
Revista Brasileira de Física, Volume 13, n? 2, 1983 

x- Versus yScaling in Non-Relativistic Deep Inelastic Scattering 

SANDRA DOS SANTOS PADULA and CARLOS OURIVIO ESCOBAR 

Instituto de Fi'sica, Universidade de São Paulo, Caixa Postal 20526, S3o Paulo, 01000, SP, 
Brasil 

Recebido em 11 de fevereiro de 1983 

Abstrart We show, i n  t h e  c o n t e x t  o f  n o n - r e l a t  i v i s t  i c  p o t e n t  i a 1  
s c a t t e r i n g ,  t h a t  t h e  a p p r o p r i a t e  s c a l i n g  v a r i a b l e  f o r  t h e  deep i n e l a s t i c  
r e g i o n  i s  r io t  Lhe usual B jorken one xg = Q ~ / Z M V  b u t  ins tead , the  v a r i -  
a b l e  y = (2mv-q2)/2q. i 

The y- sca l  i ng  i s  shown t o  be ob ta ined  i n  a  n a t u r a l  way by u s i n g  
the  WKB approx imat ion.  Numerical r e s u l t s  a r e  presented comparing t h e  
approach t o  sca l  i ng  i n  terms o f  x and y. 

Bi 

1. INTRODUCTION 

The deep i n e l a s t i c  s c a t t e r i n g  o f  l ep tons  by hadrons i s  one o f  

t h e  most powerfu l  to01 s  f o r  t e s t i n g  t h e  hadronic  s t r u c t u r e .  Since I968 

a  g r e a t  dei31 o f  exper imenta l  r e s u l t s  have met i n  evidence a  composite 

p i c t u r e  o f  hadrons. The data a r e  compat ib le  w i t h  t h e  v iew o f  hadrons as 

being composed o f  p o i n t - l i k e  ( s t r u c t u r e l e s s )  c o n s t i t u e n t s .  One o f  t h e  

most impor tan t  evidences f o r  t h i s  i s  t h e  s o- c a l l e d  Bjorken scal ing,which 

may be i n t e r p r e t e d  as  r e f l e c t i n g  t h e  f a c t  t h a t ,  i n  t h e  l i m i t  o f  l a r g e  

momentum t r a n s f e r s  (ve ry  s h o r t  d i s t a n c e s ) ,  t h e  p o i n t - l  i k e  const  i t u e n t s  

behave as q u a s i - f r e e  p a r t i c l e s ;  as a  consequence, t h e  c r o s s - s e c t i o n s f o r  

deep i n e l a s t i c  s c a t t e r i n g  appear t o  be independent o f  any s c a l e  o f  mass. 

Hoivever, t h e r e  i s  another  s t r i k i n g  f e a t u r e  coming up f rom these 

experiments: the  c o n s t i t u e n t s  have never been observed i n  f i n a l  s t a t e s ,  

i n  which o r i l y  o r d i n a r y  hadrons a r e  found emerging frorn t h e  s c a t t e r i n g .  

So, t h e  da ta  c o n f r o n t  us w i t h  an a p p a r e n t l y  ambiguous s i t u a t i o n ,  i .e . ,  

the  const i i :uents when t e s t e d  a t  s h o r t  d i s t a n c e s  behave as quasi  - f r e e  

p a r t i c l e s  a l though  they seem t o  be permanently c o n f i n e d  i n  the  i n t e r i o r  

o f  hadrons a t  l a r g e  d is tances .  

More r e c e n t l y  Quantum Chromodynamics ( Q C D ) '  was proposed as a  

cand ida te  f o r  d e s c r i b i n g  s t r o n g  i n t e r a c t i o n s ,  whose p r e d i c t i o n s  have 

been shown t o  be i n  good agreement w i t h  exper iment .  Among t h e  r e s u l t s  

t h a t  can be understood i n  QCD we ment ion t h e  precocious s c a l  i n g ,  r e -  



f l e c t i n g  t h e  smallness o f  t h e  QCD fundamental l e n g t h  parameter, A ,  and 

s c a l i n g  v i o l a t i o n s  i n  the  deep i n e l a s t i c  s c a t t e r i n g  o f  n e u t r a 1  a n d  

charged lep tons  by hadrons2. However i t  i s  s t i l  1 n o t  p e r f e c t l y  estab-  

l lshed t h a t  QCD c o n f i n e s t h e  c o n s t i t u e n t s  t o  the  i n t e r i o r  o f  hadrons, as 

i t would be expected i q  accordance wi t h  the exper imenta l  r e s u l  t s 3 .  

Deep i n e l a s t  i c  s c a t t e r  ing  processes may t r e a t e d  i n  a  non-rela- 

t i v i s t i c  Q i a r t l m  Mechanicai framework, s i n c e t h e r e  i s  a  complete analosy 

awmz t h s  v a r i a b l e s  t h a t  desc r ibe  the  processes i n  the  r e l a t i v i s t i c  as 

w e l l  a i  i n  t h e  n o n - r e l a t i v i s t i c  t r e a t n i e n t .  M a k i n g  u s e  o f  t h i s  

ar iaiogy we nlay cof is ider  deep i n e i a s t i c  s c a t t e r i n g  i n  a  n o n - r e l a t i v i s t i c  

f r a m e w r k  a s  a  " l a b c r a t o r y " f o r  t e s t i n ~  the  h y p o ~ h e s i s  o f  pernianent con- 

f i n e i x n r  an6 se? i f  che l a r t e r  i.ioul:i d e s t r c y  8 jo rken  scal  ing.  The p e r -  

r a n e 7 t  cor,firie:i.ent i s  i i r i iu !a ted n o n - : - e i a t i v i s t i c a l i y  by :he assumption 

tha: the  consci:uents a r e  c o n í i n e d  I n  a  p o t e n c i a l  t h a t  increases w i t h  

t h e  distante. 

