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Abstract We presen t  a  d e t a i l e d  d i s c u s s i o n  o f  c e r t a i n  e x a c t s o l u t i o n s ,  i n  
vacuum, o f  ou r  r e c e n t l y  proposed equat ions f o r  Poincaré g a u g e  f i e l d  
theory .  The c o n s t r u c t i o n  o f  the  s o l u t i o n s  i n v o l v e s  ansh'tze and methods 
wel l-known i n  Ins tan ton  Physics. 

1. INTRODUCTION 

Recent ly  we proposed a  dynamics o f  Poincaré gauge theory  based 

upon a genera l i sed  H i l b e r t  a c t i o n  i n  t h e  p r i n c i p a l  bundle o f  or thogonal  

frames over  space-time, endowed w i t h  a  m e t r i c  c o n s t r u c t e d  f r o m  t h e  

Lorentz  connect ion and the  s o l d e r  form'.  I n  the  absence o f  m a t t e r  t h e  

o n l y  dynamical v a r i a b l e s  a r e :  
i c1 

a )  the  v i e r b e i n  f i e l d  s Jx) and i t s  inverse  a ( x ) ,  w i t h  the  r e l a t e d  
6 m e t r i c  g .  . (x)  = ",B oai(x) O / x )  (*I 

23 
b) the m e t r i c  connect ion c o e f f  i c i e n t s  I'@'] (x), ant i symmet r i c  i n  [a, 83 

Z 

n o t a t i o n  b y  Ti w i t h  m a t r i x  e l e m e n t s  

The equa t ions  o f  mot ion a re :  

where 

i s  the  c u r v a t u r e  o f  t h e  Lorentz  connect ion,  w h i l e  Rij and R a r e  re -  

s p e c t i v e l y  the  R i c c i  tensor  and the  c u r v a t u r e  s c a l a r  o f  the  Riemannian 

( * ) :  L a t i n  i n d i c e s  r e f e r  t o  holonomic components, w h i l e  the  greek i n d i -  

ces, s i n g l e  o r  i n  an t i symmet r i c  p a i r s ,  r e f e r  t o  t h e  L i e  a lgebra  o f  t h e  

Poincaré group. The Minkowski m e t r i c  i s  = diag(+,-,- ,-) .  



connect ion d e f i n e d  by t h e  C h r i s t o f f e l  symbols I? 1 .  
zq  

R = R  R and R = gkq R 
kq q kq 

I n  eq (2) we a l l o w  f o r  a  cosmologica l  cons tan t  A and T.. i s  t h e  "en- 
Z J  

ergy-momentum" o f  t h e  f i e l d  F ,  . g i v e n  by 
23 

where h i s  a  c o u p l i n g  cons tan t  w i t h  t h e  dimensions o f  a  l e n g t h  squared. 

The c o v a r i a n t  d e r i v a t i v e  i n  eq ( I )  i s  t h a t  i n t roduced  by C.N.yang2: t h e  

connec t ion  c o e f f i c i e n t s  f o r  holonornic i n d i c e s  a r e  t h e  C h r i s t o f f e l  sym- 
a 

bo ls ,  w h i l e  f o r  anholonomic i n d i c e s  they  a r e  g i v e n  by t h e  riB ' S .  

Ir1 a holonomic gauge t h e  Lorentz  connec t ion  and c u r v a t u r e  a r e  

a. B F.? = sP F.. 0 
7 ' 5 q  a z 3 B  q 

and eq ( I )  t u r n s  i n t o  

where 

i s  the  c o n t o r t i o n  tensor .  

Ir1 s e c t i o n  2 we i n t r o d u c e  t h e  ans2tze l e a d i n g  t o  exac t  s o l -  

u t i o n s  o f  the  coupled eqs ( 1 ) '  and (2 ) .  The work o f  J .  Cervero, L. 

Jacobs and C.R. Noh13 and o f  A. ~ c t o r ~  i s  b r i e f l y  r e c a l l e d  i n  s e c t i o n 3 .  

