processes 3 ,  c  hem i c a  1 l y  

induced p o l a r i z a t i o n  phenornena4, geminate r a d i c a l  r e c o m b i n a t  i o n 5  and 

delayed f luo rescence  i n  magnetic f i e l d s 6 ,  e t c .  

The f o l l o w i n g  s e c t i o n  2 c o n t a i n s  a  b r i e f  summary 

formulas which w i l l  be eva lua ted  e x p l i c i t l y  f o r  our  model 

The relevarice o f  the  r e s u l t s  i s  d iscussed i n  the  F ina l  sec 

2. GENERAL 

o f  genera 

i n  s e c t i o n  3 

t i o r i  4 .  

r e l a t i v e  d  

(1.11, i t  

I n  o r d e r  t o  g i v e  upper bounds o f  e r r o r  es t imates  f o r  A ,  the  

i f f e r e n c e  between the  exact  and second o rder  s o l u t i o n  o f  eq. 

i s  most convenient  tochcose a  t ime- independent p e r t u r b a t i o n  

H, i n  such a  way t h a t  any expl  i c i t l y  time-dependent o p e r a t o r  H , ( t )  i s  

maximized t hrough 

, ; H ~  ($1 l i  s i i  H I  i l , (2.1)  
' ' I  f o r  a1 1 t imes,  where 1 ; .  . . ,, denotes the o r d i n a r y  o p e r a t o r  norm . Uni -  

t a r y  t rans fo rmat ions  f o r  t ime  e v o l u t i o n  a r e  d e f i n e d  by 

U, ( t )  = e x p / ~ i H o ~  

U ( t )  = exp l l i ~ t ]  

The formal  s o l u t  i o n  o f  eq. (1.1) i s  then 

The approximate s o l u t i o n  i s  most c o n v e n i e n t l y  

i n t e r a c t i o n  represen ta t ion ,  

d e r i v e d  i n  terms o f  t h e  

( 2 . 5 )  

t 
i l ( t )  = uo( t )HIUo( t )  , (2.6) 

f o r  P and h',, r e s p e c t i v e l y .  The corresponding equa t ion  o f  mot ion i n  

i n t e g r a l  form, up t o  second o r d e r ,  reads 



where we have abbrev ia ted  

A f u r t h e r  common s tep  i s  the  s t a t i s t i c a l  averag ing  <.. . >  o f  (2. 7 )  under 

assumptions l i k e ,  e .g. ,  

<Hl( t )> = o , (2. 9) 

iH , ( t )P (0 )>  = o , (2.1 O) 

<H^,(t)H, ( s ) 8 ( 0 ) >  = <i?, ( t ) f i , (s)> ;(O) , (2.11) 

<H, ( t ) H l  ( t - s ) >  = G(S) , (2.12) 

where t h i s  l a s t  equa t ion  de f ines  a c o r r e l a t i o n  f u n c t i o n  G o f  a s t a t i o n -  

a r y  r a n d o m  p r o c e s s '  w i t h  corresponding c o r r e l a t i o n  t ime -r say. Any 
C' 

matr ix  e l e m e n t ~  (s)  i s  assumed t o  be a p o s i t i v e , m o n o t o n i c a l l y  decreas- 
ik 

i n g  f u n c t i o n  of l s l  w i t h  i n f i n i t e  1 imes zero.  I n  v iew o f  these assump- 

t i o n s  i t  i s  enough t o  p o s t u l a t e  f o r  ou r  extrema1 e r r o r  es t imates  

For q u a n t i t i e s  o f  d i r e c t  p h y s i c a l  s i g n i f i c a n c e  l i k e ,  e.g., t h e  d iagonal  

elements o f  t h e  d e n s i t y  o p e r a t o r ,  t h e  r e l a t i v e  e r r o r  o f  i n t e r e s t  t o  us 

may be d e f i n e d  through 

The fo rego ing  general formulas a r e  go ing  t o  be used i n  t h e  a n a l y s i s  o f  

a  two- leve i  model . 

3. THE TWO-LEVEL CASE 

We work d i r e c t l y  i n  a m a t r i x  r e p r e s e n t a t i o n  i n  which t h e  P a u l i -  

m a t r i x  o, i s  d iagonal  and in t roduce  t h e  f o u r  elements 



which form a complete b a s i s  f o r  any h e r m i t i a n  (2x2)-matr ix .Then,a gen- 

e r a l  two-leve1 system may be c h a r a c t e r i z e d  by 

where H, does n o t  depend exp l  i c i  t l y  on t ime (see eq. (2. I ) ) ,  and f o r  

the subsequent c o n s i d e r a t i o n s  t h e  weak c o n d i t i o n  A<E w i l l  be s u f f i c i e n t .  

