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Abstract The work o f  Montrol 1 i n  .der i v i n g  the propagator o f  t ime-depen- 
dent harmonic o s c i l l a t o r  i s  general ized t o  ob ta in  the p ropaga to ro f t ime  
-dependent forced harrnonic o s c i l l a t o r .  

1. INTRODUCTION 

The path i n teg ra l  was f i r s t  introduced by wiener1 f o r  the  c a l -  

c u l a t i o n  o f  the mean values o f  ce r ta in  func t iona lsover  t h e t r a j e c t o r i e s  

o f  a Brownian p a r t i c l e ,  and was l a t e r  extended by ~ e ~ n m a n ~  t o  the 

expression of the propagator, p r o b a b i l i t y  amplitude, í n  the conf ígur -  

at ion space o f  quantum m e ~ h a n i c s ~ " ' ~ .  The workç o f  Cameron and Mart i n 6 ,  

~ a c ' ,  and M o n t r o l l 8  f o r  c a l c u l a t i n g  some Wiener i n t e g r a l s  can e a s i l y  be 

appl ied t o  evaluate re la ted  Feynman i n t e g r a l s 9 ' 1 0 ' 1 1  . However, t o  our 

knowledge, the  propagator o f  time-dependent forced harmonic o s c i l l a t o r  

has never been der ived w i t h  these approaches. The purpose of t h i s  paper 

i s  t o  show tha t  the work o f  Mont ro l l  can be general ized t o  ob ta in  the 

exact propagator o f  time-dependent forced harmonic o s c i l l a t o r .  

2. METHOD 

I n  the  path i n teg ra l  approach t o  n o n r e l a t i v i s t i c  quantum mech- 

anics the propagator, p r o b a b i l i t y  amplitude f o r  a p a r t i c l e  t o  gofrom the 
+ 3 

po in t  (x t ) t o  the po in t  (xb,tb), can be expr'essed as 
a' a 
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-+ 
where ~($,$,t) is the Lagrangian and h(t) is designed to indicate t h a ~  

-b 
the integral ir over a11 paths with fixed end points (r ,ta) and (ã,tb). a 
We now assume that 

-+ -b m o  m 
L (x,x,~) = T x2 - u2 (t)x2 + (t 

for one-dimensional time-dependent forced harmonic oscil 

Feynmanl s defini t ion2, the propagator of one-d imens ional 

forced harmonic oscillator is of the following form 

lator. By using 

time-dependent 

For later convenience we have set r = (t -t )/n and r = r(ta + j ~ )  for 
j 

any function r(t). If we let y = x.(m/2k)'/', then ~~.(2.3) can be 
j J 

rewritten as 

Our basic Gaussian integral for the investigation of a quadratic La- 

grangian is 

-1/2 
= (i~)~" (det A) exp(-ibT*-'b) . (2.5) 

By comparing Eq, (2.4) and Eq. (2.5), we find that the matrix A is of 

the following form 



A =  . . . . . . . .  
' O  O O O .  - 1  a  - 1  O 
I n-3 

/ O  0 0 O . .  0 - 1  a  - i n-2 
I I 
1 0  0 0 0 . 0 0  - 1  a  n-1 I 

w i  t h  a  - 2 - w ~ T ~ .  The column m a t r i x  b  has t h e  f o l l o w i n g  elements i - J 

+ ( T 3 / i m h ) l 1 2  q l  = - c T 
- 1 / 2  

b l  = - y  x + a T  3 / 2  

a  9 1  9 

- 1 / 2  
w i t h C = ( m / ~ h ) ~ / ~ a n d a = ( Z m f i )  . F r o m t h e m a t r i x A w e d e f i n e A . a n d  

3 
D  
i 

= d e t  A  , 

They s a t i s f y  t h e  f o l  l ow ing  f i n i t e - d i f f e r e n c e  equat ions12 

A .  = a .  A 
j j j-I -Aj-2 and D . = a . D  - 

J 3 j+i 3 + 2  (2.8) 

w i t h  r e s p e c t i v e l y  boundary c o n d i t i o n s  A o  = 1 and D = 1 .  Futhermore, i t  n 
can e a s i l y  be shown t h a t  

n-l n- 1 
b T ~ - ' b =  z ( D D  1 - I  ( i: b j ~ i + l ) 2 ,  

k =  1 k k+ l  j = k  



and k+ 1 
A = D I D  
k 

(2.1 O) 

when t h e  m a t r i x  A i s  o f  fo rm (2.6) .  

For q ( t )  = O (a1 l qj = O), t h e  p a t h  i n t e g r a l  (2 .4) ,  which stands f o r  t h e  

propagator  o f  harmonic o s c i l l a t o r  w i t h  t ime-dependent f requency,  has 

been c a l c u l a t e d  by Mont ro l  1 w i t h  t h e  h e l p  o f  Eq. (2.5) through Eq. (2.10). 

I n  t h e  nex t  s e c t i o n  we cons ider  t h e  case i n  which q ( t )  # 0.  

