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Abstract A method o f  so l v i ng  the r a d i a l  schrgdinger equat ion f o r  bound 
s ta tes  i s  discussed. The method i s  based on a new piecewise represen- 
t a t i o n  o f  the second d e r i v a t i v e  operator  on a se t  o f  f u n c t  i o n s  t h a t  
obey the boundary cond i t ions .  This representa t ion  i s  t r i v i a l l y  diago- 
na l ised and leads t o  c l o s e d  f o r m  e x p r e s s i o n s  o f  t h e  t y p e  

En = = ~ ( a b  + b  + c/n  + ...) f o r  the eigenvalues. Examples are  given f o r t h e  
power-law and logar i thmic  po ten t i a l s .  

1. INTRODUCTION 

This paper discusses a method o f  c a l c u l a t i n g  the eigenvalues 

o f  the r a d i a l  ~chrgd inc jer  equation ( i n  atomic u n i t s )  

subject  tci the boundary cond i t ions  '?(O) = 

c lude the usual c e n t r i f u g a l  terrn. A b r i e f  

red recent l y1 . 

Y(m) = 0, where ~ ( r )  may i n -  

vers ion  o f  t h i s  work appea- 

The proposed approach i s  based on a new piecewise represen- 

t a t i o n  of the d i f f e r e n t i a l  operator  d2/&2 from eq. ( I )  on the se t  

Using t h i s  piecewise representa t ion  f o r  d 2 / d r 2  i n  the pro-  

posed appi-oach i s  equ iva lent  t o  consider ing a cont inous ly  and i n f i n i -  



t e l y  piecew 

o f  eq. ( I ) ,  

the se t  U 
% 

i s e  approximation Y ( r )  = Yk ( r )  t o  the e igenfunct ion  $ ( r )  

where i n  each k- p iece the Y ( r )  i s  a l inearcornb inat ionon 
k 

w i t h  k 6  N :  

For any ~ ( r )  t ha t  i s  a l i n e a r  combination on the se t  U,, the 

unique two-point representa t ion  o f  the operator  d2/dr2 i s  g iven by 

as shown i n  sec t íon  2. The idea l  representa t ion  o f  t h e  o p e r a t o r  

d2/dr2, i .e. the  exact representat ion,  would be given by i t s  expán- 

s ion  on the  complete se t  o f  so lu t i ons  o f  eq. (1 ) .  This set  i s  o f  cour- 

se i n f i n i t e  and, a p r i o r i ,  unknown. Wenote t h a t  the basis se t  U, i s  

c l e a r l y  a good piecewise approxirnation t o  the  idea l  se t  i f  the para- 

meter a i s  l a r g e r  than zero. This i s  due t o  the  f a c t  t h a t  the Ua ba- 

s i s  s a t i s f i e s  the boundary cond i t i on  o f  eq. (1) a t  i n f i n i t y .  

The representa t ion  of the second d e r i v a t i v e  operator  i n  U, 

g iven b y e q . ( 3 )  has severa1 u n i q u e p r o p e r t i e s .  T h e m a i n p r o p e r t y  i s  

t h a t  t h i s  representa t ion  can be t r i v i a l l y  d iagonal ized.  Another cha- 

r a c t e r i s t i c  aspect i s  t h a t  U (and hence Y ( r ) )  depends on the f r e e  
a 

parameter a. This var i a t i o n a l  parameter wi I 1  be determined by the me- 

thod i t s e l f ,  through the s ta t i ona ry  cond i t i on  f o r  En . This procedu- 

r e  w i l l  enable us t o  ob ta in  a n a l y t i c a l  expressions f o r  the  eigenva- 

lues o f  eq. (1 ) , o f  the form En = E(an + b + c /n  + . . .) . 

This paper i s  organized as fo l l ows .  Sect ion 2 presents the 

method f o r  a general p o t e n t i a l  ~ ( r ) .  Sect ion 3 deals w i t h  the  appl i -  

c a t i o n  o f  the method t o  power law and logar i thmic  p o t e n t i a l s ,  toge- 

ther  w i t h  a comparison of known r e s u l t s  f o r  some p o t e n t i a l s  now being 

s tud ied as poss ib le  models o f  quark conf inement ( /2 /  and references 

the re in ) .  The eigenvalues a re  given as a f unc t i on  o f  two parameters,a 

and b , i n  each case. The de te rm ina t i on ,o f  these parameters i n  gene- 

r a l  i s  the  sub jec t  o f  sec t i on  4. I n  sec t ion  5 the numerical accuracy 
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o f  the eigenvalues, f o r  the same examples as i n  sec t i on  3,  i s  d iscus-  

sed and compared w i t h  known r e s u l t s .  The l a s t  sec t ion  contains a  sum- 

mary o f  the important fea tures  o f  the method. 

