
Revista Brasileira de Fisica, Volume 13, n? 1, 1983 

Galerkin Method and the Solution of the Orr-Sommerfeld Equation 

R. F .  S .  ANDRADE 

Instituto de Fisica, Universidade Federal da Bahia, Salvador, 40.000, BA, Brasil 

Recebido em 9 de setembro de 1982 

Abstract We use the method o f  Ga lerk in  and a  se t  o f  func t ions  not  pre-  
v i o u s l y  reported t o  solve the Orr-Sommerfeld equat ion and t o  draw the 
s t a b i l i t y  diagram of the two-dimensional P o i s e u i l l e  f i o w  w i t h  respect 
t o  two-d imens ional  d i  sturbances i n  the  (R,a) plane. The values obtained 
f o r  Rcr and acr are i n  best accordance w i t h  those found i n  the  l i t e r a -  
t u re .  

1. INTRODUCTION 

Var ia t i ona l  methods are  powerful t o o l s  f o r  the s o l u t i o n  o f  a  

great  v a r i e t y  o f  physical  problems which may be s ta ted by means o f  an 

extremum p r i n c i p l e .  The best known o f  them i s  perhaps the method o f  

R i t z .  However one o f t e n  faces onese l f  w i t h  problems which a re  not  (a t  

l eas t  apparent ly)  der ivab le  from an extremum p r i n c i p l e  and t h i s  pre-  

vents f rom t h e  u s e  o f  the above quoted v a r i a t i o n a l  methods. This 

i s  the case o f  severa1 problems o f  s t a b i l  i t y  theory i n  hydrodynamics, 

from which the Orr-Sommerfeld equat ion i s  a  very we l l  known examplel. 

The Galerk in method f o r  so l v i ng  d i f f e r e n t i a l  equations i s  a  

very general one and indeed i t  may be shown t o  be equ iva lent  t o  the 

R i t z  method, when the considered equations are  de r i vab le  from an ex- 

tremum p r i n c i p l e 2 .  Appart o f  t h i s  poss ib le  i d e n t i f i c a t i o n ,  i t  belongs 

w l t h  o thers  ( tau,  pseudospectral,  co locat ion)  t o  the se t  o f  the so- 

c a l l e d  spect ra l  methods, which have been sys tema t i ca l l y  i n v e s t  i g a t e d  

recen t l y 3.  A11 o f  them have the common fea tu re  o f  searching the des i -  

red s o l u t i o n  by expanding i t  i n t o  a  complete se t  o f  func t ions .  They 

d i f f e r e n t i a t e  themselves by t h e  how t h e  boundary condi t i o n s  o f  the 

problem and the a lgebra ic  equations f o r  the 'expansion c o e f f i c i e n t s  a re  

t rea ted.  Among them, the method o f  Ga lerk in  i s  c e r t a i n l y  the s implest  

o f  a l l .  

The aim o f  t h i s  a r t i c l e  i s  t o  show how the s o l u t i o n  o f  the Orr 

-Sommerfeld equation and the  s t a b i l i t y  dlagram f o r  the channel flowmay 



be given w i t h  the help o f  the Galerk in  method. The s o l u t i o n  of t h i s  

problem, a c l a s s i c a l  one i n  the theory o f  hydrodynamic i n s t a b i l i t i e s ,  

has been searched s ince the beginning o f  the century.  Consistent re -  

s u l t s  have on l y  been found i n  1971, w i t h  the a p p l i c a t i o n  o f  one o f  the 

above quo ted m e t h ~ d s . ~ .  Si nce then, severa1 o ther  works have conf i rmed 
5 - 7  

these r e s u l t s  . Here we take the Galerk in method and a  new expanding 

basis, no t  p rev ious ly  reported.  The r e s u l t s  we g o t  a g r e e  and a r e  

h i g h l y  cons is ten t  w i t h  those a v a i l a b l e  I n  the quoted l i t e r a t u r e .  More- 

over we bi- ing new features o f  t h e  s o l u t i o n  and o f  t h e  employed 

method i n t o  l i g h t ,  and i l l u s t r a t e  how a  ra the r  complex problem i s  sim- 

p l i f i e d  by the use o f  the Galerk in  method. 

