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Ab*ct We c a l c u l a t e  t h e  energy d i s p e r s i o n  r e l a t i o n  f o r  the  va lence 
band o f  the  double sine-Gordon p o t e n t i a l ,  approx imat ing  the  t u n n e l i n g  
amp l i tude  by a  sum o f  c o n t r i b u t i o n s  o f  i ns tan tons  and a n t i - i n s t a n t o n s  
t r a j e c t o r i e s .  The i n t e r e s t i n g  f e a t u r e  o f  t h i s  p o t e n t i a l  i s  t h a t  we now 
have t o  deal  w i t h  two types o f  i ns tan tons ,  as t h e r e  a r e  two d i f f e r e n t  
p o t e n t i a l  b a r r i e r s  w i t h i n  one p e r i o d  o f  the  p o t e n t i a l .  We compare o u r  
r e s u l t s  w i t h  t h e  s tandard WKB approx imat ion .  

1. INTRODUCTION 

Recent ly  t h e r e  has been g r e a t  i n t e r e s t  i n  t h e  s tudy o f  poten-  

t i a l s  w i t h  degenerate minima i n  v iew o f  t h e l r  a p p l i c a t i o n  i n  condensed 

m a t t e r  phys ics,  through t h e  s tudy o f  s o l i t o n  s t a t i s t i c a l  mechanicsl  as 

w e l l  as t o y  models f o r  n o n- p e r t u r b a t i v e  phenomena i n  f i e l d  t h e ~ r ~ ~ ' ~ ' ~ .  

In p a r t i c u l a r  t h e r e  have been d e t a i l e d  analyses o f  t h e  double-wel l  

anharmonic p o t e n t i a l ,  V ( x )  = a ( ~ ~ - a ~ ) ~  5'6 and t h e  sine-Gordon p e r i o d i c  

p o t e n t i a 1 2 ' 3 .  

I n  t h i s  paper we cons ider  t h e  double sine-Gordon p o t e n t i a 1
7  

w h i c h  has t h e  i n t e r e s t i n g  f e a t u r e  o f  p r e s e n t i n g  two t y p e o f  ins tan tons ,  

due t o  t h e  d i f f e r e n t  b a r r i e r s  w i t h i n  one p e r i o d  ( f i g u r e  I ) .Our  approach 

c o n s i s t s  i n  u s i n g  t h e  semi- c lass ica l  approx imat ion  t o  t h e  p a t h  i n t e g r a l ,  

i n  o r d e r  t o  compute t h e  tunne l  i n g  ampl i t u d e  f o r  l a r g e  E u c l  i d e a n  t ime 

i n t e r v a l .  I n  t h i s  approx imat ion  t h e  p a t h  i n t e g r a l  w i l l  be dominated b y a  

d i l u t e  gas o f  i n s t a n t o n s 8.  The new aspect  o f  o u r  c a l c u l a t i o n  i s  t h a t  we 

have t o  take  i n t o  account t h e  c o n t r i b u t i o n s  o f  t h e  two d i f f e r e n t  types 
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Fig.  1 - The double,sine-Gor 
x 

po ten t i a l ,  V(X) =a(cos F -  
wi t h  per iod h, here shown 

a = 4 and B = 0.5. 

.don 

e)  
f o r  

o f  instantons present i n  t h i s  model, t o  the energy o f  the valence band. 

We then compare the d i  l u t e  gas approximation (DGA) w i t h  the standard 

WKB approech i n  the t i gh t - b ind ing  approximation, f i n d i n g  the well-known 

discrepancy between the two methods, by a fac tor  of ( h )  ' I 2 =  0.93 3'6. 

2. INSTANTONS IN THE DOUBLE SINE-GORDON POTENTIAL 

l'he po ten t i a l  ( f i g u r e  1) i s  g iven by 

x 
V ( X )  = a(cos - B I 2  ( I  

Ue s t u d y  t h e  i n s t a n t o n  con t r i bu t i ons  t o  the tunne l ing  ampl i t u d e .  

Due t o  tunnel ing,  t h e r e  r e s u l t s a  band s t r u c t u r e  f o r  t h e  e n e r g y  

l eve l s  o f  such a pe r i od i c  p o t e n t i a l .  