2. THE METHOD 

The method proposed here i s  based on the two-point piecewise 
- representn t ion  o f  the second d e r i v a t i v e  operator  on the set  Ua - 

= (exp(-ar), r .exp(-ar) ,  r 2 . e x p ( - w ) ) ,  w i t h  0 0 .  The main reasons 

f o r  using t h i s  p a r t i c u l a r  se t  are:  

( i )  Any element of U s a t i s f i e s  the boundary cond i t i on  i n  eq. (1) a t  
a  

i n f  i n i t y .  

( i i )  The se t  L ( u ~ )  o f  a11 the l i n e a r  combinations o f  the elements o f  

U i r i  c losed t o  the opera t ion  d2/dr2. This means t h a t  the second 
a  

d e r i v a t i v e  o f  any l i n e a r  cornbination o f  the elements o f  Ua i s  

i t s e ' l f  a  l i n e a r  cornbination o f  the elements o f  U,. 

Foi- a  f unc t i on  Y i n L ( u a )  the two-point representa t ion  o f  

d2/dr2 cai7 be found as the unique s o l u t i o n  o f  the des i red  i d e n t i t y  

g  i ven by 

where p,  q and t are  constants.  These constants are  uniquely ca l cu la-  

ted by r e q u i r i n g  tha t  eq.(4) be v a l i d  f o r  each o f  the th ree func t ions  

o f  U,. The constantsare 

Equation (6) means tha t  the distance between the two po in t s  

must be 



T h i s  r e p r e s e n t a t i o n  o f  d2/dr20n U i s  t h e  co rners tone  o f  t h i s  
C1 

paper and i s  g i ven  by 

d2 2a2 

- Y ( r 1  = - Y ( r - l / a )  - a2 ~ ( r )  (9) 
dr2 e 

I n  t h i s  case, eq. (9) means t h a t  t h e  second d e r i v a t i v e  o f  

Y E L ( u ~ )  i s  g i v e n  e x a c t l y  a t  any p o i n t  r by a 1 i n e a r  comb ina t ion  o f  

t h e  va lues  o f  Y i t s e l f  a t  t h e  two p o i n t s  r - l / u  and r , c o r r e s p o n d i n g t o  

p r o p e r t y  ( i  i )  above. For a  f u r t h e r  d i s c u s s i o n  about  t h e  represen ta -  

t i o n  o f  d 2 / d r 2  on Ua t h e  reader  i s  r e f e r r e d  t o  t h e  Append i x .  

I n t r o d u c i n g  a  g r i d  r on t h e  space c o o r d i n a t e  0 s  r<.. we may 
k 

w r i  t e  r - 
k - l  - rk 

- I / % ,  where rk i s  g i v e n  by 

w i t h  f(O) 2 O and wi t h  rk > rk-l f o r  any k .  Note t h a t  $ i s  an o r d e r  

p r e s e r v i n g  f u n c t i o n ,  i . e .  k > j i rnp l ies  t h a t  f ( k )  > f ( j ) .  T h i s  g r i d  

w i l l  be determined by t h e  method i t s e l f .  

The w i d t h  o f  each k - p i e c e  g i v e n  by A r  = ] f ( k ) - f ( k -1 )  s a t i s -  
k 

f i e s  e q . ( 8 ) ,  i . e .  %% = 1 ,  and may change w i t h  k s i n c e  eq. (9) i s  

a  two- po in t  fo rmu la .  

From eqs. (8)  and (10) i t  

Since f ( k )  , f(k-1)  one can r e a d i  

o1 lows t h a t  

y  show t h a t  (see Append i x )  

$(k = a k  + b + c / k  + ... 
f (k)- f  (k-1) 

where t h e  severa1 a ,  b, c ,  e t c .  a r e  c o n s t a n t s  and k = 1,2, ... . 

i o n  f (k )  t h e  f o l l o w i n g  Equa t ion  (12) shows t h a t  f o r  any f u n c t  

i s  t r u e :  

( i ) The h i g h e r  k - o r d e r  appear ing  i n  eq. (12 ) i s  one. 