I t  i s  c l e a r  i h a t  

indica:-ed t o  be appl i e d  

r e i a i i i v i i t i c .  liowevar we 

s p e c i f  i c a l i y ,  i r ?  I r w l a s t  

the rnentionrd n o n - . r e ! a r i v i s t i c  framework i s n o t  

t o  h i g h  energy processes s i n c e  t h e s e a r e s t r i c k l y  

f l n d  i t s  appl  i c a b i i  i t y  i n  ncclear '  p l ys ics ,  more 

i c  s c a t t e r i n g  o f  elec:rons by ~ ~ c l e i ' ' .  

Many a u f h o r i  have foct ised t h e i r  a t t e n t i o n  on the  problem o f  deea 

i q e i c i s t i c  s c a t t e r i n g  t r e a t e d  i n  a  n o n - r e l a t i v i s c i c  framework. Amongthem 

we f i n d  the  work o f  G.B. west5 ,  which set - :  up t h e  fo rma l i sm f o r  t h e n o n  

- r e l a t i v i s t i c  t reatment  and obtc i ins the  ancilogue, i n  t h i s  framework, o f  

t t ie B jc rkev  s c a l i n ?  (u -sca ! ing ) .  He a l s o  i r i t roduces t h e  s o - c a l l e d  y -  

scsling by mean:; oi- t h i s  formal ism.  The woi-k o f  P. t? .  Fishbane and M.T. 

J r i ca ru%na lyses  some s p e c i f i c  exarnples o f  c o n f i r i n g  p o t e n t i a l ,  obtain- 

ing  the analogue o f  B jorken sca l  ing f o r  them. .J. Bel i a n d i  ~ i l h o ~  t r e a t s  

the problem o f  deep i n e l a s t i c  e l e c t r o n  s c a t t e r i n g  by a  two s p i n l e s s  

bourid s t a t e  (whose i n t e r a c t i o n s  i s  supposed t o  be o f  t h e  harmonic os-  

c i i i a t o r  type)  and observes t h e  s c a l i n g  behaviour o f  t h e s t r u c t u r e  func-  

t i o n  i n  the  B jc rken  l i r r i i t .  Another work, by G . C .  Marques and C .  F.Wey 

J r . "  s t u d i e s  t h e  s c a l i n g  laws o f  Many Body Systems i n  c l o s e  analogy 

w i t h  the  r e l a t i v i s t i c  case, t a k i n g  r e c o i l  e f f e c t s  i n t o  account .  F i n a l l y ,  

we should ment ion t h e  recen t  paper by J .D.  B jorken a n d  H. S .  Orbachg, 

which i s  c l o s e r  t o  the s p i r i t  o f  ou r  p resen t  work, approaching t h e  y-  

s c a l i n g  behaviour o f  the  s t r u c t u r e  f u n c t i o n  i n  a  semi -c lass ica l  way. 





Quantum F i e l d  Theory a r e  d u e l y  neg lec ted .  The quanta o f  the  fundamental 

f i e l d s  a r e  s imp ly  c a l l e d  par tons  and t h e  c o n d i t i o n s  a s s u m e d  i n  t h i s  

model a r e  such t h a t  the  i n t e r a c t i o n  among par tons  i s  swi tched o f f  when 

they a r e  t e s t e d  by lep tons  i n  deep i n e l a s t i c  s c a t t e r i n g .  

The hypotheses made i n  the  Par ton Model a r e  e q u i v a l e n t  t o  con- 

s i d e r  as r e l e v a n t  f o r  the  i n e l a s t i c  lepton-nucleon s c a t t e r i n g  o n l y  the  

handbag diagram, as shown i n  F i g .  1. 

I 

F i g .  1 - Handbag diagram f o r  

deep i n e l a s t i c  e1  e c t r o n - n u -  

c leon  s c a t t e r i n g .  

The c r o s s- s e c t i o n  ob ta ined  by means o f  t h i s  diagram i s  g iven  

byn: 

where 3: i s  the  f r a c t i o n  o f  the  momentum c a r r i e d  by t h e  s t r u c k  par ton ;  

e? i s  t h e  squared charge o f  t h e  t y p e  i p a r t o n  ( a  i s  t h e  f i n e  s t r u c t u r e  

c o n s t a n t ) ;  f . (x) i s  the  p r o b a b i l  i t y  t o  f i n d  a  p a r t o n  w i t h  rnomentum 

f r a c t i o n  between x  and x+&, and f i n a l l y ,  s , t , u  a r e  t h e  Mandelstarn 

v a r i a b l e s .  

