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Abstract The f i e l d  generated by t o r s i o n  i n  a four-dimensional Weitzen- 
bkck space i s  considered. We i n t e r p r e t  t h i s  f i e l d  as a dynamical sys- 
tem w i t h  a quadra t ic  Lagrangian dens i ty  o f  the Yang-Mil ls form. The i n -  
t e r a c t i o n  w i t h  a sp in  1/2 Dirac f i e l d  i s  t rea ted.  The l i n e a r  approxi-  
mation f o r  the f ree  f i e l d  generated by t o r s i o n  i s  studied.  

1. INTRODUC'TION 

The geometry o f  a four-dimensional mani fo ld  w i t h  a p a r a l l e l  

f i e l d  o f  l oca l  reference frames was considered i n  the l i t e r a t u r e  as a 

possi b l e  model f o r  an un i  t a r y  f i e l d  theory l.  The geometric p rope r t i es  

o f  t h i s  space, which i s  c a l l e d  as the ~ e i n t z e n b g c k  space2, was l a t e r  

re-considered as the bas i c  f ramework o f  a theory o f  g rav i  t a t i o n  3 .  

I n  t h i s  space, the basic geometrical ob jec t  i s  the to rs ion ,  

and i s  the existente o f  t h i s  tensor f i e l d ,  which prevents the space o f  

being g l o b a l l y  f l a t ,  i n  the sense tha t  e x i s t s  a c e r t a i n  curvature  ten- 

sor, b u i l d  up from the knowledge o f  the to rs ion ,  a t  a l l  po in t s  o f  the  

mani fo ld.  The geometry o f  t h i s  space i s  associated w i t h  an i n t e r n a l  

s t r u c t u r e  def ined by the v ierbeins,  i n  such way t h a t  a l l  i n te rna l  Lo- 

ren tz  ro ta t i ons  ( t ransformat ions o f  the group ~ 0 ( 3 , 1 ) )  a re  car r ied  ou t  

w i  t h  constant matr ices (g lobal  Lorentz t ransformat ions) . This proper- 

t y ,  which resembles an anologue fea tu re  o f  the Minkowski space, has 

some i n t e r e s t i n g  consequences s ince i t  br ings  out  the presence o f  the 

s i x  parameter Lorentz group. However, from the p o i n t  o f  view o f  the  

i n t e r a c t i o n  w i t h  fermions, i t  produces the r e s u l t  t h a t  no minimal cou- 

p l i n g  occurs i n  the sense o f  a gauge theory, s ince no connection m y b e  

defined. This means tha t  the on l y  co r rec t i on  t o  be made i n  the f r e e  

Dirac equation f o r  t h i s  case i s  the t r a n s i t i o n  ya + yU(x) where ya a r e  



the fou r  D i rac  matr ices.  Present ly ,  we propose a  r e - i n t e r p r e t a t i o n  o f  

t h i s  r e s u l t  i n  such form t h a t  i s  defined a  covar ian t  interna1 de r i va -  

t i v e  i n  a  weaker sense than used i n  gauge theor ies .  The e f f e c t  o f  the 

i n t roduc t i on  o f  t h i s  d e r i v a t i v e  i s  t o  add two separate covar ian t  terms. 

This procedure i s  cons is ten t  w i t h  the basic equations which determine 

the geometry o f  the manifold. As a  r e s u l t ,  the Dirac p a r t i c l e  i s  " m i -  

n ima l l y  coupled" t o  f i e l d  o f  t o r s i o n  i n  a  form which i s  e s s e n t i a l l y  

s i m i l a r  t o  the method used i n  general r e l a t i v i t y  f o r  the  determinat ion 

o f  the Fock-lvanenko c o e f f i c i e n t s .  

In  order t o  make the t o r s i o n  a  dynamical element, we propose - 
a Lagrangian dens i t y  o f  the standard Yang-Mi 11s form and take the H i l -  

b e r t  v a r i a t i o n  on the v ie rbe ins .  The coupled system o f  t h i s  f i e l d ,  

which we may ca l1  as the f i e l d  generated by to rs ion ,  w i t h  a  Dirac par-  

t i c l e  i s  considered. Since the r e s u l t i n g  f i e l d  equations are  h i g h l y  

non- l inear we consider the simple s t r u c t u r e  obtained from a weak- f ie ld  

approximation and discuss some p rope r t i es  o f  such approximation. 

