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Abstract Ttie bu i ld- up of the t h i r d  harmonic and the dep le t i on  o f  the 
pump mode are inves t iga ted descr ib ing  both the f i e l d s  quantum mechani- 
c a l l y .  The Heisenberg equationsof motion descr ib ing  the dynamics o f  the  
pump and oF the t h i r d  harmonic mode a re  solved i n  the  short- t ime appro- 
x imat ion.  I t  i s  found t h a t  the pump mode shows ant ibunching e f fec t  due 
t o  the non l inear  i n t e r a c t i o n  between the modes. 

l ' h i r d  harmonic generat ion has been s tud ied both t h e o r e t i c a l l y  

as we l l  as experimental 1 y  by severa1 workersl-l1 i n  the  f i e l d  o f  nonl i- 

near op t i cs .  The t h i r d  harmonic i s  being used t o  produce u l t r a v i o l e t  r a-  

d i a t i o n  not  ava i l ab le  from e x i s t i n g  lasers  by non l inear  o p t i c a l  m i x i n g  . 
The i n i t i a l  bui ld-up o f  the t h i r d  harmonic has been s tud ied theoret ical ly ,  

i n  general, us ing the parametric approximation i .e. cons ider ing  the pump 

dep le t ion  t o  be n e g l i g i b l e .  I t  i s  a reasonable approximation so long as 

the conversion e f f i c i e n c y  i s  q u i t e  low, but  recent  experiments have shom 

increased irnprovement i n  the conversion e f  f ic iencyl  l. Under these c i r -  

cumstances, i t  i s  necessary t o  inc lude pump dep le t i on  wh i l e  studying the 

harmonic generation. The present communication aims a t  i nves t i ga t i ng  the 

dynamics o f  the t h i r d  harmonic generat ion i nc lud ing  pump dep le t i on  and 

t r e a t i n g  both the pump and the harmonic f i e l d s  quantum mechanical ly. The 

model Hamiltonian o f  the system i s  w r i t t e n  along the l i n e  o f  shen12 and 

~ a l l s ' ~ .  The Heisenberg equations o f  motion descr ib ing  the t ime evo lu t i on  

o f  the pump and the harmonic mode a re  solved i n  the shor t- t ime approxima- 

t i on14 .  Our ana l ys i s  shows t h a t a s a r e s u l t o f  nonl inear i n te rac t i on ,  the 

pump photons mani fest  antibunching, i f  the pump mode i s  i n  the coherent 

s t a t e  and the harmonic mode i n  the vacum s t a t e  i n i t i a l l y .  The photons 

generated i n  the harmonic mode a re  uncorrelated f o r  the quoted i n i t i a  l 

cond i t ions .  



2. MODEL HAMILTONIAN 

I n  the present work, we model our Hamiltonian along the l i n e s  

o f  shen12 and wa l l s13 .  I t  i s  the s implest  and adequate t o  descr ibe the 

t h i r d  harmonic generation. Such a  Hami l tonian i s  

where H, i s  the f ree  Hamiltonian o f  the pumpand o f  the t h i r d  h a r m o n i c  
+ 

f i e l d .  The operators a  ( t ) ,  a ( t )  and b + ( t ) ,  b ( t )  a re  the  c reat  ion  and des- 

t r u c t i o n  operators o f  the pump and o f  the t h i r d  harmonic modes respec t i -  

ve ly .  The H,, represents i n t e r a c t i o n  between the two modes. The expres- 

s i on  fo r  the coup l ing  constant k depends a l s o  on the i n teg ra l  

where k and k a re  the wave vectors o f  the pump and o f  the t h i r d  harmo- a  b 
n i c  modes respec t i ve l y .  We assume t h a t  we have a  phase-matched s i t u a t i o n ,  

i .e. k,(w) = kb(3w). The c rea t i on  and des t ruc t i on  operators o f  both the  

f i e l d s  s a t i s f y  the f o l l o w i n g  commutation r e l a t i o n s :  

[a, b+J = [aa+, b+] = [a, b] = O 

3. EQUATIONS OF MOTION 

The Hei senberg equat ion  o f  mot ion  f o r  an operator  0 ( t )  i s  g iven 