3. EXACT PROPAGATOR OF TIME-DEPENDENT FORCED HARMONIC OSCILLATOR 

By u s i n g  Eq. (2.6) and Eqs. (2.7),  Eq. (2.9) becomes 

T - 1  
n- 1 

b A b = c Z i l  {(D,/D,)X; + (2/Dl)xaxb + x i  1 (DkDk+] ) -  
k= 1 

a f t e r  l e n g t h  b u t  s t r a i g h t f o r w a r d  c a l c u l a t i o n s .  By s u b s t i t u t i n g  Eq. (3 .1)  

i n t o  Eq. (2 .5) ,  we then  o b t a i n  f rom Eq. (2.4) t h a t  

K(xb,tb;xa, ta )  = (m12Ti'i"T d e t  A) 'I2 L im e x p l  (úo/2Ar) L 1  - D,/D,)x; 
n- 

Here, t h e  f a c t o r  expí.@~/2A) (2q,xa - moix;) i n Eq. (2.4) has been assumed 

t o  be one i n  t h e  l i m i t i n g  process as T+O ( o r  n a  ) .  

By c o n v e r t i n g  Eq.(2.8) i n t o  d i f f e r e n t i a l  equa t ion ,  we f i n d  t h a t  

( D ~ + ~  - 2Dj + D j - l ) / i 2  = w2 j-I D j 

and i n  t h e  l i m i t  as  v 0  



where t takes t h e  p l a c e  o f  ea + j T .  The de te rmina te  A ( t )  a1 s o  w o u l  d  

s a t i s f y  t h e  sarne d i f f e r e n t i a l  equa t ion .  ?lowever, f rom the boundary con- 

d i t i o n  D = D ( t  ) = 1 and A o  = A ( t a )  = 1, we see t h a t  A  and D . d o  n o t  
n b  j  3 

converge t o  func t  ions  A ( t )  and D ( t )  , respec t  i v e l  y.  Now, by i n t r o d u c i n g  

two new f u n c t i o n s  f ( t )  and g ( t )  as 

f . = T D  a n d g  = V I  
J j  j  i '  

then we have i n  t h e  l i m i t  as T * O 

d 2 f ( t ) / d t 2 + d ( t ) f ( t )  = O  f ( t b )  = O  and .f(tb) = - I  

d 2 g ( t ) / d t 2 + " J 2 ( t ) g ( t )  = O  g ( t a )  = O  and $(ta) = I  , 

Futhermore, t h e  f o l  l ow ing  i d e n t i t i e s  can e a s i l y  be showne as v 0  

and - 
n- l 

I - 1 ( D j D j i l  
- ' j=i 

1-71. = (1 - A  n- 2  / A  n-1 ) / T  = & ( t b ) l f ( t a )  ( 3 . 8 )  

s i n c e  d e t  A  = A ( t  ) = D ( t  ) = f ( t  )/. = g ( t b ) / T .  By s u b s t i t u t i n g  Eqs. b  a a  
( 3 . 6 ) ,  ( 3 . 7 )  and ( 3 . 8 )  i n t o  Eq. ( 3 . 2 ) ,  we have 

Wi th  t h e  h e l p  o f  Eqs. ( 2 . 1 0 )  and ( 3 . 8 ) ,  we o b t a i n  as  T-+O 



and 

~ ~ . ( 3 . 1 1 )  and Eq. (3.12) have been shown i n  t h e  Appendix A. F i n a l l y ,  by 

s u b s t i t u t i n g  Eqs. (3.10), (3.11) and (3.12) i n t o  Eq. (3.9), we have 

For  time-dependent fo rced  harmonic o s c i l l a t o r  w i t h  c o n s t a n t  f requency U, 

i t  can e a s i l y  be shown (see Appendix B )  t h a t  g ( t )  = L1 s i n  U ( t - t a )  and - 1 
f ( t )  = w c. in W(tb-t) . Then Eq.  (3.13) becomes 

2 2 
K ( x  ,t ;x  ,t ) = (mw/Zl~ifi s i n  W) '/' e x p i ( i m ~ / 2 h  s i n  W) & c a + x b ) c o s  W 

b b a a  

Fe,ynrnan and Hibbs o b t a i n  Eq.(3.14) by f i r s t  showing t h a t  f o r  

quadrat  i c  Lagrang ian,  t h e  propagator  can be expressed as  

K(.c b b a a  ,t ;x ,t = F( ta , tb )  e x p f i  Sc, (xb,tb;xa,ta)/h 1 (3.15) 

and then  by c a l c u l a t i n g  t h e  c l a s s i c a l  a c t i o n  Sc,(xb,tb;xa,ta) and t h e  

normal i z a t i o n  c o n s t a n t  F ( t  ,t ) ,  r e s p e c t i v e l y .  However, we shal  l n o t  
a b  

c o n s i d e r  the  case f ( t  ) = 0, which c o r t - e s p o n d s  t o  t h e  c a t a s t r o p h i c  
a 

phenomena ( o r  f o c a l  p ~ i n t s ) ' ~ " ~ ,  i n  t h i s  work. 