(i i )  As point number k increases, eq. (12) is approxirnately I inear 

in k. 

For these reasons we rnay neglect the 0(l/k) contribution ineq. 

(12) and wr i te 

This expression will play an important role in the following 

discussion. One should note that, in what follows, higher-order terms 

could have been used in eq. (13). 

Armed wi th eqs'. (9) and (13) we now turn to the problem o f  cal- 

culating the n-th eigenvalue of a given potential ~ ( r )  in eq. (1). To 

this end we use the two-point representation of d2/dr2 given by eq. 

(9) in eq. (1) to consider the piecewise approximation 

and ak is yet a variational parameter, obtaining 

for i< = 1,2 , . . .  where if r,,= O then Y(")(r0) = O or if ro#O 

is connected to the origin by eq. (~.5) (see ~p~endix). Equation (14) 

may also be written in rnatrix forrn: M = EY with Y = (Y(rl), Y(ri), 
\ T 

and M a bidiagonal matrix given by 



w i t h  no l i m i t  imposed on i t s  o rder .  This m a t r i x  i s  the  representa t ion  

o f  the Hami l ton operator  o f  eq. (1 ) and depends on the v a r i a t i o n a l  pa- 

rameters a , ,  a,, ... w i t h  cons t ra in t s .  

We now note tha t ,  owing t o  the bid iagonal  form o f  M, the n -  

-eigenvector o f  M has the  fo l l ow ing  form3 : 

and tha t  a11 the 

the main diagona 

Using the 

eigenvalues of the eq. (14) a re  given t r i v i a l l y  by 

1 o f  M, w i t h  no l i m i t  imposed on i t s  o rder .  

e igenfunct ion  form I(") ( rk )  o f  eq. (16) f o r  k=n i n  

eq. (14) and r e c a l l i n g  eq. (13) we get  

where n i s  the r a d i a l  

 ince Y (n) ( r )  

v a r i a t i o n a l  p r i n c i p l e  

p l  ied t o  eq. (17) g i v  

quantum number. 

i s  a f unc t i on  o f  the v a r i a t i o n a l  parameter the 

f o r  En i s  a ~ ' / a a  = O and can be d i r e c t l y  a?.- n 
"'g 

The above equation a l so  determines the  parameters a  o f  the ba- 

s i s  Q i n  any k- p iece by means o f  eq. (A.8) from the Appendix and 

the re fo re  corresponds t o  the v a r i a t i o n a l  p r i n c i p l e  aE/aa = O app l ied  

t o  the whol e Y (n) ( r )  . 

The general procedure be ing  proposed here t? obta i n  the bound 

s ta tes  o f  eq. (1) begins by so l v i ng  eq. (18) i n  order t o  determine 

the best  \ as def ined above. By s u b s t i t u t i n g  t h i s  an i n  eq. (17) one 

obta ins  the eigenvalues as a known func t ion  o f  the constants a and b ,  

name 1 y 



sha 

t i a  

T h e t i e t e r m i n a t i o n o f a a n d  b i s d i s c u s s e d  i n s e c t i o n b .  We 

11 now compare eq. ( 1 9 )  f o r  the power law and l oga r i t hm ic  poten- 

1s w i t h  Itnown r e s u l t s .  

3. APPLICATION TO THE POWER-LOW AND LOGARITHMIC POTENTIALS 

To f u r t h e r  c l a r i f y  the proposed method we now apply i t  t o  some 

we l l  -known eigenproblems. The resu l  t s  obtained a re  compared w i  t h  t he  

exact ones, whenever possi b le ,  o r  t o  approximations. For simpl i c i  t y  

we on l y  analyse s- s ta tes .  

For the  general power law p o t e n t i a l  ~ ( r )  = K  r, w i t h  p > -2 

and p # O,  eq. (17) g ives (dropping the subscr ip t  n o f  a ) 

From the s ta t i ona ry  cond i t ion ,  aEn/aa = O,  i t  fo l l ows  (com- n 
pare w i t h  eq. (18)) t h a t  

Subs t i t u t i ng  back i n  eq. (201, one obta ins  

as the bound s t a t e  eigenvalues o f  the power law p o t e n t i a l ,  o r  

i n  terms o f  ct o f  eq. ( 2 1 ) .  