Using equations ( I )  and (6) ,  we ob ta in  the f o l l o w i n g  coupled equations 

f o r  t he  operators a ( t )  and b ( t )  r espec t i ve l  y. I f  we denote the  number ope- 

r a t o r s  ai(t) a ( t )  and bi(t) b ( t )  by Na(t)  and Nb( t ) ,  we r e a d i l y  f i nd  t h a t  

Thus Na(t)  i- 3Nb(t) i s  a constant  o f  motion. ~t impi ies  the  conservat ion 

o f  the photon number i n  the system. The equations (7) and (8) are  coupled 

non l inear  equations f o r  the two modes. I n  order  t o  solve them, we recour- 

se t o  the rkiort-time approximation used by Agarwal and ~ e h t a l '  t o  study the 

dynamics o f  the parametric processes. Using t h e i r  tecnique, we ob ta in  

- iwbt 
b ( t )  = [b - ik ta3-3 /2k2t2  (3a+2a:6a+a+2)b]e 9 

as s o l u t i o n  of equations (7) and (8) respec t i ve l y  co r rec t  up t o  second 

order i n  t. I n  eqs. (10) and (11) a and b a re  the i n i t i a l  t ime values o f  

the operators . 

4. CHARACTERISTIC FUNCTION 

To study the  bu i ld- up o f  the t h i r d  harmonic and dep le t i on  o f  the  

pump f i e l d  as a f u n c t i o n  o f  time, we employ the normal ly  ordered charac- 
15- 16 

t e r i s t i c  f unc t i on  def ined by the  r e l a t i o n  

where ~ ( 0 )  i s  the i n i  t i a 1  dens i t y  operator  f o r  the boson f i e l d s  involved.  

The operator  c ( * )  corresponds t o  e i t h e r  the pump o r  the harmonic f i e l d .  

Here i n  the present study, i t  i s  assumed tha t  the pump mode i s  i n  a cohe- 



ren t  s t a t e  and the harmonic mode i n  the  vacuum s t a t e  i n i t i a l l y ,  so the  

dens i t y  operator  i s  g iven as 

a t  the t ime t = O 

t r u c t i o n  operator  

t i o n  x (n , t )  conta 

r a l  behaviour o f  

~ ( 0 )  = la , ,~> <a,,01 (13) 

normal ized e igensta te  o f  the  des- The s t a t e  / ao>  i s  the 

a w i t h  complex eigenva 

ns a11 the s t a t i s t i c a l  

he mode involved.  

l u e  a,. The c h a r a c t e r i s t i c  func- 

in format ion  regarding the  tempo- 

5. TIME EVOLUTION OF THIRD HARMONIC 

The normal ly  ordered c h a r a c t e r i s t i c  f unc t i on  f o r  the  t h i r d  har -  

monic mode i s  

Using equation (11) and expression f o r  ~ ( 0 )  from Eq. (13), the characte-  

r i s t i c  f unc t i on  x ( ~ , t )  i s  evaluated, r e t a i n i n g  terms up t o  second order  b 
i n  k t .  I t  tu rns  out  t h a t  

where 

The average number of t h i r d  harmonic photons present a t  t ime t can be ob- 

ta ined from the f o l  lowing r e ~ a t i o n ' ~  

From Eqs. (15) and (161, one obta ins  

Nb(t)  = K Z t 2  a o  1 = k 2t 2  NU(0) (17) 

where Ia, j 2  = N ( O)  i s  the  average number o f  photons i n i  t i a 1  l y  present i n  a 



the pump mode. I t i s  c l ea r  from Eq. (17) t h a t  the number o f  t h i r d  harmo- 

n i c  photons produced i s  p ropor t iona l  t o  the cube o f  t he  number o f  pump 

photons i n i t i a l l y  present o r  i n  o the r  words i t  i s  p ropor t iona l  t o t h e c u b e  

o f  the i n i t i a l  pump in tens i ty-which  i s  a  well-known r e s u l t .  i n  the shor t-  

- t ime approximat ion Nb(t) i s  p ropo r t i ona l  t o  the square o f  the i n te rac-  

t i o n  t ime t. 