T h e i r  c o n s t r u c t i o n  o f  s o l u t i o n s  o f  t h e  equa t ion  0f/f3 = cons tan t ,  i n  

Minkowski cpace-time, i s  a p p l i e d  t o  o u r  problem i n  s e c t i o n  4. Some f i -  

n a l  comments a r e  made i n  s e c t i o n  5.  

2. THE ANSAI LE 

G e n e r a l i s i n g  the  ' t  Hooft-Corrigan-Fairlie-wilczek5 ansatz t o  

curved space-time, we look  f o r  s o l u t i o n s  o f  eqs (1) ' and (2) w i t h  t o r -  



s i o n  generated by a s c a l a r  f u n c t i o n .  The c o n t o r t i o n  tensor  t a k e s  t h e  

fo rm 

The corresponding c u r v a t u r e  i s  g i v e n  by 

and eq (1) ' becomes 

where V .  ? i s  the  conforma1 Weyl tensor  
2.3 4  

P = R  + 1 (Aik P k  R - A R ~ ; )  - R/6 Aij P 
' i j q  i j q  2 j k  4  

A c o n t r a c t  

e q u i v a l e n t  

i o n  o f  t h e  i n d i c e s  j and ;o shows t h a t  t h e  above equa t ion  i s  

t o  the  p a i r  

To s i m p l i f y  f u r t h e r  we assume t h a t  space-time i s  c o n f o r m a l l y  

f l a t  so t h a t  t h e  Weyl tensor  vanishes and eq (6b) i s  au tomat i ca l  l y  s a t -  

i s f i e d .  The m e t r i c  tensor  i s  l o c a l l y  o f  t h e  form 

From t h e  i d e n t i t y  
o @ + R / 6 @  - mMJi 

=3 
@ Ji 

where Ji = p@ and 1s t h e  Minkowski Dalembert ian,  i t  f o l l o w s  t h a t  eq 
M 

( I ) '  f i n a l l y  reduces t o  



where y i s  a  constant. 

Since the energy-momentum T.. i s  t raceless,  eq (2) impl ies t ha t  
$3 

the curvature sca lar  i s  constant 

R = 411 

For conformal ly  f l a t  met r lcs  one has the i d e n t i t y  

R / 6  = UMp/p3 

which now becomes an equation f o r  the conforma1 f a c t o r  p: 

qnp/p3 = (2/3)A 

F i n a l l y  w i t h  the above ans i t ze  we no t i ce  tha t  

1 R . .  - q R gij = 2 S..(p;q) 
23 $3 

and 

Subs t i t u t i ng  these r e ç u l t s  i n  eq (2) y i e l d s  

pZ sij(p;Tl) - 2xLIq2s. . ($ ;d  = O 
$3 

(8c) 

The ansatze expressed i n  eqs (3)  and (7) have thus reduced the problem 

o f  so l v i ng  the eqs (1) ' and (2) t o  t h a t  o f  f ind ing  so lu t ions  o f  eqs 

(%a) and (8b) t ha t  a re  re la ted  by eq (8c). 

3. THE MERONI SOLUTION AND THEIR ELLIPTIC EXTENSION* 

I t  has been ~ h o w n ~ ' ~  tha t ,  i f  f (x)  i s  a  s o l u t i o n  o f  

O f/f3 = v, 
M 

then a  solui:ion F(X) = f (x )  ~ (u (x ) , rn )  o f  

4 F / F ~  = v 

can be constructed by the f o l  lowing procedure: 

1) the Jacobian e l  l i p t i c  funct ion l?(u,rn) o f  argument u  and parameter m 

i s  so lu t i on  o f  the d i f f e r e n t i a l  equation 

E " + ~ E + ~ E ~  = O  

* Squares arid products of fourvectors i n  t h i s  sec t ion  are  t o  be taken 

w i t h  the Hinkowski met r ic .  



where t h e  cons tan ts  a and b a r e  f u n c t i o n s  o f  t h e  parameter rn,depending 

on the  p a r t i c u l a r  e11 i p t i c  f u n c t i o n  cons idered 6.  