Using the same procedure f o r  the logar i thmic  p o t e n t i a l  ~ ( r )  = 
= K Rn(r) ,  one obta ins  the eigenvalues 

En = r k n  ( e / K q  + K  !Ln ( a n  + b )  



I n  Table 1  we g i v e n  as f u n c t i o n s  o f  a and b ,  t h e  s o l u t i o n s f o r  

some p o t e n t i a l s  which a r e  nowadays o f  i n t e r e s t  f o r  a  quark- quark con- 

f i n i n g  model toge ther  w i t h  t h e  genera l  power law. The parameter a and 

b  appear ing  i n  t h i s  t a b l e  a r e  c a l c u l a t e d  i n  s e c t i o n  4 .  However, as an 

example, t h e  reader  may r e c a l l  t h a t  f o r  a = 1  and b  = O t h e  Coulomb 

e igenva lues  i n  Table 1 rep resen t  t h e  c o r r e c t  bound- state spectrum f o r  

any o r d e r  n. 

I n  Table 1  two impor tan t  f u n c t i o n a l  r e l a t  i onsh ips  f o r  t h e  e i -  

genvalues can be seen: w i t h  t h e  s c a l  i ng  parameter K and w i t h  ( a n + b ) .  

The rema in ing  p a r t  o f  t h i s  s e c t i o n  i s  devoted t o  a  comparison o f  these 

two aspects  o f  t h e  f u n c t i o n  E = ~ ( a n + b )  w i t h  t h e  known r e s u l t s .  As a  n  
source o f  known r e s u l  t s  we use t h e  work o f  Qu igg and ~ o s n e r ~ .  

The K dependences o f  En g i v e n  i n  Table 1 a r e  a l l  c o r r e c t ,  as  

can v e r y  e a s i l y  be v e r  i f  ied by r e s c a l  i ng  t h e  ~chr:d inger  equat  i o n  (2 ) .  

The f u n c t i o n a l  dependence o f  t h e  e igenva lues  w i t h  t h e  quantum 

number as  g i v e n  i n  Tab le  ! i s  exac t  f o r  t h e  Coulomb, l i n e a r  and har -  

monic p o t e n t i a l s .  For  t h e  o t h e r  cases no exac t  s o l u t i o n s a r e  known. Ho- 

wever, as  can be seen f rom eqs. (4.33) and (4.59) f rom ', o u r  r e s u l  t s  

indeed show t h e  same quantum number dependence as  t h e  WKB ones. From 

t h e  above comparison one sees t h a t  t h e  proposed method reproduces t h e  

known f u n c t  i o n a l  dependences f o r  t h e  power law and l o g a r  i t h m i c  poten-  

t i a l s  w i t h  K and n .  

For o t h e r  p o t e n t i a l s ,  t h e  c o n s t a n t s  a  and b  c o u l d  depend on 

t h e  scaZing c o n s t a n t  K. However, and here we emphazise t h i s  p o i n t , t h e  

f u n c t i o n a l  dependence En = E(an + b )  i s  a lways t h e  same if t h e  func-  

t ion  ~ ( r )  does n o t  change. T h i s  can eas i l y  be v e r  i f  i e d  f rom eqs. (17) 

and (18) .  T h i s  means t h a t  f o r  any g i v e n  p o t e n t  ia1 ~ ( r )  a sca l  i n g  o f  

t h e  p o t e n t  ia1 may o n l  y  change a  and b b u t  n o t  t h e  f u n c t  i o n  En=E(an+b). 

I n  t h e  n e x t  s e c t i o n  we d i s c u s s  t h e  c a l c u l a t i o n  o f  a and b .  





4. CALCULATIONS OF A AND B 

The procedure descr ibed  i n  t h e  p r e v i o u s  s e c t i o n s  leads t o  

c tosed- form express ions  o f  t h e  t ype  E = E(an+b) f o r  t h e  e igenva lues .  
n 

To determine a and b ,  we s tudy  t h e  behav iour  o f  t h e  f i r s t  

two e i g e n f u n c t i o n s  a f t e r  t h e  o u t e r  t u r n i n g - p o i n t .  I n  o r d e r  t o  genera-  

t e  a c c u r a t e  e i g e n f u n c t i o n s  one u s u a l l y  needs A r  << l .  I n  genera l ,  ho- 

wever, t h i s  c o n d i t i o n  would c o n f l i c t  w i t h  t h e  requi rement  A r  = l / a  i n  

eq. ( 8 ) .  Ins tead  o f  eq. (9) we t h e r e f o r e  use t h e  f u l l  t h r e e - p o i n t  f o r -  