4. CLASSICAL TRAJECTORY 

From Eq. (2.2) t h e  Lagrange's  equat  i o n  becomes 

d 2 x ( t ) / d t 2  + u 2 ( t ) x ( t )  = q ( t ) /m,  (4.1) 

a nonhomogeneous second-order l i n e a r  d i f f e r e n t i a l  equa t ion  ( w i t h o u t  t h e  

f i r s t - o r d e r  te rm) .  Be fo re  c a l c u l a t i n g  t h e  c l a s s i c a l  t r a j e c t o r y  &(L?), we 

would l i k e  f i r s t  t o  study, t h e  s o l u t i o n  f ( t )  o f  Eq.(3.4) and g ( t )  o f  Eq. 

(3 .5 ) .  By c a l c u l a t i n g  t h e  Wronskian o f  f ( t )  and g ( t ) ,  we o b t a i n 1 5  

w b ( t )  9 g(t)] = g ( t b )  = f ( t a )  # O 

f o r  a l l  t. There fo re ,  they  a r e  two l i n e a r l y  independent s o l u t i o n s .  Now, 

by assuming t h a t 1 6 * 1 7  

g ( t )  = s ( t )  s i n b ( t )  - y ( ta ) ]  , (4.2) 

where ~ ( t )  and ~ ( t )  a r e  t h e  ampl i tude  and t h e  phase o f  a harmonic 

o s c i l l a t o r  w i t h  time-dependent r e a l  f requency.  I n  o r d e r  t o  

boundary c o n d i t i o n s ,  we must have 

rc - s-3s2(ta) + u 2 ( t ) s  = O 

and 

s Z < t ) * ( t )  = .(ta) . 
Futhermore, we o b t a i n  f rom g ( t )  

f ( t )  = s ( t )  s i n l y ( t b )  - ~ ( t ) ]  

which has been shown i n  t h e  Appendix B .  By s u b s t i t u t i  

(4.4) and (4.51, we g e t  

~ ( x ~ , t ~ ; z ~ , t ~ )  = G:(ta)/2'd r i n  @(tb,ta)]  

e x p i  1&Y(ta)/2?i s in@(tb, ta) ]  /I(x: + x b )  

s a t i s f y  i t s  



Here, we Iiave 

and ~(t,) = Y 
a u l e s  x and 

used t h e  r e l a t i o n s  s ( t a ) i ( t a )  = s(tb):(tb)=1, s ( t a )  =s( td 
( tb )  and t h e  n o t a t i o n  O(x,y) = y ( x ) - y ( y )  f o r  any two v a r i -  

y .  For q ( t )  = 0, Eq. (4.6) i s  e q u i v a l e n t  t o  Eq. (27) o f  

Khandekar and ~awande". For t ime-dependent fo rced  harrnonic o s c i  1 l a t o r  

w i t h  c o n s t a n t  f requency w, Eq. (4.6) can be reduced t o  Eq. (3.14) s i n c e  
- 1 

~ ( t )  = w t  and s ( t )  = w . 
!;ince f ( t )  and g ( t )  a r e  two I i n e a r l y  independent s o l u t i o n s  o f  

Eq. (4.1) w i t h  q ( t )  = 0, then  t h e  c l a s s i c a l  t r a j e c t o r y  can be w r i t t e n  

as1' 

where e '  and e 2  a r e  two c o n s t a n t s  t o  be determined by t h e  boundary con- - 
d i t i o n s  x ( t a )  = x  and z ( t b )  = xb. Wi th  t h e  h e l p  o f  Eqs. (3.4),  (3 .5 ) ,  a  
(4.2) and (4.5) ,  we o b t a i n  

- s i n  @ ( t , t a )  J t ' s (O)q(O)s in  @ ( t  , e ) d e ] )  
b 

a 
a f t e r  s i r n p l i f i c a t i o n s .  Now, by c a l c u l a t i n g  t h e  c l a s s i c a l  a c t i o n  

Scl (xb,tb;xa,ta) and t h e  normal i z a t i o n  F ( t a , t b ) ,  we show t h a t  Eq. (3.13) 

i s  o f  t h e  form (3.15) as we expect .  

APPENDIX A 

By u s i n g  Eqs. (2.10) and ( 3 . 8 ) ,  we f i n d  t h a t  





APPENDIX B 

Since f ( t )  and g ( t )  a r e  two l i n e a r l y  independent s o l u t i o n s  o f  

By s u b s t i t u t i n g  Eq. (4.2) i n t o  E q . ( ~ . l ) ,  we o b t a i n  

f ( t )  = ( i ( t b ) s ( t )  r i n  @( t , ta ) ]  jtb ( ~ ( 0 )  s i n  @(O, ta ) l - '  de 

= s ( t )  s i n  @(tb, t )  . 
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RESUMO 

O t raba lho de Mont ro l l  para deduzir  o propagator do osc i l ado r  
harmônico dependente de tempo é general izado para obter  o propagator do 
osc i  1 ador harmônico forçado também dependente de tempo. 