The theory which i s  obtained by t h i s  process may descr ibe 

"gravi t a t  ional  e f f ec t s"  a t  microscopical  leve1 , where even t ua 1 1 y  the 

t o r s i o n  i s  o f  more i n t e r e s t  than the curvature  which descr ibes g rav i -  

t a t i o n  a t  macroscopic regions.  

2. THE FIELD OF VIERBEINS 

The v ie rbe ins  ea are  the ob jec t s  which t ransform the m e t r i c  
1-i 

o i n t o  the  l oca l  Lorentz ian me t r i c  nab according t o  the  we l l  known 
' I-iv 
r e l a t i o n  

They sat  i s f y  the p rope r t i es  

I n  t h i s  paper the 

geometric q u a n t i t  

203 

a v ierbe ins  e and t h e i r  rec 
1-i 

i es .  They a re  r e s t r i c t e d  by 

i p r o c a l  e: are  the bas ic  

the condi t ions 



Accordingly,  the eu form a f i e l d  of p a r a l l e l  fourvec tors  eo...e3 i n  
lJ 1-i lJ 

coordinate space. From ( 2 . 2 )  ve ree t h a t  the connection r V d  as roc i -  

ated t o  p a r a l l e l  t ranspor t  i s  asymmetric. Another important consequen- 

ce o f  ( 2 . 2 )  i s  t ha t  the curvature  tensor associated t o  the  connection 

vanishes over a l  l space 

Solv ing ( 2 . 2 )  f o r  the  rU one f i nds  av. 

Due t o  the asymmetric p roper ty  o f  the  rp we can a l s o  consider the .m' 
symmetric connection r' as another poss ib le  connection, and i n t r o -  . ( a v )  
duce the d e r i v a t i v e  

Wr i t i ng  

We have from ( 2 . 2 )  and f.rom the d e f i n i t i o n  ( 2 . 5 )  

where, f o r  any interna1 ob jec t  '+@ we have '+@ = I' eu 
1-i' 

For the me t r i c  tensor g we have the m e t r i c i t y  cond i t ions  uv 



These r e l a t i o n s  w r i t t e n  f o r  t h e  syrnrnetric p a r t  o f  t h e  rU takes the . va 
forrn 

= 2  s 
g u v j a  (UV) a (2.9) 

A f u l l  c o v a r i a n t  d e r i v a t i v e  o f  t h e  ea may a l s o  be f o r m a l l y  v 
d e f i n e d  u s i n g  t h e  analogy w i t h  t h e  i n t e r n a l  s t r u c t u r e s  a s s o c i a t e d  t o  

a  Riernannian spacetime as:  

However, due t o  t h e  c o n d i t i o n s  (2.2) and t o  t h e  p r o p e r t y  

forrn a  s e t  o f  l i n e a r l y  independent v e c t o r s  i n  c o o r d i n a t e  

lows t h a t  t h e  i n t e r n a l  connec t ion  na vanishes g l o b a l l y .  

t h a t  t h e  ea 
P 

space, i t f o l -  

T h i s  r e s u l t  

rneans t h a t  t h e  syrnrnetry t r a n s f o r m a t i o n s  i n  i n t e r n a l  space a r e  d e s c r i -  

bed by c o o r d i n a t e  independent Loren tz  rna t r i ces  ( g l o b a l  Lo ren tz  t r a n s -  

f o r m a t i o n s ) .  Using t h e  analogy w i t h  t h e  Riernannian geornetry, o r  w i t h  

t h e  Riernann-Cartan geornetry, where t h e  e x i s t e n c e  o f  a  c u r v a t u r e  i s  as -  

s o c i a t e d  w i t h  t h e  presence o f  an i n t e r n a l  c u r v a t u r e  tensor ,  we l o o k  

f o r  a  p o s s i b l e  s i m i l a r  s t r u c t u r e  f o r  t h e  p r e s e n t  s i t u a t i o n .  I t  i s  sirn- 