We s t a r t  wi t h  the Eucl i dean tunnel ing ampl i tude8 

-HT/K 
G(n+,n-,TI = <n + l e  In-> (2) 

f o r  the t r a n s i  t ion between two minima In-> and In+>, separated by an 

integer m u l t i p l e  o f  the per iod  (h) .  Let us remark tha t  s ince we a re  

in teres ted i n  ob ta in ing  the energy band o f  t h i s  po ten t i a l ,  we must con- 

s ider  the t r a n s i t i o n  between minima separated by an integer m u l t i p l e  o f  

the period, so tha t  eq. (2) i s  the co r rec t  s t a r t i n g  po in t .  

The two types o f  instantons i n  t h i s  model connect successive 

minima separated by the small o r  by the la rge b a r r i e r .  The instanton i s  

the c lass i ca l  zero energy so lu t i on  o f  the Euclidean equation o f  motion, 

which minimizes the ac t i on  i n  the la rge t ime i n te rva l  l i m i t ,  T+m. We 

have instantons, named o f  type 1 



which connect 

o f  t ype  2, 

which connect 

rninima separated by t h e  smal l  b a r r i e r s  and ins tan tons  

minima separated by the  l a r g e  b a r r i e r s  and the  respec t-  

i v e  a n t i - i n s t a n t o n s  ob ta ined  by making t + -t. I n  t h e  above equat ions,  

w i s  t h e  c u r v a t u r e  o f  t h e  p o t e n t i a l  a t  t h e  minima 

w = l>(l - ~ ~ ) / 2 ] ~ / ~  (3 

The Eucl idean a c t i o n  f o r  each type  o f  i n s t a n t o n  i s  

and 
S, = S, + 8 ~  B (4b) 

I n  t h i s  DGA, t h e  space between t h e  two rninima n+ and n- i s  

f i l l e d  w i t h  n o n - i n t e r a c t i n g  i n s t a n t o n s  and a n t i - i n s t a n t o n s ,  separated 

by a  l a r g e  i n t e r v a l  compared w i t h  t h e  i n s t a n t o n  s i z e  w-' '. The f o l -  

low ing  c o n d i t i o n  has t o  be s a t i s f i e d  by t h e  number o f  i ns tan tons  and 

a n t i - i n s t a n t o n s  o f  t h e  two types 

- - 
n - n = m -  

= n+ - n- (5) 

where n ( n )  i s  t h e  number o f  ( a n t i )  i n s t a n t o n s  o f  t ype  1  and m(m) i s  t h e  

number o f  ( a n t i )  i ns tan tons  o f  t ype  2. Summing o v e r  a l l  such c o n f i g u r -  

a t i o n s ,  t h e  Eucl idean t u n n e l i n g  amp l i tude  i s  w r i t t e n  as 

-S,/ti rn+m 
(K2T e ) 

6 - - n - n  n m-m,n+-n- 
m! m! + 

K, and K2 a r e  t h e  de te rminan ts  o f  t h e  quantum f l u c t u a t i o n s  around t h e  

i n s t a n t o n s  1  and 2 r e s p e c t i v e l y  and a r e  g i v e n  by 

where d e t '  i s  t h e  determinant  w i t h o u t  t h e  ze ro  mode. The zero  modex0 

i s  p r o p o r t i o n a l  t o  & /dt and i s  normal ized as  f o l l o w s  
1 9 2  

2 ro = (S ) - ] I 2  A 
1 9 2  1 9 2  dt 



where 

FOI low ing  colernans 

So t h a t ,  

We can rewr i t e  eq. ( 5 )  2 s  

where In i s  t h e  rnodif i e d  Bessel func:icn c f  o r d e r  n ( ~ a t s o n  1944, r e f .  

9 ) .  

The Bloch waves can be w i - i t t e n  ;js 

and they d i a g o n a l i z e  eq. (13) ,  g i v i n y  f o r  t h e  energy e igenva lue  E ( 0 )  t h e  

f o l l o w i n g  r e l a t i o n ,  

Using an add i  t i o n  theorern f o r  Bessel func t ions 9,  eq. (15) can be w r i  t t e n  

where 

e 
-E (e) T/fi= ,-wT/2 

T o ( z )  



f rom which we o b t a i n ,  i n  t h e  l a r g e  T l i m i t ,  

Using K g i v e n  i n  eq. (12), we a r r i v e  a t  the  energy d i s p e r s i o n  r e l a t i o n  