Ir1 the fo l l ow ing  we have the  Sect ion 2, where the  method o f s o -  

l u t l o n  anti the p r o b l e m  a r e  f o r m u l a t e d .  The Sect ion 3 br ings  the 

f i n a l l y  we r e s u l t s  we got  by two d i f f e r e n t  numerical procedures, and 

discuss our resu l  t s  i n  compar 

2. FORMULATION OF THE PROBLEM 

We c o n s i d e r  h e r e  t 

s i o n . 4 i t h  o thers  i n  the  Sect ion 4. 

i e  f l o w  o f  an incompressible f l u i d  bet-  

ween two i n f i n i t e  p a r a l l e l  f i x e d  p la tes ,  which i s  caused by an ex te r -  

na1 pressi ire a c t i n g  along the  p la tes .  R e s t r i c t i n g  ourselves t o t h e s t u -  

dy o f  the two dimensional problem, the v e l o c i t y  and pressure f ie ldsmay 

be wr i  t te r i  as 3 (x , z , t )  = u ( x , z , t ) ~ + w ( x , z , t ) ~  and p (x , z , t )  . The motion 

i s  described by the Navier-Stokes and c o n t i n u i t y  equations which read: 

P and v i n  the equations (1) a re  the constant mass dens i ty  and v isco-  

s i t y  c o e f f i c i e n t  o f  the f l u i d .  The n u l l - v e l o c i t y  o f  the f l u i d  a t  the 
H 

p la tes  l oca l  ized a t  z  = +- - impl i es  i n  t h e  b o u n d a r y  cond i t ions  fo r  2 



the so lu t i ons  o f  ( I ) :  

The unique n o n - t r i v i a l  t ime independent s o l u t i o n  o f  ( I )  i s  

which charac ter izes  the we l l  known P o i s e u i l l e  f l ow  w i t h  parabo l ic  ve- 

l o c i t y  p r o f i l .  However the system ( I )  may present o ther  t ime dependent 

so lu t ions  which superimpose themselves t o  (3 ) .  

F ig .1  - The parabo l ic  p r o f i l  o f  the plane P o i s e u i l l e  f l ow .  H i s  the 

width o f t h e  channel and U the maximum v e l o c i t y  i n  the middle o f t h e  
m H 

channel. The wa l l s  a re  l oca l i zed  a t  z  = ' 7 . 

,Before we look f o r  these so lu t ions ,  we introduce the stream 

func t i on  Y(x,z, t ) ,  which i s  l i nked  t o  the v e l o c i t y  f i e l d  by 

This i s  a l lowed,as the v e l o c i t y  f i e l d  i s  two dimensional. I t  i s  a l so  

convenient t o  make a  separat ion i n  the stream func t i on  i n t o  a  t ime de- 

pendent and a  t ime independent term, and w r i t e  Y ( x , z  , t )  = Y g  ( 2 )  + 
2 + $ ( x , z , t  ) .  Y, ( 2 )  = - - 
3 

z  reproduces the s o l u t i o n  (3) when a l  l 

lengthes and v e l o c i t i e s  are w r i t t e n  i n  u n i t s -o f  H/2 and U,.The iC(x,z,t) 



i s  then governed by 

The above equation was obtained a f t e r  d i f f e r e n t i a t i n g  ( l a )  wi t h  respect 

t o  z, ( I  b) wi t h  respect t o  x and subt rac t  ing  them. Thi  s causes the pres- 

sure terms t o  cancel each o the r  i n  (51, where R i s  the adimensional 

Reynolds number R = UmH/2v. 

