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Abstract A v a r i a t i o n a l  c a l c u l a t i o n  i s  done f o r  the ground s t a t e  o f  a 3a 
- p a r t i c l e  system. Two simple t r i a l  wavefunctions a r e  used and r e s u l t s  
a re  compared w i t h  an exact c a l c u l a t i o n  done by the  Hyperspherical Har- 
monic method. A modi f ied  Ali-Bodmer p o t e n t i a l  f o r  the a - a  i n t e r a c t i o n  
i s  considered fo r  a l l  ca l cu la t i ons .  We f i n d  t h a t  these simplewave func- 
t i o n s  can be very usefu l  f o r  phenomenological ca l cu la t i ons .  

Ttie purpose o f  t h i s  note i s  t o  repo r t  a v a r i a t i o n a l  ca l cu la -  

t i o n  done f o r  the  ground s t a t e  o f  the th ree alpha p a r t i c l e  system. M i -  

croscopic 3a ca l cu la t i ons  have given a f i r m  foundat ion o f  the v a l i d i -  

t y  o f  the 3a approach t o  s t ruc ture l .  Therefore deçcr ipt ions o f  

as a 3a p a r t i c l e  system have shown r e l a t i v e  successful r e s u l t s ,  as 
1-8 

compared t o  the she l l  model . A recent work has u t i l i z e d  a simple 

form of thla t r i a l  wave func t ion  f o r  the symmetric S- s ta te  o f  the t r i -  

nucleon system t o  demonstrate the  e f f e c t  o f  th ree nucleon forces onthe 

nucleon charge dens i t y .  The form of the wave func t i on  (wi thout  th ree 

nucleon fo rce) ,  u t  i 1 i zed i n  r e f  . (9) i s 

where N i s  a normal i z a t i o n  constant and x, y, z the i n t e r p a r t i c l e  d i s -  

tances o f  che th ree i d e n t i c a l  p a r t i c l e  system. Such a wave func t i on  i s  

too r e s t r i c t i v e ,  i n  the sense t h a t  o n l y  one parameter, v i z ,  a c o n t r o l s  

both the shor t  and long separat ion behaviours o f  the wave func t i on .  I t  

would be i r i t e res t i ng  t o  examine how r e l a t i v e l y  simple wavefunctions, 

l i k e  the orie g iven by eq. ( I ) ,  f a r e  f o r  o ther  simple three-body sys- 

t e m .  Anottier we l l  known three'-body system, whose ground 

dominant c o n t r i b u t i o n  from the t o t a l l y  symmetric S-state 

s t a t e  has a 

i s  the  C" 
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nucleus considered as a  bound system o f  th ree St ruc ture less  a - ~ a r t i -  

c l e s .  The purpose o f  t h i s  c a l c u l a t i o n  i s  no t  t o  reproduce known pro- 

p e r t i e s  o f  the nucleus, but  t o  compare the  r e s u l t s  w i t h  an exact 

c a l c u l a t i o n 8,  thereby sheding 1 i g h t  on the va l  i d i t y  of the simple forms 

o f  the t r i a l  wave func t ions .  As we w i  l l see l a t e r  (Table I ) ,  the form 

o f  eq. ( I )  i s  too r e s t r i c t i v e  and thus gives a  ground s t a t e  (g.s.) b i n -  

d ing  energy (BE) o f  on l y  about 1 .  Mev, whereas the exact c a l c u l a t i o n  

gives 6.6 Mev, w i t h  a  s i m p l i f i e d 8  form o f  the   li-6odmer10 p o t e n t i a l .  

We use a  more general ized form o f  eq. (1 ) f o r  our purpose 

where a, 1 and 1-i are  v a r i a t i o n a l  parameters. The fac to r  (a3 xyz)  w i t h  

X > 1  w i l l  guarantee a  b e t t e r  s imula t ion  of the impene t rab i l i t y  o f  the 

a- pa r t i c l es .  On the o ther  hand a  value o f  G'1 may he lp  t o  cu t  the un- 

physical  1  y  long ta  i l o f  the wavefunct ion  (WFI) , thereby reduci ng the 

Coulomb c o n t r i b u t i o n  t o  BE and increasing t h t  l a t t e r .  Another simple 

wavefunction (wF2) f o r  C'* as 3a p a r t i c l e s  obtained from more micros- 

copic basis by Per r ing  and ~ k ~ r r n e " ' ~  w i  l l be considered here. I t  i s  

g iven i n  our coordinate system by 

where N2 i s  a  normal iza t ion  constant ,  2 p  = x+y+z and a  i s  a  v a r i a t i o -  

na1 constant  t o  be determined. 