The argument o f  t h e  de1 t a  f u n c t i o n  i n  (2.1) may be w r i t t e n  as: 

where we have considered the  va lues  assumed by t h e  Mandelstam v a r i a b l e s  

i n  t h e  l a b o r a t o r y  frame; Q' = - q2 i s  t h e  squared f o u r  momentum t r a n s -  

f e r r e d  by the  v i r t u a l  photon and M i s  t h e  nuc leon mass.Remembering t h a t .  

i n  t h i s  frame P.q = M V  (P i s  t h e  nuc leon four momentum), t h e  argument 

o f  t h e  d e l t a  f u n c t i o n  rnay be r e w r i t t e n  as: 



where rn i!; the  p a r t o n  mass. 

Equat ion (2.3) e x h i b i t s  the  c o n d i t i o n  t h a t  t h e  s t r u c k  p a r t o n  

rernains ori i t s  mass-shel l  a f t e r  t h e  i n t e r a c t  i o n .  W i  t h  t h e  a i d  o f  

equa t ion  (2.2) wemay c o n c l u d e t h a t t h e ~ f r a c t i o n x  o f  t h e  rnornenturn P c a r -  

r i e d  by t h e  par ton,  before i t  i n t e r a c t s  w i t h  the  v i r t u a l  photon, i sequa l  

t o  t h e  B jo rken  v a r i a b l e  & ' / 2 ~ v .  Thi s  shows e x p l  i C i t l y t h a t  B jo rken  

scal ing i n t h e  r e l a t i v i s t i c  frarnework g i v e s  in fo r rna t ion  about t h e  i n i t i a l  

momentum d i s t r i b u t i o n  o f  pa r tons  i n s i d e  t h e  hadron. 

W t i  now show t h a t  t h e  analogue o f  B jo rken  scal ing i n  t h e n o n - r e l a -  

t i v i s t i c  frarnework i s  y - s c a l i n g .  Th is  i s  der i ved ,  as be fo re ,  by sup- 

pos ing o n l y  t h e  handbag diagram t o  be r e l e v a n t  f o r  t h e  s c a t t e r i n g  and 

by irnposirig t h a t  t h e  partons remain on t h e i r  " n o n- r e l a t i v i s t i c  mass-shell" 

b e f o r e  and a f t e r  be ing s t r u c k  by t h e  v i r t u a l  photon. 

In t h e  n o n - r e l a t i v i s t i c  framework, i n  t h e  Born a p p r o x  ima t i o n ,  

t h e  s t r u c t u r e  f u n c t i o n  i s  w r i t t e n  as12:  

(2.4) 

where $ o  i s  t h e  ( i n i t i a l )  ground s t a t e  wave- func t ion  and $ i s  t h e  ( f i -  f 
n a l )  e x c i t e d  s t a t e  wave- funct ion t o  which t h e  s t r u c k  p a r t o n  jurnps a f t e r  

i n t e r a c t i n g  w i t h  t h e  v i r t u a l  photon. The d e l t a  f u n c t i o n  irnposes energy 
+ 

conserva t ion  ( E o ,  E a r e  t h e  t a r g e t  i n i t i a l  and f i n a l  energ ies ) ;  Fi(q) f 
i s  t h e  c o n s t i t u e n t  form f a c t o r  which i s  equal t o  i t s  charge i n  t h e  

s t r u c t u r e l e s s  case, 

Wlien we w r i t e  equa t ion  (2.4) I n  mornentum space we observe t h a t  

we need some knowledge about t h e  p o t e n t i a l  . Supposing o n l y  t h a  t i t 

does n o t  depend e x p l i c i t l y  on t h e  c o n s t i t u e n t s '  v e l o c i t y ,  i t  i s  p o s s i -  

b l e  t o  f i i i d  a genera l  form f o r  (2 .4 ) .  Due t o  the  presence o f  t h e  squared 

m o d u l u s  i n  (2.4) we w i l l  f i n d  some i n t e r f e r e n c e  terms which w i l l  

n o t  c o n t r i  b u t e  i n  t h e  l i m i t  o f  l a r g e  q2 i f  t h e  space ground s t a t e  

wavefunct ion i s  w e l l  behaved a t  t h e  ~ r i ~ i n ' ~ .  Being so, i n  t h e  B jo rken  

l i m i t ,  thtt s t r u c t u r e  f u n c t i o n  i s  reduced t o :  



where K*. and k .  a re  t h e  components o f  t h e  c o n s t i t u e n t s '  t h r e e  mornenta 
&I 2, 

a long  and perpend icu la r  t o  the  d i r e c t i o n  o f  t h e  v i r t u a l  photon, respec- 

t i v e l y ;  t h e  f a c t o r  ( k  ki,) i 2  i r  r e l a t e d  t o  t h e  squared modulus o f  
%L' 

t h e  ground s t a t e  wave- funct ion i n  momentum space, i n t e g r a t e d  over  a l i  

momenta, except k . ;  mi i s  t h e  i - t h  c o n s t i t u e n t  rnass. 
2 

App ly ing  t o  the  argument o f  t h e  d e l t a  f u n c t i o n  t h e  d e f i n i t i o n  

o f  t h e  3 - v a r i a b i e 5 :  

P u t t i n g  (2.8)  i n t o  (2.5) and assuming t h a t  t h e  c o n s t i t u e n t s  a r e  

p o i n t - l i k e ,  we have: 

I t  should be n o t i c e d  t h a t  the  same equa t ion  (2.5) would be ob- 

t a i n e d  had we considered o n l y  the  n o n - r e l a t i v i s t i c  analogue o f  t h e  hand- 

bag diagrarn as r e l e v a n t  f o r  t h e  s c a t t e r i n g ,  toge ther  w i t h  t h e  c o n d i t i o n  

t h a t  t h e  p a r t o n  should be on i t s  " n o n - r e l a t i v i s t i c  m a s s - s h e ~ l " ' ~  b e f o r e  

and a f t e r  i n t e r a c t i n g  w i t h  t h e  v i r t u a l  photon. 