mula i n  Ua g i v e n  by eq. (A.1).  The eq. ( I )  can be w r i t t e n  i n  m a t r i x  

fo rm as fl = EY , where now T i s  t r i d i a g o n a l  . Since we a l  ready know 

t h e  f u n c t i o n a l  dependence o f  a = a(an+b) and En = E(an+b), the  ma- n 
t r i x  e q u a t i o n  fl = H has o n l y  two unknowns: a and b .  T h i i  equa t ion  

may be so lved  by any s tandard  m a t r i x  techn ique  o r  by u s i n g  t h e  c o n t i -  

nued f r a c t i o n  approach o f  Gerck und d l O l i v e i r a  . The l a t e r  can be 

c o n v e n i e n t l y  run  i n  a programmable pocke t  c a l c u l a t o r .  

An a l t e r n a t i v e  approach i s  s e l f - e v i d e n t :  f o r  any two e igen-  

va lues  E .  and E .  c a l c u l a t e d  by some numer ica l  method we may s e t  up a 
3 

system o f  two equa t ions ,  f o r  (ai+b) and (a j+b) ,  t o  o b t a i n  a and b .  

I n  any one o f  the  two suggested ways o f  d e t e r m i n i n g  a and b 

g i v e n  above ano ther  advantage o f  t h e  proposed method i s  c l e a r :  f rom 

0.5 
- 1  o I 2 

C 

o., b P 

F ig .1  - Behaviour o f  the  cons tan ts  a and b i n  E = E(an+b) f o r  the  power n 
-1aw p o t e n t i a l  ~ ( r )  = K 2 as a f u n c t i o n  o f  p .  



the study o f  j u s t  two eigenfunct ions o r  a l t e r n a t i v e l y  two eigenvalues 

the whole bound-state spectrum i s  obtained.  

For the power law p o t e n t i a l  we show i n  F i g .  1 a  p l o t  o f  the 

pararneters a and b as a func t ions  o f  the power p .  This  graph i s  i l l u s -  

t r a t i v e  o f  the general range o f  values o f  a and b .  

5. NUMERICAL COMPARISON OF THE EIGENVALUES 

To i l l u s t r a t e  the accuracy o f  the eigenvalues ca l cu la ted  by 

the proposed rnethod, t h i s  sec t ion  presents a shor t  numerical cornpari- 

son o f  the bound s ta tes  E f o r  the same p o t e n t i a l s  a l ready discussed n 
i n  sec t ion  3 .  The constants a and b  were ca l cu la ted  using the three- 

-po in t  fo rmi i la t ion  from eq.(A.1) and app ly ing  t o  i t  the continued 

f cact ion approach f rom4, The absolute e r r o r  i n  a and b was chosen t o  

be less  thari 

Table 2 presents the ca lcu la ted values o f  a and b f o r  some 

p o t e n t i a l s .  The eigenvalues E are r e a d i l y  obtained from Tables 1 n 
and 2. 

The ca lcu la ted eigenvalues o f  the Coulomb and harmonic po- 

t e n t i a l s  co inc ide  w i t h  the well-known exact  r e s u l t s  f o r  any s t a t e  n. 

Table 2: Values o f  the constants a  and b i n  

E = ~ ( a n + b )  from Table 1 .  n 

Poten t i a l  I a l b l  
Cou l omb 

Square-root 

L inear 

Harmon i c 

Loga r  i thm 

1.000000 

1 .67120 

I .80523 

2.00000 

I .50198 

.O0000 

- .36853 

-.!i2915 

- .50000 

- .28330 



For the p o t e n t i a l s  !Ln(r) and rl/' no exact  s o l u t i o n  i s  known. We the- 

re fo re  compare i n  Table 3 the f i r s t  f i v e  ca lcu la ted eigenvalues w i t h  

those obtained from the WKB approximation and, when ava i l ab le ,  numeri- 

ca l  resu l  t s .  I t should be noted t h a t  the WKB resul  t i s  no t  accurate 

f o r  low n, as i s  well-known. 

To show the e f f e c t  o f  the constant c from eq. (12) i n  
n = 

= ~(an+b+c/n) ,  we ca lcu la ted t h i  s  expression f o r  the l inear po tent  ia l .  