2) t h e  f u n c t i o n  u ( x )  has t o  s a t i s f y  the  equa t ions  

and 

3 )  t h e  cons tan t  V i s  re !atee t o  V, by V = - (b/a)  v ,  . 
We s h a l l  be p a r t i c u l a r l y  i n t e r e s t e d  i n  t h e  meron f u n c t i o n  

f ( x )  = ~ ( ( x + i u )  (x-<v) ' )- ' / '  

whích i s  s o l u t i o n  o f  

where v i s  an a r b i t r a r y  space l i ke  o r  t i m e l i k e  f o u r v e c t o r .  

The corresponding f u n c t i o n  u ( x )  e x i s t s  and i s  g iven  by 

- 1 / 2  
U(X)  = a 8 (2) , 

where 

6 ( z )  = (i/2) kn [ ( x - i v )  '/ (z+ iv )  '1 = t g - l ~  (z)  

wi t h  

~ ( 2 )  =22.v/(z2-v2) 

The p a i r  o f  f u n c t i o n s  f ( x )  and 8 ( 2 )  s a t i s f y  t h e  remarkable p r o p e r t i e s :  

These p r o p e r t i e s  imply eqs ( 9 )  and (10) and a l ç o  t h a t  

where c i s  t h e  v a l u e  o f  t h e  f i r s t  i n t e g r a l  o f  t h e  e l l i p t i c  equa t ion  

and i s  a  f u n c t i o n  o f  the  parameter m. 
The s i n g u l a r i t i e s  o f  f ( z )  and t h e  cho ice  o f  t h e  branch d e f i n i n g  

e ( z )  depend on the  type  o f  the f o u r v e c t o r  v. We cons ider  I) %neZ ike  v 

( v
o  > O ,  w i t h o u t  l o s s  o f  g e n e r a l i t y ) .  The rneron f u n c t i o n  f(x) i s  r e g u l a r  



everywhere i n  Minkowski space and t h e  two-sheeted hyperbo lo id ,  x2-v2=0, 

d i v i d e s  Minkowski space i n  t h r e e  reg ions :  

We may d e f  'ine 0(x) con t inuous l  y  over  t h e  whole o f  Minkowski space by: 

0(x) = A r c t g  ~ ( x )  , x E I 

A r c t g  z(x) - v  , x E 11+ 

A r c t g  ~ ( x )  + T , x E II- 
- 1 

where A r c t y  i s  t h e  p r i n c i p a l  branch o f  t g  . I n  t h i s  range B(x) v a r i e s  

f rom -T t o  +V, b u t  i f  space- t ime i s  c o n f i n e d  t o  t h e  r e g i o n  T ,  t h e v a l u e s  

o f  0(x) a r e  r e s t r i c t e d  t o  [ I - ~ / 2 ,  + v / q .  

The one-sheeted hyperbo lo id ,  x2-v2 = 0, has now a non-void i n t e r s e c t i o n  

w i t h  t h e  p lane  X.V = O and f (x)  i s  s i n g u l a r  the re .  A t  f i x e d  t ime x 0  t h e  

s i n g u l a r i t y  i s  loca ted  on a c i r c l e  i n  the  p lane  x.V = O .  We have now 

f o u r  regioi-1s t o  cons ider :  

I+ = (21 x 2 - v 2  > O, 5.2) > 0) 

I- = {xl x 2  - v 2  > O, 5.V < 01 

11+ = (21 x 2 - v 2  < O, 5.1) > O) 

II- = (21 x 2 - v 2  < O ,  x.v < O) 

and a l s o  I = I + u  I- , 11 = II+ u II- . 
To determine 9(x) we have two p o s s i b i l i t i e s ,  one o f  which i s  

0(x) = A r c t g  T(X) x 6 I 

A r c t g  ~ ( x )  +T, x E 11+ 

A r c t g  ~ ( x )  -R,  x E II- 

The f u n c t i o n  8(x) has a d i s c o n t i n u i t y  of 2v  across  the  p lane  x.v = O i n  

r e g i o n  11 and i s  n o t  de f ined  on t h e  two-dimensional hyperbo lo id  x2-v2=4 



X . V  = O. Over the rest of Minkowski space 8(x) varies in the interval 

E-.rr,+n]. Agaln if we confine space-time to region I,B(x) varies in the 

range C-n/2, +n/2] . 