If we look  f o r  those so lu t i ons  o f  (5) which a re  pe r i od i c  i n  x ,  

we may take care o f  the x-dependence not  through a Four ie r  t r a n s f o r m  

approach, but  by the ser ies 

A1 though (6) does not  represent the most general s o l u t  ion  o f  (51, i t has 

the advantage o f  reducing the x-dependence i n t o  i n f  í n i  t e  denumera b 1 e 

degrees o f  freedom, what const 

development o f  the problem. I n  

$, may i n  general be complex. 

f i e l d  impl ies 

i t u t e s  a good s t a r t  p o i n t  f o r  the f u r t h e r  

(6) CI i s  the ( r e a l )  wave number and 

The r e a l i t y  cond i t i on  o f  the v e l o c i t y  

The equat ion system which governs the dependence o f  t heFour ie r  

c o e f f i c i e n t s  upon the  t ime t and the  coord inate  z are  obtained i f  we 

i n s e r t  (6) i n t o  ( 5 ) .  They read: 



Here t h e  p r ime ( ' )  i n d i c a t e s  t h e  d e r l v a t i v e s  o f  t h e  ( p n  w i t h  respec t  t o  

2 .  The boundary condi  t i o n s  (2) a r e  now t o  be w r i t t e n  i n  terms o f  t h e  

F o u r i e r  components o f  t h e  s t ream f u n c t i o n  and they  become 

The system (8) d e s c r i b e s  t h e  most genera l  f low r e a l  i z a t  i o n s  

f o r  t h e  channel f l o w  wh ich  a r e  p e r i o d i c  i n  x. I t  c o n s i s t s  a l s o  t h e  

s t a r t i n g  p o i n t  f o r  t h e  i n v e s t i g a t i o n  o f  t h e  b a s i c  P o i s e u i l l e  f low,  b o t h  

by 1 i n e a r  and non-1 i n e a r  methods7. Our purpose here i s  t o  make a 1 i n e a r  

s t a b i l i t y  a n a l y s i s .  The n o n - l i n e a r  one s t i l l  f aces  r a t h e r  d i f f  i c u l t  

conceptual  q u e s t i o n s  and deserves f u r t h e r  i n v e s t i g a t i o n  , a l t h o u g h  some 

i n t e r e s t i n g  f e a t u r e s  have a l r e a d y  come i n t o  l i g h t .  

The c l u e  o f  t h e  l i n e a r  s t a b i l i t y  method i s  t o  assume t h a t  t h e  

v e l o c i t y  f i e l d  superimposed upon t h e  b a s i c  f l o w  i s  somehow s m a l l .  Due 

t o  t h i s  hypo thes is  we may n e g l e c t  t h e  terms wh ich  a r e  n o n - 1  i n e a r  i n  

$,, so t h a t  t h e  system (8) i s  transforrned i n t o  a 1 i n e a r  one. T h i s  i s  

c e r t a i n l y  a v e r y  d r a s t i c  s i m p l i f i c a t i o n  b u t  t h e  rema in ing  e q u a t i o n  i s  

s t i l l  a  v e r y  complex problem t o  be so lved .  We l o o k  f o r  e i g e n s o l u t i o n s  

o f  t h e  l i n e a r  e q u a t i o n  by assuming f o r  t h e  @, a t i m e  dependence o f t h e  
-€t t y p e  $ , ( z , t )  = e f n ( z ) .  T h i s  leads then  t o  t h e  known Orr-Sommer- 

f e l d  equa t ion :  



Since the d i f f e r e n t  a re  not  coupled any more i n  the l i n e a r  vers ion  n 
o f  (81, we w i  11 take hereaf te r  n= l  and drop the  index. 

The general s o l u t  i o n  f o r  4 i n  terms o f  thee igenfunct ions  

o f  (10) i s  then: 

whereCi a r e  c o n s t a n t s  dependingupon the I n i c i a l  cond i t ions .  I t  

i s  c l ea r  t ha t  if Real (E.) > O f o r  a11 then every poss ib le  p e r t u r -  
Z 

bat ion  o f  the form (11) w i l l  decay w i t h  t ime. I f  o n l y  one (or  more) E i 
does no t  s a t i s f y  t h i s  cond i t ion ,  then the per turbat ions  w i l l  grow w i t h  

time, and the basic f l ow  i s  no t  s tab le  anymore. The knowledge o f  the 

spectrum isf (10) a l lows ~5 t o  answer the quest ion o f  the 1 inear s t a b i -  

l i t y  o f  t + e  P o i s e u i l l e  f low. 