The resul  t i s  

For comparison the r e s u l t  f o r  E(an+b) i s  

The f i r s t  column o f  Table 4 gives the eigenvalues as ca 

l a ted  f roiii eq. (26), the second column those from eq. (25), and 

respect i v e l  y  . The exac l a s t  two columns the exact  and WKB r e s u l t s  

s u l t s  correspond t o  the zeros o f  the Ai r y  

the i nc lus ion  o f  c /n  improves the eigenva 

Ew f rom higher order terms, i .e. d/n2 + . . 

func t i ons 2.  As one can 

CU - 
the 

re-  

see 

lues.  The c o n t r i b u t i o n  t o  

., can be i n f e r r e d  from the 
. - 

r e l a t i v e  d i f f e rence  between b(an+b) and ~ (an+b+c /n ) .  This i s  a gene- 

r a l  Cauchy-type c r i t e r i o n  t o  est imate the i n t r i n s i c  accuracy o f  the 

eigenvalues w i thout  r e f e r r i n g  t o  another r e s u l t .  

To c lose t h i s  sec t ion ,  we remark tha t  although t h i s  paper i s  

j u s t  intended t o  int roduce the proposed method the eigenvalue expres- 

sions obtained i n  the cases o f  the square root  and logar i thmic  poten- 

t i a l s  could be o f  i n t e r e s t  on t h e i r  own s ince there  are no exact  ex- 

pressions a v a i l a b l e 5.  



Table 3 :  Comparison between t h e  f i r s t  f i v e  e igenva lues  

f o r  t h e  square- roo t  and l o g a r i t h m i c  p o t e n t i a l s .  

Present  
r e s u l  t s  

0.69777 

1.5009 

1 .9405 

2.2448 

2.4778 

Nurneri c a l  (1) 

resu  l t s  WKB (1 

0.63123 

I .4785 

I .9305 

2.2407 

2.4771 

("írorn Ref. /2/,  i n  atornic u n i t s .  

Tab le  4 :  Cornparison o f  t h e  e igenva lues  c a l c u l a t e d  by t h e  pro- 

posed rnethod, i n  two d i f f e r e n t  approx imat ions ,  w i t h t h e e x a c t  

and WKB r e s u l t s  f o r  t h e  1 i n e a r  p o t e n t i a l  ~ ( r )  = r. 

( 1 )  
n ~ ( a n r b )  E (an+b+c/n) (2) Exact (3) wKB(3) 

( l ) ~ r o m  eq. (26) .  ( 2 ) ~ r o m  eq. (25) .  ( 3 ) ~ r o m  Ref .2, i n  a tomic  

u n i t s .  



6. SUMMARY 

We have presented a  method t o  c a l c u l a t e  t h e  bound- states 

o f  t h e  schr;dinger r a d i a l  e q u a t i o n  f o r  a  p o t e n t i a l  ~ ( r ) .  The method 

is.  easy t o  app ly  and leads t o  an equa t ion  o f  t h e  fo rm E = E(an+ b + 
n 

+ c / n  . . . )  which may be approximated by E  = ~ ( a n + b ) .  The cons tan ts  
n 

a  and b a r e  c a l c u l a t e d  by means o f  t h e  known f u n c t i o n s  

The method i s  based on a new p iecewise  expansion o f  t h e  se- 

cond d e r i v a t i v e  o p e r a t o r  i n  t h e  s e t  o f  f u n c t i o n s  l e ~ ~ ( - ~ )  , r .exp( -m) ,  

r2 .exp( -a r ) ) ,  wi t h  @ O .  T h i s  s e t  s a t i s f  i e s  t h e  boundary condi t i o n  a t  

i n f i n i t y  and has the  p r o p e r t y  t h a t  any f u n c t i o n  generated by l i n e a r  

combinat ions i n  i t  can have t h e  second d e r i v a t i v e  exactZy expressed 

a t  any p o i n t  r as a  l i n e a r  combinat ion o f  t h e  va lues  o f  t h e  f u n c t i o n  

i t s e l f  a t  t h e  p o i n t s  r - Ar, and r + Ar. Fur thermore,  f o r  A r = l / a  o n l y  

two va lues  o f  t h e  f u n c t i o n  a r e  needed t o  express e x a c t l y  i t s  second 

d e r i v a t i v e  a t  one p o i n t .  T h i s  l a s t  case leads t o  a  b i d i a g o n a l  m a t r i x  

t h a t  i s  t r i v i a l l y  d i a g o n a l i z e d  and produced a  c losed- fo rm express ion  

f o r  t h e  e igenva lues .  By a p p l y i n g  t h e  s t a t i o n a r y  c o n d i t i o n  t h i s  expres- 

s i o n  g i v e s  a l s o  t h e  optimum v a l u e  f o r  t h e  a-parameter t h a t  makes t h e  

s e t  used t h e  b e s t  p o s s i b l e  p iecewise  approx imat ion ,  w i t h i n  t h e  g i v e n  

exponen t ia l s ,  t o  t h e  e i g e n f u n c t i o n s .  