4. THE SOLUTIONS 

A study of the twelve Jacobian e1 1 iptic functions6 shows that 

there are only eigth independent solutions: a first class of four {sn, 
- 1 /2 

ns,cd,dc), with argument u(x) = (l+m) B(x) and parameter m varying 

in the range [0.1], and a second class of four {cn,nc,sd,ds) wi th argu- 

ment u(x) = (1-2m)-1/2 O(x) and parameter in the range [0,1/2]. The 

logarithmic derivative of these functions have simple poles on the rel- 

evant ínterval of the real axis at the origin or at *K(m), where ~ ( m )  is 

the complete elliptic integral of the first kind. A pole at u=O would 

correspond to a singularity on the hyperplane x.V = O. Eliminating this 

possibil ity we are left with {cn,nclm E [0,1/2])and Ccd,dcjm E [0,1]} 

which have poles at IK(m). In the first case ~ ( m )  is always smaller 

than (1-2m)-1'2n/2 so that a singularity is always present in region I. 

These solutions are thus also eliminated and we are left with the two 

functions cd(u,m) and dc(u,m). It was shown3 that ~ ( m )  is larger than 

(l+m)-1/2n for me < mll, where me . 0.827 ir the solution of K(mC) = 

= ( ~ + m ~ ) - ~ ~ ~ n .  This means that cd(u,m) and dc(u,m) have no singularity 

for these values of the parameter in the whole of Minkowski space, for 

timelike v, and that the only singularity, for spacelike v, is located 

on the two-dimensional singularity hyperboloid described above. 

When the parameter m varies in the interval 6,mJ we have a 

singularity in region 11, but we still can allow for such a solution if 

we restrict space-time to be conforma1 to the region I of Minkowski 

space. The physicai1y acceptable solutions are thus 

-1/2 
E, (x) = cd(a 8 (x) ,m) 

a = l+m , b = -2m, c = 1 

and its inverse 

E2 (r) = dc(a-'/' 8(~) ,m) 



A f i r s t  t ype  o f  s o l u t i o n  i s  ob ta ined  t a k i n g  t h e  conformal 

f a c t o r  equal t o  t h e  meron f u n c t i o n  o f  s e c t i o n  3:  

p ( x )  = f (x )  (12a) 

The c o n t o r t i o n  s c a l a r  f u n c t i o n  corresponding t o  t h i s  cho ice  i s  

$ ( x )  = El ( x )  
1 2  

and t h e  cons tan t  o f  eq (8a) takes  t h e  v a l u e  

- 1 
p, = 2m (I+m) ~ / 6  

p 2  = 2 ( l+m)- l  ~ / 6  

The c u r v a t u r e  s c a l a r  o f  such a  space- t ime i s  g i v e n  by 

R  = 24 v2/A2 

I n  o r d e r  t t i a t  t h e  r e l a t i o n  (8c) be s a t i s f i e d ,  t h e  c u r v a t u r e  s c a l a r  R, 

t h e  coupl i r ig cons tan t  A and t h e  parameter m have t o  obey 

XR/6 = (1+m)~/4m 

I n  t h e  1  i m i t  when m tends t o  0, dc(e,m)=sece, and i n  r e g i ,  

$,(x) = (1 - A / I V ~ ~  

t h e  r e l a t i o n  

( 1 2 ~ )  

on 1. we have 

The corresponding c u r v a t u r e  F s a t i s f i e s  t h e  dual  i t y  c o n d i  t i o n  ~ f ,  
ij q 

re f .1  b u t  t h e  r e l a t i o n  (12c) cannot be s a t i s f i e d  f o r  f i n i t e  A. 
The o t h e r  t ype  o f  s o l u t i o n  i s  c o n s t r u c t e d  t a k i n g  + = p+ t o  be 

t h e  rneron f ' unc t ion  so t h a t  t h e  conformal f a c t o r  and t h e  c o n t o r t i o n  scal- 

a r  a r e  g iven  by: 

p l ,  2 
(2) = f (2) E1 ( r )  