By means o f  equa t ion  (2.8) we n o t i c e  t h a t  t h e  y- s c a l i n g  v a r i a b l e  

i s  the  same as t h e  component o f  t h e  s t r u c k  c o n s t i t u e n t  i n i t i a l  rnornenturn 

a long t h e  d i r e c t i o n  o f  i n t e r a c t i o n .  And, f i n a l l y ,  by equa t ions  (2.6) and 

(2.9) we see t h a t  t h e d e p e n d e n c e o f  t h e  s t r u c t u r e  f u n c t i o n  on t h e  

s c a l i n g  v a r i a b l e  y i s  r e l a t e d  t o  t h e  i n i t i a l  momenta d i s t r i b u t i o n o f  t h e  

c o n s t i t u e n t s  i n s i d e  t h e  t a r g e t ,  i n  c l o s e  analogy w i t h  t h e  r e l a t i v i s t i c  

v e r s i o n  o f  B jorken s c a l i n g .  



3. WKB APPROXIMATION AND y-  SCALING 

We now show t h a t  t h e  s t r u c t u r e  f u n c t i o n  qW, scal ing i r i  t h e v a r i -  

a b l e  9 , may be ob ta ined  as a F o u r i e r  t rans fo rm i n  momentum space o f  

the  ground s t a t e  wave- funct ion.  As we s h a l l  see we g e t  t h i s  r e s u l t  

s imp ly  by i s o l a t i n g  t h a t  p a r t  o f  t h e  e x c i t e d  s t a t e  wave- funct ion which 

o s c i  l l a t e s  r a p i d l y  and by i n c o r p o r a t i n g  i t  i n t o  t h e  f a c t o r  eZqx- t h e  non 

- r e l a t i v i s t i c  e lect rornagnet ic  c u r r e n t .  

For s i m p l i c i t y  we r e s t r i c t  o u r  a n a l y s i s  t o  t h e  one-dimensional 

case and look  f o r  t h e  e f f e c t s  o f  t h e  p o t e n t i a l  over  j u s t  one o f  t h e  

c o n f i n e d  p a r t i c l e s .  

Being so, we cons ider  a s p i n l e s s  c o n f i n e d  p a r t i c l e  w i t h  mass 2 
and u n i t  charge which i n t e r a c t s  w i t h  t h e  e lec t romagnet i c  current , jumping 

f r o m t h e  ( i n i t i a 1 ) g r o u n d s t a t e t o a n e x c i t e d  ( f i n a 1 ) s t a t e n .  A s w e  

have seen be fo re ,  the  s t r u c t u r e  f u n c t i o n  i s  w r i t t e n  i n  terms o f  t h e  

squared modulus o f  t h e  t r a n s i t i o n  ampl i tude I accard ing  t o  (2 .4) .  I n  
f o '  

t h e  s p e c i a l  case o f  j u s t  one con f ined  p a r t i c l e  t h e  t r a n s i t i o n  amp l i tude  

i s  w r i t t e n  as :  

As the  Bjorken l i m i t  i nvo lves  h i g h  e x c i t a t i o n s ,  i .e . ,  the f i n a l  

s t a t e  l e v e l  n i s  v e r y  h igh,  the  e x c i t e d  wave- funct ion may be approx i -  

rnated sern i -c lass ica l  l y6 :  
r x 

C 
$ l;z) = - n m 

syrnmetr 

the  sem 

where a and b a r e  t h e  c l a s s i c a l  t u r n i n g  p o i n t s .  

We assume t h a t  $o i s  e f f e c t i v e l y  con f ined  t o  a r e g i o n  - c < x < c ,  

droppinp r a p i d l y  t o  ze ro  o u t s i d e  t h i s  i n t e r v a l ;  c i s  a  c h a r a c t e r i s t i c  

number o f  the  p o t e n t i a l  ( cou ld  be, i n  some cases, t h e  c l a s s i c a l  t u r n i n g  

n o i n t s  xgR corresponding t o  t h e  ground s t a t e  l e v e l )  and t h i s  i s  supposed 

i c  f o r  s i m p l i c i t y .  

We now suppose t h a t  t h e  p o t e n t i a l  parameter i s  small  such t h a t  
c  R i - c l a s s i c a l  approximat i o n  can be appl  i e d  and cons i d e r  x z R  .> x o  



( t h i s  approx i rnat ion breaks down f o r  t h e  square w e l l  case). Wi th  these 

hypotheses i n  mind we rnay expand t h e  p a r t i c l e  mornentum, keep ingon ly  t h e  

f i r s t  two terrns: 

where f ( z )  i s  the rnaxirnurn va lue  o f  V(z)  i n  t h e  i n t e r v a l  -c < z < c .  