Another f e a t u r e  o f  t h e  rnethod i s  t h e  sampl i n g  g r i d  f ( k ) .  The 

sampl i ng g r i  d  has' a  non-uni form sampl i ng d  i s tance  b and i s  determi - k 
ned through the  cons tan ts  a and b a l r e a d y  ment ioned.  

The e r r o r  o f  t h e  method i s  determined i n s t r i n s i c a l l y  by  t h e  

r e l  a t  i v e  d i f  fe rence  between E (an+b) and E (an+b+c/n) , f o r  example, f o r  

a  p a r t i c u l a r  s t a t e  n. T h i s  corresponds t o  a  Cauchy- type convergence 

c r i t e r i o n  t o  judge when t o  s t o p  t h e  an+b+c/n+ . . .  sequence. As shown, 

a l though  t h e  f u l l  r e s u l t  o f  t h i s  method i s  g i v e n  En=E(an+b+c/n +...) 

v e r y  good r e s u l  t s  a r e  o b t a i n e d  by c o n s i d e r i n g  j u s t  ~ ~ = E ( a n + b ) .  

t.G. acknowledges suppor t  f rom CNEN-Brazil, and J.A.C.G.from 

DAAD-Germany . 



APPENDIX 

Here we col  l e c t  the f o l  lowing r e s u l t s  requi  red: 

(I ) representat  ion o f  the operator  d2/dr2 on Ua, 

(I  i )  expansion o f  f (k) / f  (k)- f  (k - I ) )  i n  powers o f  k and 

( I  I I )  r e la t i onsh ips  fo r  ak and rk. 

Ttie set  of a l l  poss ib le  l i n e a r  cornbination i n  Ua, is  def ined 

by L (u,) . Because d2/dr2 i s a I i near operator ,  the second der i v a t i v e  

of any func t ion  o f  L ( U  ) can be expressed as a l i n e a r  combination o f  
c1 

the second de r i va t i ves  o f  the th ree elements o f  U . 
a 

The eigenfunct ions considered i n  t h i s  paper are  al l piecewi se 

l inear combinations on the se t  U and they a1 l belong t o  L ( u ~ ) .  The 
CL 

representa t ion  o f  the operator  d2/dr2 w i l l  there fore  exac t l y  repre- 

sent the síxond d e r i v a t i v e  o f  the eigenfunct ions i f  i t  i s  exact  i n  U ci 
Since uol contains three func t ions ,  i t i s  na tu ra l  t o  look f o r  a d i f f e -  

r e n t i a t i o n  formula on U, t h a t  may be expressed as a l i n e a r  combina- 

t i o n  o f  thsee values of the func t i on  i t s e l f .  Let the th ree values be 

symmetr ical ly  ca lcu la ted,  around the p o i n t  r: 

where has the usual meaning and u ,  v and w are constants ye t  t o  be, 

determined. 

Ti3 ca l cu la te  the th ree constants u ,  v and w one needs th ree 

equations. These equations are simply obtained by requ i r i ng  t h a t  eq. 

(A.1) be s ,a t is f  i ed  fo r  each o f  the three func t ions  o f  u . The resu l -  
a 

t i n g  systein o f  equations has a unique s o l u t i o n  given by 



For ahr = 1 ,  eq. (A.4) g ives w = O and eq. (A.1) coincides 

therefore w i  t h  the two-point representat  ion given by eq. (9)  . 
Note t h a t  a may be a complex constant, and tha t  t he re fo re the  

most general set  o f  func t ions  f o r  which (A.1)  i s  va l  i d  inc ludes the 

t r igonomet r ic  s ine  o r  cosine, 

For l a t e r  use we now ca l cu la te  the  representa t ion  o f  d2/dr2 

on the se t  Va = {exp(-ar) ,  r . exp ( -a r )  ) by the same procedure as above. 

The r e s u l t  i s  

Since t h i s  equation i s  a two-point formula even f o r  a h  # 1 ,  

i t  can be used t o  connect Y(") (r,,) t o  Y(") (O) = O when r # O as ex- o 
p la ined i n  the l a s t  i tem o f  t h i s  Appendix. For a b  = 1 eq. (A.5) co in-  

cides w i t h  eq. (A.1). 