$ 2  
(13a) 

+,,,(x) = ( E ~ , ~ ( X ) ) - ~  = E,,~ k )  (13b) 

The corresponding c u r v a t u r e  s c a l a r  i s  g iven  by 

The r e l a t i o n  between c u r v a t u r e  s c a l a r ,  c o u p l i n g  cons tan t  and parameter 

read s  

A R/6 = 2m (l+m)-, ( 1 3 ~ )  



I n  t h e  l i r n i t  when m tends t o  O t h e  s o l u t i o n  p 2 ( x )  corresponds t o  a de 

S i t t e r  space wi  t h  c u r v a t u r e  R = 48 v 2 / ~ ' .  

Choosing A = /v1 we recover  a s tandard form o f  t h e  de S i  t t e r  m e t r i c  

i j - 1  
p ( x )  = ( I  - ~ / 4 8  n . .  x x ) 

23 

and t h e  t o r s i o n  s c a l a r  i s  $I, (x) = cos 0 ( x ) .  

I n  t h i s  l i m i t  eq (13c) i s  o n l y  s a t i s f i e d  f o r  ze ro  c o u p l i n g  A .  

5. DISCUSSION 

To i n v e s t i g a t e  t h e  phys ica l  s i g n i f i c a n c e  ( i f  any) o f  t h e  ob- 

t a i n e d  s o l u t i o n s  i t  i s  necessary t o  s tudy the  mot ion  o f  a  t e s t  p a r t i c l e  

i n  the  r e s u l t i n g  f i e l d s  accord ing  t o  the  equa t ions  o f  mot ion  ob ta ined  

i n  r e f e r e n c e  1 .  

When t h e  f o u r v e c t o r  v i s  s p a c e l i k e  t h e  f i e l d s  have a s i n g u l a r -  

i t y  which has t h e  same topo logy  as t h e  s i n g u l a r i t y  o í  the  Ker r  m e t r i c  . 
I t  i s  g e n e r a l l y  expected t h a t  the  K e r r  m e t r i c  should p l a y  an impor tant  

p a r t  i n  t h e  d e s c r i p t i o n  o f  t h e  i n t e r a c t i o n  o f  mat te r  w i t h  i n t r i n s i c  

angu la r  momentum. The ansatz on t h e  conformal f l a t n e s s  o f  space-time 

n a t u r a l l y  exc ludes t h i s  t ype  o f  m e t r i c .  

Our a t tempts  t o  use a genera l  K e r r - S c h i l d  ansatz f o r t h e m e t r i c  

were unsuccessfu l .  An i n v e s t i g a t i o n  o f  t h e  conformal t r a n s f o r m a t i o n  prop- 

e r t i e s  o f  t h e  theory  seems t o  i n d i c a t e  t h a t  t h e  success o f  t h e  ' t  Hoof t -  

-Corrigan-Fairlie-Wilczek ansatz i s  i n t i m a t e l y  l i n k e d  w i t h t h e  conformal 

f l a t n e s s  o f  t h e  considered space- t ime. 

A way o u t  m i g t h  be found i f  t h e r e  a r e  n o n - t r i v i a l  s o l u t i o n s  o f  

eq (6b) .  

T h i s  work was p a r t i a l l y  supported by CNPq through a g r a n t  t o  

the  T h e o r e t i c a l  Phys ics Group o f  the  Departament de- Phys ics o f  the  Fe- 

d e r a l  U n i v e r s i t y  o f  R i o  Grande do Nor te.  
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Resumo 

Apresentamos uma d iscussão mais deta lhada de uma c e r t a  c l a s s e  
de soluções exatas, no vaz io ,  das equações que propusemos recentemente 
para a t e o r i a  de c a l i b r e  do grupo de Poincaré.  A cons t ruçãodas  so luções 
se baseia sobre h ipó teses  e métodos bem conhecidos na F í s i c a  dos Ins-  
tantons.  