Assuming t h a t  t h e  e x c i t e d  leve1 n i s  v e r y  h i g h  and t h a t  znL>> c  

then ?(z)/>/F << 1 i n  the  i n t e r v a l  -c < z c .  Thereforewemay approx i-  

m a t e  p ( z )  by the  f i r s t  t e r r n o f  t h e  r i g h t - h a n d  s i d e o f  (3 .4 )14 .  Wi th  

t h i s  approx i rnat ion,  the  e x c i t e d  s t a t e  wave- funct ion g i v e n  i n  (3.2) may 

be r e w r i t t e n  as:  

By energy conserva t ion  we w r i t e  E - E o  = V ; assurning t h a t  En>>E,,, n 
then E = V. S u b s t i t u t i n g  t h i s  and (3.5)  i n t o  (3.11, we o b t a i n :  n 

When we take  t h e  Bjorken 1 i rn i t  ( q , ~ )  the f i r s t  term in  b racke ts  

i n  ( 3 . 6 1 ,  rnul t i  p l  i e d  b y  ezqx, o s c i l l a t e s  r a p i d l y  g i v i n g  a  van ish ing  

c o n t r i b u t i o n  t o  the  i n t e g r a l ,  accord ing  t o  t h e  Riemann-Lebesgue Theorem. 

But t h e  second t e m ,  m u l t i p l i e d  by ezqx, may c o n t r i b u t e  i f  q  -m .  
Th is  f a c t o r  rnay be r e w r i t t e n  as :  

accord ing  t o  (2 .7 ) .  

Wi th  the above c o n s i d e r a t i o n s  and t h e  r e s u l t  (3.71, the  rnodulus 

o f  t h e  o v e r l a p p i n g  i n t e g r a l  (3 .6)  rnay be w r i t t e n  as: 

As we have s a i d  a t  t h e  beg inn ing  o f  t h i s  s e c t i o n ,  t h e  y - s c a l i n g  

behaviour o f  t h e  s t r u c t u r e  f u n c t i o n  qFI rnay be o b t a i n e d  by t h e  procedure 



adopted above, i . e . ,  by i s o l a t i n g  t h e  r a p i d l y  o s c i l l a t i n g  terrns coming 

f rom t h e  e x c i t e d  s t a t e  wave- funct ion and by i n c o r p o r a t i n g  them t o  t h e  

f a c t o r  eZqx. We see by (3.8) t h a t  t h e  momentum v a r i a b l e  i s  y .  The y -  

-sca l  i ng  i s  reached i n  the  form o f  a  F o u r i e r  t rans fo rm i n  mmentum space 

o f  t h e  ground s t a t e  wave- funct ion,  making t h e  l i n k a g e  o f  t h e  v a r i a b l e  

t o  t h e  c o n s t i t u e n t s '  i n i t i a l  momentum d i s t r i b u t i o n  i n  t h e  d i r e c t i o n  o f  

the  v i r t u a l  photon. 

I n  o r d e r  t o  make c l e a r  t h e  c o r r e c t n e s s  o f  t h e  above procedure, 

i t  i s  i l l u s t r a t i v e  t o  analyse a  p a r t i c u l a r  p o t e n t i a l  f o r  which t h e  

above r e s u l t ,  (3 .8) ,  i s  ob ta ined  wh i thou t  t h e  WKB approx imat ion .  

The c o n f i n i n g  p o t e n t i a l  i n  case i s  t h e  three-dimensional  h a r -  
1 2 f  2 monic-mw rx1+ + x g ) ,  where m i s  t h e  mass o f  a  s p i n l e s s  c o n f i n e d  2 

p a r t i c l e  wl i ich i s  supposed t o  have u n i t  charge; w  i s  t h e  o s c i l l a t o r  

proper  frequency. The n - t h  energy l e v e i  i s  g i ven  by E = w(n + +) where n 
n = nl + n? + n 3 ;  t h e  corresponding wave- funct ion i s  g i v e n  by: 

The s t r u c t u r e  f u n c t i o n  i s  ob ta ined  by means o f  t h e  squaredrnodu- 

l u s  o f  I.? (equa t ion  ( 3 . 1 ) )  p rov ided  we sum over  a l l  p o s s i b l e  f i n a l  
J 0 

s t a t e s  c o n s i s t e n t  w i t h  energy conserva t ion .  I n  terms o f  t h e  wave-func- 

t i o n s  g iver i  i n  (3.9) t h e  t r a n s i t i o n  amp l i tude  w i l l  be g iven  by t h e p r o d -  

u c t  o f  thi-ee i d e n t i c a l  i n t e g r a l s  o f  t h e  forrn: 

The s t r u c t u r e  f u n c t i o n  may then be w r i t t e n  as :  



N o t i c i n g  t h a t  t h e  above sum i s  a  m u l t i n o m i a l  sum and i n c l u d i n g  

the  d e n s i t y  o f  s t a t e s  f a c t o r  dn/dE we ge t  the  f o l l o w i n g  r e s u l t  f o r  
-f 

n' 
jqjv : 

(3.13) 

The r igh t- hand  s i d e  o f  t h e  above equa t ion  i s  a  Poisson d i s t r i -  
4' b u t i o n