The equation (10) w i l l  be solved by employing the method o f  

Galerk in.  We expand the unknown func t i on  f ( z )  i n  terms o f t h e f u n c t i o n s  

o f  a g iven complete set ,  as i n  a l l  spect ra l  methods. 

I n  the ca!;e o f  Ga le rk in ' s  method, each func t i on  Gk must obey the r i g h t  

boundary cond i t ions  o f  the problem, what ensures tha t  the sum 

a l so  do. The problem i s  then reduced t o  f i n d i n g  the values o f  

f i c i e n t s  g k .  

The expanding func t ions  we use a re  t h e  e i g e n s o l u t  

(12) w i l l  

the coef - 

o n s  o f  

= a h(z )  which s a t i s f y  the boundary cond i t ions  h ( z  = 1 ) = 
d~ 
= h l ( z  = 3: 1) = O .  We can f i n d  the fo l l ow ing  so lu t i ons  f o r  the above 



equat ion :  

c o s  dn c o s h  dnz - c o s h  dn c o s d n z  
s n ( z )  = , wi t h  tgd, + t g n  =o 

~ c o s 2 d n  + c o s h 2  dn]' lZ 

cos e s i n h  e z  - cosh e s i n  e z  
n n n 

~ , ( z )  = n -  , w i t h  t g  en- t g h  en = O 
$osh2 e - cosi e J 'I2 

n 

(13b) 

The Sn and the  An a r e  o r thogona l  t o  each o t h e r  i n  t h e  i n t e r v a l  El,l ] 
t o  n o r m a l i z e d  t o  u n i t .  S i m i l a r  f u n c t i o n s  have a l r e a d y  been p o i n -  

t e d  o u t  b e f o r e '  . They may be used t o  f i nd r e s p e c t i v e l  y  even and odd 

s o l u t i o n s  o f  (10) .  We need t o  t a k e  o n l y  one subset  a t  a  time, s i n c e  (10) 

does n o t  coup le  f u n c t i o n s  o f  d i f f e r e n t  p a r i t i e s .  

We wi 1 1  t a k e  t h e  s e t  (13a), f o r  i t i s  known t h a t  (10) p resen ts  

a t  most one e igenva lue  w i t h  Real E < O ,  t o  wh ich  i s  assoc ia ted  an even 

e i g e n f u n c t i o n .  So we w r i t e  

The nex t  s teps  i n  t h e  G a l e r k i n  method c o n s i s t  o f  i n s e r t i n g  (13a) i n t o  

(101, m u l t i p l y i n g  t h e  whole e q u a t i o n  by S (z)  and i n t e g r a t i n g  i n  t h e  
m 

i n t e r v a l  121, I], what leads t o  

o r ,  i n  a  s h o r t  hand n o t a t i o n  



I n  (15) the elements Pm,n, Qm,n and R are  def i ned by: 
m ,n 

and the eigenvalue E has been scaled ER + E. The above i n t e g r a l s  may 

be e a s i l y  performed, so t h a t  the elements i n  (16) a re  given i n  c losed 

a n a l y t i c a l  expressions o f  d,. 

The l i n e a r  system (15) may a l s o  be w r i t t e n  i n  a m a t r i x  formas 

-+ 
where ( A ) ~ ~  = a,,, ( B ) ~  = bmn and ( s ) ~  = s . To consider (17) as a 

n 
d iagona l i za t i on  problemwe j u s t  have t o m u l t i p l y  t h e e q u a t i o n  by B-' 

t o  get 

The eigenvalues o f  ( 17a) agree wi t h  those o f  (1 0) and the com- 

ponents o f  the corresponding eigenvectors are the c o e f f i c i e n t s  o f  the 

expansion o f  the Orr-Sommerfeld e igenfunct ions i n  terms o f  the Sn(z). 

Thus the app l i ca t i on  o f  the Galerk in  method t o  t h i s  problem has led  us 

t o  look f o r  the s o l u t i o n  o f  (17a), what i s  a completely equivalent  pro-  

blem t o  so l v i ng  (10). At t h i s  po ln t  we would l i k e  t o  s t ress  the con- 

cept;al s h p l i c i t y  o f  the employed method, what does not  prevent i t s  

appl i c a t i o n  even t o  a ra the r  complex problem as the O r r -  Sommer fe l  d 

equation. 