The var iance o f  in tens i ty l '  f o r  the  t h i r d  harmonic i s  de f ined by 

which i n  terrns of the c h a r a c t e r i s t i c  f unc t i on  can be w r i t t e n  as 

I n  the short- t ime approximation, when terms on l y  up t o  t2 a re  being re-  

ta ined,  t h e v a l u e o f  <(AN)'> i s  zero. I t  impl ies" t h a t  the  photons i n  

the t h i r d  harmonic mode a re  uncor re la ted i f  the pump mode i s  i n a  coherent 

s t a t e  and the harmonic mode i s  i n  the vacuum s t a t e  i n i t i a l l y .  

6. PUMP MODE DEPLETION 

To i nves t i ga te  the dep le t i on  and var iance o f  the pump f i e l d  as a  

f unc t i on  o f  time, we use the normal ly  ordered c h a r a c t e r i s t i c  f unc t i on  f o r  

the pump mode which i s  g iven by 

as we already mentioned i n  Eq. (12). On s u b s t i t u t i n g  the expressions f o r  

a+( t )  and a ( t )  from Eq. (10) on the r i g h t  hand s ide  o f  Eq. (20).and then 

expanding i t i n  powers o f  k t  up t o  second order,  a f  t e r  t r a c i  ng the  resu l -  

t a n t  expression f o r  x ( c $  ) i s  
P 

where 



and 

Once x (c,t) i s  known, one can e a s i l y  c a l c u l a t e  r e l e v a n t  q u a n t i t i e s  f r o m  
P 

i t .  The average number o f  photons p resen t  i n  t h e  pump mode a t  t i m e  t i s  

The Eq.  (24) shows t h a t  t h e  d e p l e t i o n  o f  t h e  pump mode i s  p r o p o r t i o n a l  t o  

t h e  cube o f  t h e  number o f  t h e  pump photons i n i t i a l l y  p r e s e ~ t  as expected 

f rom Eq. (9)  . 

The v a r i a n c e  o f  i n t e n s i t y  o f  t h e  pump mode i s  eva lua ted  i n  t h e  

same manner as done i n  t h e  p r e v i o u s  s e c t i o n  f o r  t h e  t h i r d  harmonic mode 

and i t  i s  found as 

which comes o u t  t o  be a  n e g a t i v e  q u a n t i t y .  Using t h e  c r i t e r i a  o f  r e f e r e n -  

ce", we f i n d  t h a t , i n  t h i r d  harmonic genera t ion ,  t h e  pump photons show 

a n t i b u n c h i n g  i f  i n i t i a l l y  t h e  pump mode i s  i n  t h e  coherent  s t a t e  and t h e  

t h i r d  harmonic mode i n  t h e  vacuum s t a t e .  

I n  a  r e c e n t  s e m i c l a s s i c a l  i n v e s t i g a t i o n l ' ,  t h e  t h i r d  h a r m o n i c  

g e n e r a t i o n  has been s t u d i e d  i n c l u d i n g  t h e  e f f e c t  o f  pump d e p l e t i o n  and o f  

s a t u r a t i o n  o f  two-photon a b s o r p t i o n .  The a n t i b u n c h i n g  o f  l a s e r  photons 

which we have p r e d i c t e d  above cannot  come o u t  o f  t h e i r  t h e o r y .  An t ibun-  

c h i n g  i s  a  quantum e f f e c t ,  o n l y  quan t i zed  f i e l d s  couldaccount  f o r  i t .  
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RESUMO 

Investigamos o crescimento do t e r c e i r o  harmônico e a atenuação 
de modo exc i tador  descrevendo quanticamente os do i s  campos. As equa- 
ções de movimento que descrevem a dinâmica dos modos e x c i t o r  e t e r c e i r o  
harmônico são reso lv idas  na aproximação de tempos cur tos .  Ver i f ica-se 
que o modo exc i tador  apresenta e f e i t o s  de a n t i  bunching devido 5 i n t e r a -  
ção não l inear en t re  os modos. 