The exponen t ia l  forms i n  (2.2) and (2.3) can be reduced t o  

i 
U o ( f t )  = a, c o s ( ~ t )  * - H o  E s i n ( & t )  , (3.4 

U (+ t )  = a, c o s ( $ t )  + H s i n  ( $ t )  , 
4 (3.5) 

4  = (c2 + ~ 2 )  (3 .6)  

With  t h e  h e l p  o f  these r e l a t i o n s  t h e  s o l u t i o n  (2.4) o f  (1.1) i s  found t o  

be 
p ( t )  . P ( O ) C O S ~ ( ( ~ )  +i b ( o ) , d  s i n < $ t ) c o s ( @ t )  

' ( ~ p ( o ) ~ ) s i n ~ ( @ t )  , + T? (3.7) 

For t h e  second o r d e r  approx imat ion  i n  t h e  i n t e r a c t i o n  r e p r e s e n t a t i o n  we 

need t h e  exp l  i c i  t form o f  ( 2 . 8 j  



Ye proceed t o  eva lua te  t h e  formulas (3.7)  and (3 .  9 1 ,  w i t h o u t  

g e n e r a l i t y ,  by choosing as i n i t i a l  c o n d i t i o n  the  pure 

and cons ider ing ,  f o r  simpl i c i  t y ,  t h e  (22) - e l e r ~ e n t s  

Th is  y i e l d s  f o r  (2.14) 

and we have ob ta ined  a çirnple a n a l y t i c a l  formula f o r  

between exact  and second o r d e r  s o l u t  ions o f  (1 . ? )  as 

s t a t e  

1 ,  
t he  r e l a t i v e  e r r o r  

a f u n c t i o n  o f  t ime .  

For t imes which a r e  s h o r t  cornpared t o  2n/$, t h e  f o l l o w i n g  expansion o f  

(3. 13) may be used, 

h' a,, (t) = (-)t2 
?, 

3 
+ ( c 2 + 3 h 2 ) t 4  . 

4. DISCUSSION 

One can e a s i l y  v e r i f y  t h a t ,  i n  the  range o f  v a l i d i t y  o f  formula 

(3.14), t h e e r r o r  i s  ex t reme ly  sma l l ,  e.g. f o r  t, $ l / l O ~ ,  one would 

f i n d  AZ2 S 33 ppm f o r  E = 101. For longer  t imes one ~ r e f e r a b l y  uses 

(3.13) and gets ,  e.g.,  

AZ2 = 0.36% f o r  t2 = I/E , E = 101, 

E q u i v a l e n t l y ,  one rnay say t h a t  f o r  a  g i v e n  e r r o r  t o l e r a n c e  $ (= AZ2)  

the t ime i n t e r v a l  T ( ~ ) ,  mentioned in t h e  i n t r o d u c t i o n ,  i s  g i ven  by 

o r ,  corresponding t o  t h e  f u l l  express ion  (3.141, 



i; 7 ( 2 )  << 271/$~, whereas f o r  t h e  o t h e r  cases t h e  transcendental equa t ion  
(2) 

(3.13) has t o  be so lved  on  t h e  computer i n  o r d e r  t o  f i n d  T . 
More r e a l i s t i c  shapes f o r  t h e  c o r r e l a t i o n  f u n c t i o n  (2.13) tend 

t o  reduce t h e  va lues  o f  A,, and, t h e r e f o r e ,  T ( ~ )  represen ts  an a b s o l u t e  

upper bound f o r  p e r m i s s i b l e  c o r r e l a t i o n  t imes  rc i n  those cases where 

one can use equa t ions  o f  mot ion  w i t h  cons tan t  t r a n s i t i o n  r a t e s .  T h i s  i s  

u s u a l l y  done i n  the  Bloch-Wangsness-Redfield approach
2 

where a  coarse 

g r a i n i n g  t i m e  A t  i s  in t roduced ,  s u b j e c t  t o  t h e  c o n d i t i o n  

and, s imu l taneous ly ,  A t  has t o  be much s m a l l e r  than t h e  inverse  o f  t h e  

norm o f  the  r e d f i e l d  m a t r i x .  The p resen t  a n a l y s i s  suggests t h a t ,  f o r  

s u f f i c i e n t l y  sinal1 r ( 2 ) ,  m n d i t i o n  (4.2) i r  t o o  s t rong,  and A t  may even 

be o f  t h e  o r d e r  o f  Tc, bu t ,  o f  course, A t  > -rc. Furthermore, p a r t i c u -  

l a r i t i e s  o f  t h e  shape o f  the  c o r r e l a t i o n  f u n c t i o n  w i l l  n o t  be a b l e  t o  

p l a y  a  d e c i s i v e  r o l e  i n  t h i s  case, and t h i s  i s  t h e  reason why very  s imp le  

l i n e  form as, e.g., L o r e n t z i a n  shapes, have been successfu l  i n m o s t  

appl  i c a t i o n s .  

The e r r o r  in t roduced  i n  t h e  e x p e c t a t i o n  v a l u e  O, 

o f  any 

and must 

cou l d be 

t h e r e  i s  

observab le  O depends a l  so on t h e  p r o p e r t i e s  o f  t l i i s  o p e r a t o r  

be d iscussed f o r  every  p a r t i c u l a r  case. W i t h i n  t h i s  model, i t  

computed e x a c t l y ,  o f  course. 