p l e  t o  show t h a t  t h e  equa t ions  (2.3) and (2.6) conduct t o  t h e  r e s u l  t 

t h a t  t h e  c u r v a t u r e  tensor  a s s o c i a t e d  t o  t h e  syrnmetric p a r t  o f  t h e  con- 

n e c t i o n  I'' i s  d i f f e r e n t  f rom z e r o  and i s  g i v e n  i n  terms o f  t h e  ten -  . a v  
sor  o f  t o r s i o n  S' by ( f r o r n n o w o n  w e w i l l  i n d i c a t e  t h e s y m r n e t r i c p a r t  .Cw 
o f  t h e  connec t ion  r%y t h e  syrnbol : . av 

Thus, t h e  e x i s t e n c e o f  a  c u r v a t u r e  R' (C) suggests t h a t o n e r n u s t  l o o k  
, vaB 

f o r  t h e  co r respond ing  i n t e r n a l  s t r u c t u r e .  D e f i n i n g  t h e  o b j e c t  

we i n t r o d u c e  an " i n t e r n a l  c o v a r i a n t  d e r i v a t i v e "  by 



Due t o  t h e  f a c t  t h a t  t h e  i n t e r n a l  Lo ren tz  t rans fo rmat ions  o f  t h e  v i e r -  

b e i n  a r e  c a r r i e d  o u t  w i t h  c o n s t a n t  m a t r i c e s  L = ( L ~  ) ,  i t  f o l l o w s  t h a t  .b 
t h e  two f a c t o r s  3 @ and D 4 i n  (2.12) t r a n s f o r m  s e p a r a t e l y  as i n t e r -  

V v 
na1 v e c t o r j .  Thus, t h e  above d e f i n i  t i o n  o f  t h e  te rm D + i n  (2.12) has v 
t h e  meaning o f  adding t o  t h e  i n t e r n a l  v e c t o r  av@ t h e  v e c t o r  DV 

c o r d i n g l y ,  Dv i s  n o t  f o r m a l l y  i n t e r p r e t  as a  connec t ion  i n  
a 

space. For t h e  e., which a r e  t h e  b a s i c  o b j e c t s  we d e f i n e  a  " f u l  
)-i 

r i a n t  d e r i v a t i v e "  as  

we r e q u i r e  t h a t  

. Ac- 

i n t e r n a l  

1 cova- 

The se t  o f  equa t ions  (2.13) and (2.14) i s  e q u i v a l e n t  t o  t h e  equa t ions  

(2.7) ,  s i n c e  they imp ly  i n  

which a r e  aga in  t h e  d e f i n i t i o n s  o f  t h e  o b j e c t s  r "nd saV,,. 
( w )  

From 

these cons i d e r a t  ions,  we concl-ude t h a t  an " i n t e r n a 1  s t r u c t u r e "  may be 

assoc ia ted  t o  t h e  symmetr ic p a r t  o f  t h e  connec t ion  I'' i n  t h e  sense 
.pv '  

t h a t  condi  t i o n s  (2.7) a r e  preserved.  These equa t ions  i n  terms o f  t h e  

m e t r i c  assumes the  f o i m  (2.9).  I n  what f o l i o w s  we show t h a t  these  con2 

d i t i o n s  can be u n i q u e l y  s a t i s f i e d .  P r e s e n t l y  we deal  w i t h  t h e e q u a t i o n s  

equa t ions  a r e  c o n s i s t e n t  i f  t h e  

i t i o n s  

(2.9) and (2.14). These two s e t s  o f  

Minkowski tensor  s a t i s f i e s  t h e  cond 

'ab j V = - ':a V'& 

Accord ing ly ,  t h e  t r a c e o f  t h e  o b j e c t  D' i s  d i f f e r e n t  f rom zero,  and .h 
has t h e  v a l u e  



An " interna1 curvature"  may be fo rma l l y  def ined by. the commutator 

where, 

I n  t h i s  formula we again ca l1  a t t e n t i o n  t o  the f a c t  t h a t .  a D and 
L5 v2 