1 1  . Expansion o f  f (k ) / ( f  (k)- f  (k - I ) )  

Let  f (k) , k = 0, l  ,2,. . . be a d i  scre te  sequence o f  nurnbers 

represent ing a g r i d  on the space coordinate O $ r < w as considered i n  

sec t ion  2 .  The sequence f (k) i s  then given by 

The quot ien t  

p lays  an i m p o r t a t  r o l e  i n  the proposed approach. F i r s t  i s  should be 

noted t h a t  e @ )  i s  we l l -de f ined,  i . e .  i t  has no s i n g u l a r i t i e s .  Now, 

f o r  an a r b i t r a r y  in teger  M consider the minimal N-degree polynominal, 

N s M - 1 ,  such tha t  f (k )  = $(k) f o r  k = 1,2, ..., M. This polynominal 



e x i s t s  and i s  unique. Note tha t  f ( k )  - f(2-1) = Q N- ' (2 ) ,  i .e. a po ly-  

nominal o f  degree 1 - 1 .  I t  then fo l l ows  t h a t  

f o r  k = 1,2.,. . .,M and where a, b, c,  e t c .  a re  constants. The above 

procedure may be repeated . for  M' = M + 1 and so on . This means t h a t  

there  i s  na imposed 1 i m i  t f o r  M, and eq. (1 2) o f  sec t i on  2 f o r  k = 

= 1,2, ... i s  obtained.  

I I I ,  Relat ionships f o r  % and rk 

Fr.om eqs. (8) and (13) I t f o l  lows f o r  ak t h a t  

and f o r  

wi t h  

w i t h  r, # 0, f o r  a = b #  1 

r, = (A.10) 

i ; w i t h  r, = 0, f o r  a = b =  1 

As a general cond i t i on  f o r  a+b, from'eqs. (A.9) and (A.lO) 

one has 

idote a l s o  the fo l l ow ing  proper ty :  f o r  known a and b, a l  l the % (or 

r ) are determined as soon as on l y  one a, say a (or r n ) ,  i s  determi-  
k n 

ned. This nieans t h a t  the best  a i n  the n - t h  piece, as given by the n 
s ta t i ona ry  condi t i o n  aE /aa = O o f  eq. (1 8 ) ,  f i x e s  through a r =an+b 

n n n n 
the best  5, and therè fore  a l  l the o thers  



T h i s  i s  a  remarkable f e a t u r e  o f  t h e  p iecewise  r e p r e s e n t a t i o n  used i n  

t h i s  work.  

As a f i n a l  remark, f rom eqs.  (A.lO) and (14) i t  shou ld  b e n o -  

t e d  t h a t  i f  then  po=O impl i e s  t h a t  I(") (r,) = O ,  i .e. t h e  boun- 

d a r y  c o n d i t i o n  a t  t h e  o r i g i n  o f  eq.  ( I ) .  However, i f  a+b#l the  ro#O and 

' p ( n ) ( ~ o )  # O .  T h i s  means t h a t  one needs a connec t ion  fo rmu la  between 

V(") ( r o )  and y(n)  (0) = O .  S ince b o a o  i s  f r e e  (a l though  %Ark = I f o r  

k#O) one needs a two- po in t  r e p r e s e n t a t i o n  f o r  d2/dr2 on t h e  e x t r a  0 -  

- t h  p iece ,  w i t h  O $ r < r , ,  t h a t  i s  a l s o  v a l i d  f o r  a o A r o  # 1 .  T h i s  i s  

accomplished w i t h  eq. (A .5 ) .  
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a t o r y  

RESUMO 

Um método para a so lução da equação r a d i a l  de schr8d inger  pa- 
r a  estados 1 igados 6 d i s c u t i d o .  Baseia-se em uma nova representação 
secc iona l  ("piecewise") do operador  d e r i v a d a  segunda sobre um c o n j u n t o  
de funções que s a t i s f a z e m  as condições de contorno.  Essa representação 
6 d iagona l i zada  t r i v i a l m e n t e  e conduz a expressões fechadas do t i p o  
5 = E ( a n  + b + c/n + . . . )  para os  a u t o v a l o r e s .  P o t e n c i a i s  que são po- 
t e n c i a s  e l o g a r i  tmos são usados como exemplos. 