7
.  When we take the  B jo rken  l i m i t ,  i .e.,  >> 1 (and, canse- 

1 ,  

quent l y ,  n = L >> 1) w and use the  S t i r l i n g  approx imat ion  f o r  n! , t h i s  j + z  1 

d i s t r i  b u t i o n  approachs a  Gaussian one, wi t h  h a l f - w i d t h  0 = q /2a2:  

Rearranging the  argument o f  the exponen t ia l  f u n c t  

s u i t a b l e  form and remembering t h e  d e f i n i t i o n  o f  t h e  y-var  

equa t ion  ( 2 . 7 ) ,  we f i n a l l y  g e t :  

q~ . e x p E y 2 / a q  . 
wJiT 

i o n  i n t o  a  

i a b l e  g iven  i n  

squared 

t i o n ,  i n  

:he z-ax 

r e c t  way 

(3.14) 

The r e s u l  t ( 3 .14 )  i s  equal (except  f o r  a  f a c t o r  l/m) t o  t h e  

another  

odulus o f  t h e  F o u r i e r  t r a n s f o r m  o f  t h e  ground s t a t e  wave-func- 

terms o f  one o f  t h e  momentum components - f o r  example, a long  

S .  T h i s  e x h i b i t s  o u r  e a r l i e r  r e s u l t  (equa t ion  (3 .8 ) )  i n  a  d i -  

t should be mentioned t h a t  t h e  same r e s u l t  was o b t a i n e d  f o r  

a r t i c u l a r  p o t e n t i a l  by making use o f  a  s l i g h t l y  d i f f e r e n t  p r o-  

cedure. We have considered t h e  l i n e a r  one-dimensional c o n f i n i n g  poten-  

t i a 1  (V(x)  = f o r  x S O and V(x) = a x  f o r  x > 0) and made a  s i m i l a r  , 
b u t  l e s s  d ramat i c  hypo thes is  about t h e  e x c i t e d  s t a t e  wave-funct ion.0nce 

more rnaking use o f  t h e  f a c t  t h a t  B jo rken  l i m i t  i n v o l v e s  h i g h e x c i t a t i o n s ,  

we have approximated t h e  e x c i t e d  s t a t e  wave f u n c t i o n ,  i n t h e o v e r l l a p i n g  

i n t e g r a l  (3 .11,  by i t s  asympto t i c  form. I n  t h i s  way y - s c a l i n g  was ob- 

t a i n e d  f o r  qh;. 

4. NUMERICAL RESULTS COMPARING x- AND y- SCALING 

I n  o r d e r  t o  n u m e r i c a l l y  s tudy t h e  approach t o  s c a l i n g  i n  x- and 

y - v a r i a b l e s  we ana lyse  i n  t h i s  s e c t i o n  two s p e c i f i c  examples of c o n f i n -  

i n q  p o t e n t i a l s :  t h e  harmonic o s c i l l a t o r  and t h e  square w e l l .  We beg in  



w i t h  t h e  former, s i n c e  some r e l a t i o n s  r e f e r r i n g  t o  t h i s  case have been 

shown i n  the  l a s t  s e c t i o n .  
-f 

As we have seen, the  s t r u c t u r e  f u n c t i o n  qw(v,q2) i s  g iven  by 

equat ion  (3.13) and we must l o o k  a t  t h e  way itapproaches y -sca l  ing.  The 

n o n - r e l a t i v i s t i c  v e r s i o n  o f  B jorken s c a l i n g  i s  ob ta ined  by l o o k i n g  a t  

t h e  behaviour  o f  the  s t r u c t u r e  f u n c t i o n  vw(v,q2) i n  t h e  deep l i m i t  
+ q2m, V+C<>, w i t h  ~ = ~ ~ / 2 m v  f i n i  t e .  I t s  dependence on v, G2 i s  ob ta ined  

by t h e  same procedure adopted p r e v i o u s l y  t o  o b t a i n  qW, and i s  w r i t t e n  

as:  

v  3  w i t h  n g iven  by n = - - - . - w 2  
As commbnted i n  t h e  I n t r o d u c t i o n ,  t h e  s t r u c t u r e  f u n c t  i o n  

+ 
V W ( V , ~ ' )  approaches a  d e l t a  f u n c t i o n  i n  t h e  v a r i a b l e  x  = q2/2mv, as we 

take  t h e  Bjorken l i m i t .  Wi th VW i n  t h e  form g iven  above, f o r  o n l y  one 

c o n f i n e d  p a r t i c l e ,  we would observe t h e  approx imat ion  t o  one branch o f  

the  d e l t a  f u n c t i o n  when c o n s i d e r i n g  p r o g r e s s i v e l y  h igher  energ ies  and 

momenta, s i n c e  x v a r i e s  i n  t h e  i n t e r v a l  0 , < x  s 1 .  For t h i s  reason i t  - 
would be b e t t e r  t o  cons ider  t h e  e f f e c t  o f  t h e  p o t e n t i a l  on two con f ined  

p a r t i c l e s  ins tead  o f  one. I n  do ing  t h i s ,  however, as we want t o  observe 

the  approazh t o  s c a l i n g ,  we should cons ider  t h e  i n t e r f e r e n c e  terms ap- 

pear ing  i n  the  s t r u c t u r e  f u n c t i o n  (such terms come f romthe squaredmodu- 

l u s  o f  thl? t r a n s i t i o n  amp l i tude  i n  (2 .4 ) ) .  However, as d iscussed i n  

s e c t i o n  2, as we take  the  Bjorken l i m i t  the  c o n t r i b u t i o n  f rom these 

terms d r o p j  o u t  r a p i d l y  t o  zero12,  remain ing o n l y  t h e  i n d i v i d u a l  c o n t r i -  

bu t ions .  For t h i s  reason such i n t e r f e r e n c e  terms w i l l  n o t  be considered 

f rom t h e  beg inn ing .  