[D~,DJ t ransform separatel y  as i n te rna l  tensors. From (2.10), (2.1 l ) ,  

(2.14) and (2.17) one can show by a  s t ra igh t fo rward  c a l c u l a t i o n  t h a t  

This formula d i f f e r s  from the corresponding expression f o r  the Rieman- 

n ian  geometry by the presence o f  the ex t ra  term on the r i g h t  hand side, 

quadrat ic  i n  the v ie rbe in  components o f  the  to rs ion .  I n  m a t r i x  nota- 

t i o n  (2.18) takes the compact form 

where 

3. THE SPINOR REPRESENTATION 

Fol lowing w i t h  the present treatment o f  an " in te rna l  s t ruc tu -  
IJ re" associated t o  the tensor R (C), we consider the sp inor  repre- . ~ B P  

senta t ion  o f  the ob jec t  Dv given by (2.11). 

As u s u a l l y  one introduce the coord inate  dependent Dirac ma- 

t r i c e s  Y Fi by 
a 

Y = e  Y 
1-i P a (3.1) 

where Ya are  the constant  Dirac rnatr ices s a t i s f y i n g  y y - 
( a  b)  - 'ab' ' . 

Then, 



which gives 

si nce 

we have 
A 

' p : v  = ' .pv ' h  

, This equation is the spinor representation of (2.9). In sequence one 

introduces a "full covariant derivative" of the y by 
Fi 

Using that l.gFiv = Y ( p Y v ) ,  and the equation (2.9) we have 

- A 
yp l l  v - 'Fi.vYA 

Therefore, from ( 3 . 2 ) ,  ( 3 . 3 )  and ( 3 . 4 )  one gets 

Solving ( 3 . 5 )  for the gv one finds 

ab = & = 2 X ~i a b 
a b  2 @,eb [Y 2~ I 

The equation (3.6) can also be written as 

Bv = a - 1  - 1 ba 
V q D [ a b ] v  

o.. ( 3 . 7 )  

This value for the "spinor connection" is formally similar to 



t h e  express ion  o f  t h e  Fock- lvanenko c o e f f i c i e n t s ,  except  t h a t  h e r e  t h e  

D  ( t h e  " connect ion"  i n  t h e  v i e r b e i n  r e p r e s e n t a t i o n )  i s  a  l i n e a r  b l  v 
f u n c t i o n  o f  t h e  v i e r b e i n  components o f  t h e  t o r s i o n .  The q u a n t i t i e s  

i n  (3 .7)  remain undetermined. Th is  f a c t  a l l o w s  f o r  the  preçence o f  
1 

charged s p i n  wave f u n c t i o n s .  Indeed, d e f i n i n g  t h e  i n t e r n a l  "covar ian t  

d e r i v a t i v e "  o f  a  s p i n o r 4  $ by 

and fo rming  t h e  commutator 

one f i nds f o r  t h e  "sp i  no r  c u r v a t u r e "  

The c o n t r i b u t i o n s  o f  t h e  term p r o p o r t i o n a l  t o  t h e  i d e n t i t y  m a t r i x  i n  

(3 .7)  t o  t h i s  c u r v a t u r e ,  has t h e  fo rm o f  an e lec t romagnet i c  f i e l d  

s t r e n g t h .  We r e c a l l  t h a t  under i n t e r n a 1  t rans fo rmat ions ,  9 '  = SI), t h e  

"sp i  no r  connect ion"  BV t rans fo rms as 

s i n c e  p r e s e n t l y  s i s  a  cons tan t  m a t r i x .  Using t h e  express ion  (3.7) 

t h i s  t r a n s f o r m a t i o n  one o b t a i n s  

1 
where b v  i s  a  r h o r t  f o r  - D b b I v 0 . .  ba . Due t o  t h e  f a c t  t h a t  presen- 

t l y  t h e  f a c t o r s  3 $ and B $ t r a n s f o r m  s e p a r a t e l y  as i n t e r n a l  v e c t o r s  
v  v 