Apar t  from t h e  d iagonal  m a t r i x  elements o f  t h e  d e n s i t y  opera to r  

orie more impor tan t  q u a n t i t y  d e f i n e d  e n t i r e l y  i n  terms o f  p, 

narnely t h e  i n f o r m a t i o n  en t ropy  S ,  g i v e n  by 

S ( t )  = - ~ r ( p ( t ) R n p ( t ) )  , (4.4) 

whose e r r o r  may be c a l c u l a t e d  s i m i l a r l y .  We n o t e  t h a t  S i s  u n i t a r i l y  

i n v a r i a n t ,  
S ( t )  = S(O) , 

f o r  t h e  exac t  P ,  a t  l e a s t  as long  as  we do n o t  per fo rm any k i n d  o f  

s t a t i s t i c a l  averaging l i k e ,  e.g., i n  eqs. (2 .  9) t o  (2.12) Any t ime-  



-dependent change i n  en t ropy  i s  t h e r e f o r e  e n t i r e l y  due t o  t h e  second 

o rder  approx i rnat ion and has no p h y s i c a l  meaning. For a genera l  i n i t i a l  

c o n d i t i o n ,  3 

t h e  exac t  r e s u l t  f o r  S i n  terms o f  

i s  found t o  be 

S = 

Because o f  t h e  spec t ra  

1 1 
R r 1 2 - ~  ( 1 + 2 a ) R n ( 1 + 2 a ) - ~  (1-2a)Rn(l-2a). (4.8) 

1 c o n d i t i o n  f o r  t h e  d e n s i t y  o p e r a t o r ,  

1  
- h  l l  P 1 1 6 1  2 

we f i n d  the  p o s s i b l e  va lues o f  a  i n  t h e  c losed  i n t e r v a l  

1 O < a s -  
2 > 

(4.10) 

and, consequently,  t h e  en t ropy  v a r i e s  m o n o t o n i c a l l y  between zero  and 

Rn2. To i l l u s t r a t e  the  problems 

i t  s u f f i c e s  t o  c h s e , f o r  simpl 

c o n d i t i o n  o f  t h e  form 

a r i s i n g  i n  t h e  secondorderapproximat 

i c i t y ,  a  somewhat more spec ia l  i n i t  

and t h e  e r r o r  may be expressed i n  terms o f  t h e  occupa t ion  p r o b a b  i 1 i t y  

d i f f e r e n c e  

A = y - x  (4.12) 

One f i n d s  frorn (3.12) t h e  c losed  r e p r e s e n t a t i o n  

where t h e  c o e f f i c i e n t s  a r e  g i v e n  by 

1 b = -  X 
2 ,  b , ( t )  = A - s i n 2 ( & t )  > 

E 

X 
b p  ( t )  = A - s i  n (E*) cos ( ~ t )  > 

E 



Cond i t ion  

on t h e  i n  

where T 
(2 

(4.9) and t h e  normal i z a t i o n  o f  o ( * ) ( & )  impose a r e s t r i c t i o n  

t i a 1  c o n d i t i o n s ,  

< < 2 ~ / $ ,  as before, T h i s  means t h a t  i t  i s  p o s s i b l e  t o  c a l c u -  

la te a r e l a t i v e  e r r o r  i n  en t ropy ,  

A f t e r  some a lgebra ,  we f i n d  

For a pure s t a t e  as i n i t i a l  c o n d i t i o n ,  1 ~ 1  = 1 ,  and one d i s c o v e r s  t h e  

s t range  r e s u l t  t h a t  t h e  en t ropy  c a l c u l a t e d  f o r  b ( 2 ) ( t )  becomes complex. 

T h i s  shows how t h i s  k i n d  o f  approx imat ions can be s t ressed  ad absurdurn. 

I t  i s  t h e r e f o r e  a n e c e s s i t y  t o  base reasonable approx imat ion  procedures 

on exact  Master e q u a t i o n s 8 ' 9  and t o  m a i n t a i n  always t h e  normal i z a t i o n  

- and s p e c t r a l  c o n d i t i o n s  f o r  t l i e  d e n s i t y  o p e r a t o r .  For a c e r t a i n  c l a s s  

o f  s t a t i o n a r y  problems t h i s  has been done by one o f  t h e  a u t h o r s l O ,  and 

work on time-dependent problems i s  i n  progress.  
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Resumo 

Nós esclarecemos o s i  gn i f icado e a va 1 idade da aproximação 
usual de segunda ordem para operadores de densidade com a a iuda  de um 
modelo s imples a duas dimensoes, r e s o i v í v e l  exatamente, em que todas as 
quant idades re levan tes  podem ser  f a c i l m e n t e  con t ro ladas .  I sso  permi te  
uma ava l  iação exata do l imi t e  máximo de e r r o ,  o  que nos a juda a s e l e -  
c i o n a r  ma i s p r e c i  samente os tempos de c o r r e l a ç ã o  p e r m i s s í v e i s ,  que são 
frequentemente i n t r o d u z i d o s  se p o t e n c i a i s  es tocas t  i cos  es tão  presentes.  
Uma consideração f i n a l  sobre a informação e n t r o p i a  r e v e l a  claramente as 
1 imi taçÕes desse t i p o  de aproximação. 