I n  o r d e r  t o  e x h i b i t  t h e  form used on numer ica l  c a l c u l a t i o n s  we 
3 

w r i t e  y ,  V I J ( V , ~ ~ )  and q ~ ( v , q 2 )  i n  terms o f  t h e  B j o r k e n  v a r i a b l e x  = 

= ( G 2 / 2 ~ v ) ,  where M = 2m: 



The f a c t o r  K = (&//a) has n o t  been considered i n  numer ica l  
1 

c a l c u l a t i o n s .  

The approach t o  s c a l i n g  i s  i n v e s t i g a t e d  by a t t r i b u t i n g  progress- 
+ 

i v e l  y h i g h e r  va lues t o  q2/2a2,  wi t h  x v a r y i n g  i n  t h e  i n t e r v a l  0  S x  S 1 

and bv observ ing  the  behaviour o f  VW and qW. The r e s u l  t s  f o r  vwversus x  

a r e  shown 

o 
9 W  

1 oO 

I o-' 

i 

i o-? 

i n  F ig .  2 and f o r  qW versus y / a  i n  F i g .  3 

F i g .  2 - The p l o t  shows the  F i g .  3 - The p l o t  shows t h e  s t r u c t u r e  
s t r u c t u r e  f u n c t i o n  VWversusx, f u n c t i o n  qW versus y//a, f o r  t h e  h a r -  
f o r  t h e  harmonic o s c  i 1 1 a t o r .  monic o s c i  l l a t o r .  The c u r v e s  h a v e  
The curves have been ob ta ined  been ob ta ined  f o r  the  f o l l o w i n g v a l u e s  
for  t h e  f o l  lowing va lues o f  o f  q2/2/a2: -.- 10; - 50; --- 500. 
q2 /2a2 : - - - !O ;  -.-50;-500. 



We c l e a r l y  observe f rom F ig .  2 t h a t  the  s t r u c t u r e  f u n c t i o n  vW 

approaches a sharp peak. By comparing f i g u r e s  2 and 3 we may conclude 

t h a t  y - s c a l i n g  i s  reached more r a p i d l y  than t h e  n o n - r e l a t i v i s t i c  ana- 

logue o f  B jorken s c a l i n g ,  as  would be expected. 

Another numer ica l  example may be considered.  Now we supposethat  

the  c o n f i n i n g  p o t e n t i a l  i s  s imu la ted  by a one-dimensional square w e l l :  

By s o l v i n g  t h e  ~ c h r g d i n ~ e r  equa t ion  we o b t a i n  t h e  f o l  l o w i n g  

wave- funct ion f o r  j u s t  one s p i n l e s s  p a r t i c l e  w i t h  u n i t  charge and mass 

and 
n2n2 E = -  

n 2ma 

i s  the  energy o f  the  n - t h  l e v e l  

Us ing the  same procedure as b e f o r e  we f ind  f o r  the co r respond ing  

o v e r l a p p i n g  i n t e g r a l ,  t h e  form: 

As we a r e  supposing t h i s  l e v e l  t o  be v e r y  h i g h  (n >> I ) a n d ,  f o r  

the  square w e l l  p o t e n t i a l ,  v e r y  h i g h  l e v e l s  a r e  v e r y  near, we may sub- 

s t i t u t e t h e  sum i n  the  s t r u c t u r e  f u n c t i o n  by a d e n s i t y  o f  s t a t e s  f a c t o r .  

Noh, c o n s i d e r i n g  as before t h a t  we may ana lyse  the  e f f e c t  o f  t h e  

p o t e n t i a l  on two c o n f i n e d  p a r t i c l e s  i n  t h e  same way as i n  t h e  one-par- 

t i c l e  case, we w r i t e  t h e  corresponding s t r u c t u r e  f u n c t i o n s  as:  



I n  t h e  above r e l a t i o n s  we have a p p l i e d  energy conservat ionwhich 
'2 

r e l a t e s  n t o  q and x by: 

4am was n o t  considered i n  nurnerical c a l c u-  The cons tan t  K 2  = - 
Tr2 

l a t  ions.  

Proceeding as be fo re ,  we have a t t r i b u t e d  p r o g r e s s i v e l y  h i g h e r  
- - 

values t o  = a q P ,  w i t h  - x i n  t h e  i n t e r v a l  b,l!, o b t a i n i n g  t h e  c o r r e -  

spondingvalues f o r  vW, q;i7 and ay . The r e s u l t s  a r e  shown i n  f i g u r e s  4 

and 5.  I n  the  l a t t e r ,  airning a t  a  b e t t e r  r e s o l u t i o n ,  we have p l o t t e d t h e  

curves f o r  q W  versus ay on l  y f o r  ay < 10. For ay  > 10 the  curves p re-  

sent o s c i l l a t i o n s  w i t h  p r o g r e s s i v e l y  lower peaks cornpared t o  the  c e n t r a l  

one (a r  ay  = 0 ) .  