( s p i n o r s ) ,  we see t h a t  i t  i s  p o s s i b l e  t o  a s s o c i a t e  t o  t h e  f i e l d  Bv a 
c o u p l i n g  c o n s t a n t .  S i m i l a r  argurnent h o l d s  f o r  t h e  av, which  i s  asso- 

c i a t e d  t o  t h e  e l e c t r i c  charge o f  t h e  wave f u n c t i o n  $. From (3.10) we 

conclude t h a t  a $ and a $ a r e  d isconec ted  as l o n g  as t h e  t rans fo rma-  v v 
t i o n s  w i t h  m a t r i c e s  S a r e  cons idered .  T h i s  p r o p e r t y  shows t h a t  av i s  a  



connection associated t o  another interna1 t ransformat ion o f  $ ,  namely 

the transformations o f  the u n i t a r y  group ~ ( 1 ) .  From the expression of 

the d e r i v a t i v e  given by (3.8) we see tha t  the i n t e r a c t i o n  term i n  the 

Lagrangian dens i ty  f o r  the  wave func t i on  $ i s  o f  the form 

Using t h a t  

acbd ya yc yb = - E . . . .  Yd Y5 

i f a  # c  f b ,  f o r  sígnature (-2) and f o r  y5  = y O y 1 y 2 y 3 ,  one gets 

acbd f l  O? = -i E . .  . . Yd Y5 

c l e a r l y  a ,  b ,  and c cannot be i d e n t i c a l  s ince b  # c i n  (3.12).Choosing 

a  and c  as the  two poss ib le  i d e n t i c a l  values we have i n  th i 's  case 

With the v i e r b e i n  components o f  the t o r s i o n  we can from the vec tor  o f  
t o r s  i on 

and 

The 

the  pseudo-vector 

i n t e r a c t i o n  term takes the form 



From (2.11) one f i n d s  

I t  i s  easy t o  v e r i f y  t h a t  equa t ions  (2.17) and (3.15) imply  t h a t  

1 v V = - e  T r D  b 2 b  v 

d 
Thus, t h e  s p i n o r  c u r r e n t  f o u r - v e c t o r  >ITg 6 y + i ç  coupled t o  t h e  f o u r -  

- v e c t o r  formed w i t h  t h e  t r a c e  o f  t h e  "connect ion"  Dv. For a  n e u t r i n o  

t h e  D i r a c  e q u a t i o n  takes  t h e  form 

Thus, as u s u a l l y ,  i s  a l s o  an e i g e n s t a t e  o f  Y, w i t h  e igenvalues E = 21. 

4. THE FIELD EQUATIONS 

t h e i  r f 

Yang-Mi 

S ince  t h e  t o r s i o n  i s  a  b i l i n e a r  f u n c t i o n  o f  t h e  v i e r b e i n s  and 

i r s t  d e r i v a t i o n s ,  we s h a l l  p o s t u l a t e  a  Lagrangian d e n s i t y  o f t h e  

11s fo rm f o r  t h e  f r e e  f i e l d  generated by t h e  ea. 
1-i 

a T h i s  c h o i c e  i s  p r e s e n t l y  c o r r e c t  s i n c e  t h e  S.ba behave as a  s e t  o f  

f o u r  i n t e r n a 1  t e n s o r s .  The t o r s i o n  has dirnension L - ' ,  consequent ly  a 

i s  a  cons tan t  w i t h  dirnension ! ~ T - ' L  Using t h a t  

1-I and t h e  express ion  o f  SSy, i n  terms o f  t h e  v i e r b e i n s ,  one f i n d s  frorn 



Hi l b e r t ' s  v a r i a t i o n a l  p r i n c i p l e  

6 e :  = O  & L ,  = ale1 Q 

where 

For t h e  f u l l  Lagrangían d e n s i t y  r e p r e s e n t i n g  t h e  i n t e r a c t i o n  w i t h  a  
1 s p i n  f i e l d  we have 

1 
where LD i s  t h e  f r e e  s p i n  Lagrangian d e n s i t y .  The f i e l d  equa t ions  

assume t h e  form 

and 

w i t h ,  

where 

A 1 A s d a  sd ea 
ii a = ~ y  o..e a a - e .  1d SJU + Cdlao.. a 

b sd 
where 2 = ytiaa. Using t h e  p r e v i o u s  decomposi t ion o f  t h e  p r o d u c t  Y . 0 . .  