3. RESULTS 

Here we wi  11 d i s c u s s  t h e  spectrum o f  (10) wh ich  w i  11 be d e t e r -  

mined by t h e  s o l u t i o n  o f  (15a). The f i r s t  p o i n t  t o  be cons idered  i s  

t h a t  t h e  equivalente between (10) and (15) i s  o n l y  reached when i n  t h e  

sums i n  (15) n runs f rom 

i n  (17). As we a r e  compe 

t h e  m a t r i c e s  A  and B  w i l  

wi l l be d i  scussed, as wel 

s i d e r e d  f u n c t i o n s  i n  t h e  

ces A  and B )  . 

O t o  m. That means i n f  i n i  t e  m a t r i c e s  A and B 

ed t o  employ numer ica l  methods t o  s o l v e  (171, 

be c u t  o f f .  The approx imate s o l u t i o n s  we g e t  

as t h e i r  dependence upon t h e  number N o f c o n -  

expansion (or  t h e  s i z e  o f  t h e  c u t  o f f  m a t r i -  

As a  second p o i n t  we r e c a l l  t h a t  (1 0) depends upon two para-  

meters:  t h e  wave number a and t h e  Reynolds number R. As we have a l r e a -  

dy mentioned, t h e r e  e x i s t s  a t  most one e igenva lue  which may k o m e c r i -  

t i c a l  ( ~ e a l  E < O) i f  we v a r y  t h e  pararneters a  and R. The reg ions  o f  

s t a b i l i t y a n d  i n s t a b i l i t y o f  t h e P o i s e u i l l e f l o w  i n  t h e  ( ~ , a )  p lane  

a r e  then  l i m i t e d  by t h e  c u r v e  

Real ( E ~ ~ ~ ~ )  = O 

I n  p a r t i c u l a r  we want t o  f i n d  t h e  va lues  o f  R and a  which a r e  t h e  
C r c r '  

p o i n t  w i t h  t h e  s m a l l e s t  v a l u e  o f  R be long ing  t o  t h e  c o o r d i n a t e s  o f  t h e  

c u r v e  (18) .  

Now we so 

Thi s  can be done e  

o u r  f u n c t i o n  b a s i s  

ments. 

l v e  the  e q u a t i o n  (17a). F 

i t h e r  n u m e r i c a l l y  o r ,  due 

, by g i v i n g  t h e  exac t  ana 

i r s t  o f  a l l  we must f i n d  B-l. 

t o  t h e  s p e c i a l  cho ice  o f  

l y t i c a l  form o f  i t s  e l e -  

I n  t h e  f i r s t  case B-' i s  determined by a  numer ica l  r o u t  i n e ,  

and a f t e r  m u l t i p l y i n g  i t  by A t h e  r e s u l t i n g  B-IA i s  d iagona l i zed .  The 

Table 1  p resen ts  some r e s u l t s  f o r  t h e  v a l u e  o f  R  and i t s  dependence 
c  r 

upon t h e  number o f  cons idered  f u n c t i o n s  i n  t h e  G a l e r k i n  procedure.  We 

see t h a t  t h e  c r i t i c a 1  v a l u e  o f  R  approaches a  c o n s t a n t  va 
C r 

pendent o f  N) as  N  inc reases .  An i n t e r e s t i n g  f e a t u r e  i n  Tab 

the  cons tan t  v a l u e  o f  R i s  reached f rom o n l y  one s ide ,  as 
C r 

l u e  ( inde-  

l e  1  i s  t h a t  

i f  we were 



Table 1 - Dependence o f  the  c r i t i c a i  v a l u e  o f  t h e  Reynolds number upon 

t h e  number N o f  considered f u n c t i o n s  i n  t h e  G a l e r k i n  expansion.  For 

each g iven  N t h e  r e a l  p a r t  o f  t h e  c r i t i c a 1  e igenva lue  changes s i g n  i n  

t h e  i n t e r v a l  [Rcr, Rcr + 1[. The r e a l  p a r t  o f  t h e  c r i t i c a l  e igenva lue  

i s  a l s o  presented.  