By cornparing f i g u r e s  4 and 5 we observe t h a t  t h e  sarne c o n -  

c lus ions rnade in  r e l a t i o n  t o  f i g u r e s  2 and 3 a r e  va1 i d :  y- sca l  i ng  i s  ap- 

proached more r a p i d l y  than x - s c a l  i n g .  

5.  CONCLUSIONS 

I n  s e c t i o n  2 we have shown t h a t  y - s c a l i n g  may be ob ta ined  by 

the  n o n - r e l a t i v i s t i c  analogue o f  t h e  handbag diagrarn supposing t h a t  t h e  

s t r u c k  p a r t o n  rernains on i t s  energy- she l l  b e f o r e  and a f t e r  i n t e r a c t i n g  

w i t h  t h e  v i r t u a l  photon. We have a l s o  shown t h a t  t h e  y- s c a l i n g  behaviour 

o f  the  s t r u c t u r e  f u n c t i o n  e x p l i c i t l y  d i s p l a y s  some dependence on t h e  

i n i t l a 1  mornenturn d i s t r i b u t i o n  o f  the  c o n s t i t u e n t s  i n s i d e  the  t a r g e t .  

These r e s u l  t s  show t h a t  y- sca l  i ng  i s  a  more s u i t a b l e  n o n -  r e l a t i v i s t i c  

v e r s i o n  o f  the  wel l- known Bjorken s c a l i n g .  

I n  s e c t i o n  3 we have shown a n a t u r a l  way o f  o b t a i n i n g  y- s c a l i n g  

u s i n g  t h e  in fo r rna t ion  t h a t  t h e  B jo rken  l i r n i t  i n v o l v e s  h i g h  e x c i t a t i o n s ,  

a l l o w i n g  us  t o  approxirnate t h e  e x c i t e d  s t a t e  wave- func t  i o n s  b y  i t s  

correspondent  WKB f u n c t i o n .  As a  r e s u l t  we o b t a i n  t h e  y - s c a l i n g  forrn o f  

t h e  s t r u c t u r e  f u n c t i o n  as a  F o u r i e r  t r a n s f o r m  i n  rnornenturn space o f  t h e  

ground s t a t e  wave- funct ion,  i n  terrns o f  t h e  v a r i a b l e  y .  T h i s  r e s u l t  

s t resses  t h e  f a c t  t h a t  y- s c a l i n g  g i v e s  us in fo r rna t ion  on t h e  i n i t i a l  



F i g .  4 - The p l o t  shows the  
s t r u c t u r e  f u n c t i o n  vW versus 
z i n  t h e  case o f  the  i n f i n i t e  
square w e l l  p o t e n t i a l .  The 
curves have been o b t a  ined f o r  
the  f o l  lowing va lues o f  a q / ~ :  
- . - 1 0 ;  - - 5 0 ;  --- 200. 

F i g .  5 - The same as F ig .  4 b u t  f o r  

the s t r u c t u r e  f u n c t i o n  V W  versus ay. 

momentum d i s t r i b u t i o n  o f  the  c o n s t i t u e n t s .  We have a l s o  compared t h e  

r e s u l t  ob ta ined  i n  t h e  genera l  case w i t h  t h a t  f o r  t h e  harrnonic o s c i l -  

l a t o r ,  f o r  which no semi- c lass ica l  approxirnat ion was needed. 

F i n a l l y ,  i n  s e c t i o n  4 we have analysed t h e  numericalapproach t o  

scal  ing f c r  two s p e c i f i c  examples. Based on bo th  o f  them we can seethat  

y - s c a l i n g  i s  reached more r a p i d l y  than t h e  n o n - r e l a t i v i s t i c  v e r s i o n  o f  

B jorken sca l  i ng .  
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13. As a mat te r  o f  f a c t ,  i n  t h e  n o n - r e l a t i v i s t i c  case we have an energy 

- s h e l l  , g i v e n  by t h e  condi t i o n :  energy = (m0mentum)~/2 mass. 

14. T h i s  approx i rnat ion i s  e q u i v a l e n t  t o  supposing t h a t ,  i n  t h e  i n t e r v a i  

-c < x <  c ,  t h e  e x c i t e d  leve1 i s  i d e n t i c a l  t o  t h e  e x c i t e d  leve1 o f  a 

symmetric square wel I ,  which i s  i n f  i n i t e  f o r  1x1 > c .  

Resumo 

No a r t i g o  mostramos que, no con tex to  do espal hamento não r e l a -  
t i v í s t i c o  por p o t e n c i a l ,  a v a r i á v e l  de "sca l ing"  apropr iada  para a r e-  
g i ã o  profundamente i i i e l á s t i c a  não é a usual  de Bjorken,  xg = & ' / ~ M v  , 
mas a v a r i á v e l  LJ = ( 2 r n ~ - $ ~ ) / 2 ~ .  i 

Mostramos também que o "scal ing" em y pode ser o b t i d o  de manei- 
r a  n a t u r a l ,  fazendo uso da aproximação WKB. Apresentamos a inda  r e s u l t a -  
dos numér i cos  que permitem comparar a aproximação ao " scal ing"  em t e r -  
m o s d e x  e y .  
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