one f i n d s '  



From H i l b e r t ' s  v a r i a t i o n a l  principie 

a 
c o n s i d e r i n g  v a r i a t i o n s  8 eh generated b y  i n f i n i t e s i m a l  c o o r d i n a t e  

t rans fo r rna t ions  which van ish  ou.tside o f  a  f i n i t e  volume i n  space- t ime: 

We have 

Imposing i n v a r i a n c e  o f  t h e  A c t i o n :  8 J,=O, one o b t a i n s  

-(G a + 6 uXa ea 
= G 

a a h 
Apo ly inq  these c o n d i t i o n s  t o  t h e  f i e l d  equa t ions  ( 4 . 2 ) ,  we have 

Since 6 J' i s  a  v e c t o r  d e n s i t y  o f  we igh t  ( + I ) ,  i t s  d i v e r g e n c e  i s  a 
equal t o  t h e  c o v a r i a n t  d i ve rgence  w i t h  respec t  t o  t h e  c o n n e c t  i o n  

: (5 J:) , h  = (5 J:) jl. Then, i f  we impose t h e  r u b s i d i a r y  son- 

d i  t i o n s  

we g e t  t h e  c o n s e r v a t i o n  laws 

1 Therefore,  f o r  t h e  c o u p l i n g  o f  t h e  f i e l d  o f  t o r s i o n  w i t h  s p i n  - sys-  2 



tems, one has t o  p o s t u l a t e  t h e  s u b s i d i a r y  condi  t i o n s  ( 4 . 5 )  i n  o r d e r  t o  
X 

h a v e a c o r ~ s e r v a t i o n  l a w f o r  t h e c u r r e n t j .  T h e e q u a t i o n s  ( 4 . 5 )  a r e  
a 

f o u r  c o n d i t i o n s  on t h e  s o l y t i o n s  o f  t h e  f i e l d  e q u a t i o n s .  Froin t h e  f o r m  
A 

o f  S! and o f  jb ,  we seeh t h a t  these condi  t ions  i n v o l v e  o n l  y  non-1 i - Xa 
near terms i n  t h e  v i e r b e i n s ,  t h e  lowest  o r d e r  te rm b e i n g  l i n e a r  i n  t h e  
a e and q u a d r a t i c  i n  t h e i r  f i r s t  p a r t i a 1  d e r i v a t i v e s .  Thus, i n t h e  f i r s t  
U 

o r d e r  approx imat ion  they  a r e  i d e n t i c a l l y  s a t i s f i e d .  

5.  THE WEAK FIELD APPROXIMATION 

I n  t h i s  s e c t i o n  we c o n s i d e r  t h e  l i n e a r i z a t i o n  o f  t h e  f i e l d  e-  

q u a t i o n s .  As u s u a l l y ,  t h i s  approx i rnat ion corresponds t o  w r i t e  9vv = 
+ h  w h e r e t h e h  a r e f i r s t o r d e r  i n f i n i t e s i m a l s .  I n t h i s c a s e  

= riFI\) uv7 Fiv 
t h e  v i e r b e i n s  ea have t o  i n t e r p r e t e d  as 4x4  m a t r i c e s .  We use t h e  no- 

a Ci 
t a t  i o n  e = (e. v)  . Then 

where we heve taken 

Accord ing ly  , 

and 

a The i s  t h e  i n v e r s e  o f  t h e  m a t r i x  (e. p ) .  I n  t h i s  approx imat ion  

t h e r e  i s  no d i s t i n c t i o n  between i n t e r n a 1  and spacetime i n d i c e s .  Pre-  

s e n t l y  t h e  bas ic  v a r i a b l e s  a r e  t h e  v i e r b e i n s  w i t h  s i x t e e n  independent 

components, d i f f e r e n t l y  o f  what occurs  i n  genera l  r e l a t i v e l y ,  where 

o n l y  t e n  o f  these components a r e  o f  importance. 