TV Rc r C r i t i c a 1  
Eigenvalue 

20 5862 .6984 x 1 

l o o k i n g  f o r  t h e  minimum o f  a  v a r i a t i o n a l  problem. I n  F i g u r e  2 we 

draw t h e  c u r v e  o f  marg ina l  s t a b i l i t y  as  o b t a i n e d  i n  t h i s  f i r s t c a s e a n d  

1.5 1 STABLE 

F ig .2  - The reg ions  o f  s t a b i l i t y  and i n s t a b i l i t y  i n  t h e  (R,a) p lane  

f o r  t h e  p lane  P o i s e u i l l e  f l o w ,  as g i v e n  by t h e  l i n e a r  s t a b i l i t y  

theory .  The c r i t i c a 1  va lues  o f  t h e  parameters a r e  Rcr = 5772 and 

a = 1.02. 
C r 



i nd i ca te  the po in t  o f  coordinates (Rcr, acr ) .  The values a = 1 .O2 and 
C r 

Rcr = 5772 we have found are  the  "exact" numerical resu l  t s  as given i n  

the 1 i te ra tu re .  

I f  B-' i s  t o  be determined a n a l y t i c a l l y  we f i r s t  f i n d  a ma- - l 
t r i x  U, such t h a t  = UBU i s  d iagonal .  I t  may be e a ç i l y  shown7 t h a t  

Tr 
i f  we def ine  g (2) = cos(2m-1) z, then the m a t r i x  elements o f  U are  rn 
g i ven by 

Since B i s  a symmetric m a t r i x  ( i n  (16) Rm = R ) i t  fo l l ows  t h a t  - "I 
i x  elements o f  B, B and B-' a re  - 1 

(U )mk = Uh. Thus the matr 

Bmn = 

Mul t i p l y l n g  B-L (as given by the above expression) by equat ion 

(15)  we get :  



w i t h  the riew ma t r i x  elements 

where 

Equation (21) i s  a l ready i n  the form o f  an eigenvalue problem. 

Here again the d iagona l i za t i on  i s  t o  be performed w i t h  help o f  numeri- 

ca l  methods. However we a re  faced w i t h  a new problem. Although we have 

gone a step f u r t h e r  by avo id ing  the numerical invers ion  o f  B ,  we note 

tha t  the new m a t r l x  elements appearing i n  (21) are  given i n  terms o f  

i n f i n i t e  ser ies .  Their  values w i l l  be approximately determined by par-  

t i a l l y  sumiingthem. The r e s u l t s  w i l l  depend not  on l y  upon the number N 

o f  funct ior is  Sn(z), but  a l so  on the number M o f  func t ions  gk(z) .  

We present i n  the Table 2 some r e s u l t s  we obtained by so l v i ng  

(21 ) . We note t h a t  i f we increase M and N (keeping M =  N )  the  convergen- 

ce toward i:he r i g h t  value o f  Rcr i s  s t i l l  one sided but slower than i n  

the previous method. We can a l s o  keep N constant and l e t  M grow. This 

pushes dowri the value of R . Increasing N, but  ho ld ing  N<M,makes the 
C r 

r e s u l t  come: c loser  t o  i t s  r i g h t  values, but  now coniing from below. 

If' we compare the r e s u l t s  g iven by the two d i f f e r e n t  procedu- 

res, we seei t ha t  the f i r s t  a re  a l o t  b e t t e r  f o r  the exact values o f  

a and R were al ready obtained w i t h  r e l a t i v e  small matr ices.  The 
C r cr 

second method, wh l l e  b r i ng ing  upper and lower bounds,hasa much slower 

convergence and we should take a l o t  more func t ions  i f t h e r e s u l t s  were 



Table 2 - Dependence o f  the c r i  t i c a l  Reynolds number upon the N (o f  

func t lons  o f  the set  Sn) and M (o f  func t ions  o f  the se t  gm). The 

m a t r i x  B was a n a l y t i c a l l y  inver ted .  

t o  converge t o  a h igher degree of accuracy. We may conclude t h a t  the 

e r r o r  int roduced i n  the numerical invers ion  o f  the m a t r i x  B are  much 

srnaller than those due t o  the p a r t i a 1  sum i n  the expressions (21). 