f o r  t h e  va lence band o f  t h e  double sine-Gordon model. N o t i c e  t h a t  o u r  

r e s u l t i n g  express ion  f o r  E ( 0 )  i s  n o t  a  s imple sum over  t h e c o n t r i b u t i o n s  

o f  each o f  t h e  two types o f  i ns tan tons ,  as m igh t  be n a i v e l y  thought  be- 

f o r e  do ing  an e x p l i c i t  c a l c u l a t i o n .  I n  t h e  l i m i t  B+O we do o b t a i n  t h e  

band s t r u c t u r e  o f  t h e  sine-Gordon r n ~ d e l ~ ' ~ ,  as can be e a s i l y  seen f rom 

eq. (18) p u t t i n g  S i  = S2 . 

3. COMPARISON WITH THE W KB APPROXIMATION 

Fo l low ing  t h e  s tandard approach t o  t u n n e l i n g  processes i n  t h e  

WKB a p p r o x i m a t i o n l O ,  i t  i s  s t r a i g h t f o r w a r d  t o  g e n e r a l i z e  t h e  method t o  

the  case o f  d i f f e r e n t  b a r r i e r s  w i t h i n  a  p e r i o d .  The energy d i s p e r s i o n  

r e l a t i o n  f o r  t h e  band i s  g i v e n  by 

w i t h  - T É 0 L and 

'r, and r2 a r e  t h e  p e n e t r a t i o n  f a c t o r s  f o r  t h e  small  and l a r g e  b a r r i e r s  

r e s p e c t i v e l y  (y, ,  x, and y l  a r e  consecu t i ve  c l a s s i c a l  t u r n i n g  p o i n t s )  , 
o, i s  t h e  i n t e g r a l  o f  t h e  momentum i n  t h e  c l a s s i c a l l y  a l lowed reg ion .  

Each o f  the  i n t e g r a l s  i n  eq. (20)  a r e  combinat ions o f  e l l i p t i c  

i n t e g r a l s  o f  t h e  t h r e e  k inds,  Furthermore, r2 and T ,  a r e  r e l a t e d  i n  

t h e  same way as 52 and Si b e f o r e  (see eq. (3b) )  



Working i n  t h e  t i g h t - b i n d i n g  approx imat ion3,  where 

and u s i n g  t a b u l a t e d  asympto t i c  expansions f o r  t h e  e l l i p t i c  i n t e g r a l s  

o f  t h e  t h r e e  k inds" , we f i n d  t h a t  

w i t h  S, and S, g iven  i n  eq.(3) and r e l a t e d  t o  T, and T, (eq.(20)) as 

f o l  lows 

and s i m i l a r l y  f o r  r,. 

Comparing eqs.(23) and (18) we see t h a t  t h e  two r e s u l t s  d i f f e r  

by a f a c t o r  ( e / ~ ) ' / ~ ,  t h a t  i s  

AE 

The same f a c t o r  had b e e n  n o t i c e d  b e f ~ r e ~ ' ~ "  f o r  t h e  double-wel l  

anharmonic o s c i l l a t o r  and t h e  sine-Gordon p o t e n t i a l .  I t s  o r i g i n  l i e s  i n  

t h e  l i n e a r  i n t e r p o l a t i o n  formulae used i n  t h e  WKB approx imat ion.  Hadwe 

used a q u a d r a t i c  i n t e r p o l a t i o n  t h e  agreement between t h e  two methods 

woul d have been complete6" . 
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Resumo 

Calculamos a  re lação  de d ispersão  para a  energ ia  da banda de 
v a l ê n c i a  do p o t e n t i a l  duplo sine-Gordon, aproximandoa amp l i tude  de t u -  
n r l a m e n ~ o  por uma soma de c o n t r i b u i ç õ e s  de t r a j e t ó r i a s  de ins tan tons  e  
a ~ t i - i n s t a n t o n s .  O i n t e r e s s e  nesse p o t e n c i a l  advém do f a t o  que temos 
asDra que l i d a r  com d o i s  t i p o s  de ins tan tons ,  uma vez que ex is tem duas 
b a r r e i r a s d s  p o t e n c i a l  d i f e r e n t e s  em uq  mesmo per íodo.  Comparamos nos-  
sos r e s u l  tados com a  aproximação WKB usual  . 