We have 

S VX - 1 vp X O  
a . .  - 2 9  g a e  1 P ao 



Thus 

I n  t h i s  approx imat ion  t h e  q u a n t i t i e s  S , o r  e q u i v a l e n t l y  t h e  s fvA U V A  
a r e  i n v a r i a n t  under the  gauge t rans fo r rna t ions  o f  t h e  v i e r b e i n s  

( t h e  sarne argurnent ho lds  t r u e  f o r  t h e  S ??) . There fo re ,  we can impose 
a 

f o u r  c o n d i t i o n s  on t h e  ea 
5 .  Indeed, from K i l l i n g ' s  equa t ion ,  r e t a i -  

lJ 
n i n g  o n l y  f i r s t  o r d e r  terms, 

We choose these four  c o n d i t i o n s  i n  such fo rm t h a t  t h e  d ive rgence  o f  
- 

t h e  t o r s i o n  c o n t a i n s  o n l y  t h e  p ropaga t ion  f a c t o r  g i v e n  by t h e  D1Alem- 

b e r t i a n .  

a p m a p  = o ( 5 . 3 )  

Since p r e s e n t l  y  t h e  spacet irne t r a n s f o r m a t i o n s  a r e  b a s i c a l  l y  t h e  i o r e n t z  

t ransformat ions, the condi t ions (5 .3)  a re  preserved f o r  any f rame of 
r e f e r e n c e .  Then 

a The gauge f u n c t i o n s  4 (x) a r e  r e s t r i c t e d  t o  be s o l u t i o n s  o f  t h e  wave 

equa t ion :  = o, s i m i l a r l y  t o  t h e  Loren tz  gauge i n  s p e c i a l  r e l a -  

t i v i t y .  

The f i e l d  equa t ions  (4.1) assuqe t h e  fo rm 



i n  the absence o f  externa1 sources. We a l s o  have frorn ( 3 . 5 )  and ( 3 . 1 6 )  

Note tha t  one cannot use cond i t  

i s  asymrnetric. I n  ( 5 . 4 )  we used 

nents @ab(x) rnay be decomposed 

t r i b u t e  t o  lenght rneasurements, 

con t r i bu te  t o  the i n t e r a c t i o n  w 

ons ( 5 . 3 )  t o  simpl i f y  ( 5 . 4 )  since 
a  @ab 

the no ta t i on  $=$.a. The s ix teen compo- 

n the ten q u a n t i t i e s  $I which con- 
( a b  

and i n  the s i x  cornponents @ f ábl 
which 

1 
t h  sp in  P ie lds  through the f a c t o r  k4 

Arnong these components we have four  condi t ions given by ( 5 . 3 ) .  We rnay 

wr i t e  

1 
' a b  = Xab + 6 'lab' + ' [abl ( 5 . 5 )  

where x i s  the symmetric t r ace  f r e e  p a r t  o f  the $ab. Accordingly,  
ab  

frorn ( 5 . 3 )  we have 

and 

1 a  5  1 a  = [aaxba - a mbd - a,@] = - ab' - a @lha, ( 5 . 7 )  

8 = ~ ~ ~ ~ ~ a ~ @ ~ ~  ( 5 . 8 )  

For the TA which rnay be w r i  t t e n  as r a we have 
(vv) . ( b c )  



a 
and t h e  equa t ion  o f  the  a f f i n e  geodesic  a s s o c i a t e d  t o  t h e  r . f ie l  assu

-  
mes t h e  fo rm 

ua and 8 a r e  d e f  ined w i  t h  respec t  t o  an a f f  i n e  parameter A as 

For t h e  f i e l d  equa t ions  one ge ts  

I n  t h e  l i n e a r  approx imat ion  t h e  f i e l d  generated by t h e  v i e r -  

be ins ,  which p l a y  t h e  r o l e  o f  p o t e n t i a l s  i n  t h e  v a r i a t i o n a l  p r i n c i p i e  

i s  a  m i x i n g  o f  s p i n s  1 and 2 represen ted  by t h e  t e n  q u a n t i t i e s  x 
ab' ' ' 

and by t h e  s i x  components @ 
fabl ' 