'4. CONCLUSIONS 

The s o l u t i o n  o f  the Orr-Sommerfeld equat ion has been research 

theme since long t ime, and several r e s u l t s  on t h i s  sub jec t  have been 
8 - 1 2  

reported . The values of a and Rcr considered "exact", and t h a t  
C r 

were obtained i n  the l a s t  Section, were f i r s t  reported by 0rszag4 i n  

1971. He worked w i t h  another spect ra l  method ( the  T method) and Che- 

byshev polynomials as expanding func t ions .  These r e s u l t s  have been con- 
5-7 

f i rmed by several works , inc lud ing  t h i s  one. A quest ion which has 

a r i  sen i s  about how f a s t  can the resu l  t s  converge t o  the  "exact" one, 

when the number o f  func t ions  increase. 



The f u n c t i o n s  we used ensure good r e s u l t s  w i t h  50 f u n c t i o n s  

and t h e  convergence was t e s t e d  by t a k i n g  u n t i l  90 f u n c t i o n s  i n t o  t h e  

procedure.  Moreover t h e  r e s u l t s  we g o t  have t h e  p r o p e r t y  

which a s s e r t s  b e t t e r  and b e t t e r  upper bounds f o r  t h e  e x a c t  v a  l u e  o f  

Rcr. Chebyshev p o l  ynomia ls  p resen t  a  somewhat f a s t e r  c o n v e  r g e n c e  

(about 30 f u n c t i o n s )  b u t  n o t  one s i d e d  as observed i n  o u r  r e s u l t s .  Ho- 

wever they  do n o t  obey t h e  r i g h t  boundary c o n d i t i o n s  o f  t h e  problem 

and a r e  n o t  s u i t a b l e  f o r  t h e  use w i t h  G a l e r k i n  method, whose s impl  i c i -  

t y  and a p p l i c a b i l i t y  we a l s o  wanted t o  s t r e s s  i n  t h i s  work. 

Another p o i n t  o f  i n t e r e s t  i s  t h e  r e l a t i o n  o f  t h i s  work w i t h  

t h e  f u r t h e r  development o f  t h e  s t a b i l i t y  a n a l y s i s ,  now i n c l u d i n g  t h e  

e f f e c t s  o f  t h e  n o n- l i n e a r  terrns. The G a l e r k i n  expansion we have made 

c o n s t i t u t e s  aga in  a good s t a r t  p o i n t  f o r  an a n a l y s i s  based on t h e t h e o -  

r y  o f  Lyapunov f u n c t i o n s I 3 .  T h i s  has as p r e - r e q u i s i t  t h e  knowledge o f  

t h e  s o l u t i o n  o f  t h e  Orr-Sommerfeld equa t ion ,  as wehavedetermined.  Some 

i n s i g h t  i n t o  t h i s  problem h a v e a l r e a d y  been ga ined7 ,  d e s p i t e  t h e  

many e x t r a  d i f f i c u l t i e s ,  b o t h  o f  numer ica l  as o f  conceptual  n a t u r e , t h a t  

such a n o n- l i n e a r  a n a l y s i s  b r i n g s  w i t h  i t s e l f .  
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RESUMO 

NÔs usamos o método de Galerk in  juntamente com um conjunto de 
funções a i nda não apontadas para reso lver  a equação de Orr-Sommerfel d 
e t raça r  o diagrama de es tab i l i dade  do f l u x o  de P o i s e u i l l e  b i  -dimen- 
s ional  com respe i to  a perturbações bi-dimensionaismo plano dos parâme- 
t r o s  número de onda a e número de Reynolds R. Os va lores  obt idos  para 
a e R estão de acordo com aqueles ex is ten tes  na l i t e r a t u r a .  
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