Among these  q u a n t i t i e s  we have f o u r  

c o n s t r a i n t s  g i v e n  by (5 .6 ) .  The m e t r i c  g has t h e  fo rm 
ab 

a 
The f i r s t  d e r i v a t i v e s  o f  t h e  gauge f u n c t i o n  5 (x) may be decomposed as 



Accordingly, the components x ab, @ and @Lãbl are subjected to the 

gauge transformations 

- ' 'ab = -'(ab) 

- a 
6 @  = - E a  Y 

- 
"Lã,bl = - '[a,b] 

The quantify @ = qaa may be eliminated by taking @(x) = O  in the ori- 

ginal gauge frame aiong with the conditions E a = O .  However, and 
a, 

+Lz,  bl caniiot be eliminated (a similar result holds for the 
@(ab) 

i n 

general relativity, since these components may be set equal to zero 

in the neighbourhood of a certain point x in a given coordinate sys- 

tem, but this resul t depends on the choice of such coordinates) . 

Thus, taking @=O we obtain 

O Xab = 0 

q L a ~  = 0  

The çolutions of the equations (5.12) and (5.13) are of the 

form 

a = O  - iklx ; k; = O , A .a 
Xab - "ab e 

From (5.14) 



Taking 

a W~ a W 2  W P  kl = (c, -, O, o ) ,  h* = (C, C ,  0, 0) 
C 

i t  i s  easy t o  show t h a t  f o u r  amp l i tudes  may be w r i t t e n  as f u n c t i o n  o f  

t h e  remain ing ones: 

,511 = 

,501 = 

= 

= 

Thus, we have a  m i x i n g  o f  s p i n s  1 and 2 s i n c e  t h e  c o n s t r a i n t  equa t ions  

(5.14) do n o t  a l l o w  f o r  a  s e p a r a t i o n  o f  these  two q u a n t i t i e s .  Th i s  

means t h a t  even i n  t h e  weak f i e l d  approx imat ion  t h e  f i e l d  generated by 

t o r s i o n  cannot  be separated i n t o  two d i s t i n c t  q u a n t i t i e s .  \ n  o t h e r  

words, b o t h  xab and OLabl a c t  sirnul taneous ly  as p o t e n t i a l s  f o r  t h e  
1 

f i e l d  S? bc. These p o t e n t i a l s  a r e  coupled t o  s p i n  - p a r t i c l e s  th rough  
2 

t h e  express ions  g i v e n  by ( 2 . 1 5 ) .  

A comparison o f  t h e  p r e s e n t  r e s u l t s  may be s t a b l i s h e d  w i t h t h e  

known express ions  o b t a i n e d  f o r  genera l  r e l a t i , v i t y .  Indeed, t a k i n g  t h e  

express ion  f o r  t h e  Hami l ton ian  a s s o c i a t e d  t o  t h e  D i r a c  equa t ion  f o r t h e  

p resen t  f o r m u l a t i o n  and c o n s i d e r i n g  t h e  n o n - r e l a t i v i s t i c  t r a n s i t i o n ,  

we can o b t a i n  a  comparison w i t h  t h e  energy spectrum which occurs  f o r  

t h e  sane problem i n  genera l  r e l a t i v i t y .  For t h i s  t ype  o f  approx imat ion  

t h e  use o f  t h e  Foldy-Wouthuysen r e p r e s e n t a t i o n  i s  o f  i n t e r e s t 6 .  Due t o  

t h e  fo rma l  s i m i l a r i t y  f o r  t h e  express ion  o f  t h e  i n t e r a c t i o n  terrns i n  

b o t h  t h e o r i e s ,  t h i s  comparison may be o b t a i n e d  i n  a  s imp le  forrn. 
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RESUMO 

O campo induzido pela torção em uma variedade, 4-dimensional , 
de ~ e i t z e n b s c k ,  é in terpre tada como um sistema dinâmico, dotado de uma 
Lagrangeana quadrãt ica,  do t i p o  Yang-Mi l l S.  A i nteração desse campo com 
um campo de sp in  1/2, de Dirac,  é t ra tada.  A aproximação l i n e a r  para o 
campo l i v r e  gerado pela torção, é constru ida.  