Simple phenomenological wavefunctions l i k e  $ and $, may be 

very usefu l  i n  some physical  ca l cu la t i ons .  Exact approaches e x i s t  l i k e  

Faddeev equat ions12 and the  Hyperspherical ~a rmon  ics13 (HH) where the 

wavefunctions a re  obtained n a t u r a l l y  from the methods, bu t  i t  requ i res  

much more mathematical involvement and computer t ime f o r  t h e  numerical 

p a r t .  The values o f  a, h and V f o r  $, and a f o r  $, a re  determined by 

the cond i t ions  

( 5  = (a,X,u) f o r  $ = 11, and 5 = a  f o r  $ = $,), 



where 

and 

- R 
= s -  --  

ra2, +?L+ Y 1 lã. x ax c y c i i c  2+Z2-x2 ~ Y Z  -1 a y a ~  

i s  the  k i n e t i c  energy f o r  the  f u l l y  symmetric S-state.  Vacland Vc are  

respec t i ve l y  the modi f ied  Ali-Bodmer p o t e n t i a l s ' 1 0  ( i t  somehow r e i n -  

forces Pau l i  principie due t o  the presence o f  the  t h i r d  a - p a r t i c l e  i n  

the a-a systern and i s  an approximation o f  the n o n l o c a l i t y  o f  the  a-a 
8 

i n t e r a c t i o n )  and the screened Coulomb p o t e n t i a l  , given by 

V = 360 MeV, r V = 130 MeV, a - 1 
~ ~ , = 0 . 7 f m  , % = 0.475 f m - I ,  and 

Table I - Ca lcu la t i on  o f  b ind ing  energy (minimurn value) and rms rad ius  

EXPERIMENTAL VALUE 

(*I Abrolure minimum o f  energy. 



where r - 1.6 fm. We p resen t  o u r  r e s u l t s  i n  Table 1 .  I t  can be seen 
C 

t h a t  f o r  v = = 1.0 ( i . e .  t h e  fo rm o f  eq. ( 1 ) )  g i v e s  a BE o f  o n i y  

1.36 MeV, whereas t h e  exac t  c a l c u l a t i o n 8  i n  t h e  HH method g i v e s  a 

v a l u e  6.6 MeV. The l a s t  l i n e s  o f  Tab le  1 f o r  and $, show t h e  bes t  

c a l c u l a t e d  b i n d i n g  energ ies  wh ich  compare reasonably  w i t h  t h e  exac t  

c a l c u l a t i o n  (6.6 M ~ v ) .  I n  f i g .  1 we can see t h e  c a l c u l a t e d  c h a r g e f o r m  

f a c t o r 8 ,  / F ( ~ )  1 2 ,  o b t a i n e d  u s i n g  t h e  wave func t ions  (wFI )  , I), ( w F ~ )  

and t h e  HH method. For completeness, exper imenta l  d a t a  a r e  suppl ied.  I n  

genera l  t h e  r e s u l t s  ob ta ined  w i t h  WFI and WF2 compare q u i t e  reasonably  

w i t h  t h e  exac t  c a l c u l a t i o n  (HH) .  A disagreement i s  worse f o r  q>2 .  fm-! 

I t suggests t h a t  one should improve b o t h  wave func t ions  ( $, and $,) 

m o s t l y  f o r  i n t e r m e d i a t e  d i s t a n c e s  c l o s e r  t o  t h e  o r i g i n .  Thus one can 

conclude t h a t  t h e  s imp le  forms o f  t r i a l  wave func t ions  (eqs. (2) ,  (3 ) )  

I 
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F i g .  1 - Charge form f a c t o r  

p l o t s  o b t a  i n e d  by u s i n g  

9 1 $,(WF2) and HH 

method. E x p e r  i m e n t a  1 d a t a  

a re  shown. 



are  not  s u f f i c i e n t  f o r  a system o f  th ree s t ruc tu re less  a- p a r t i c l e s ,  

mainly due t o  the Coulomb repu ls ion  and the  ra the r  s t rong s o f t  core  o f  

the Ali-Uodmer p o t e n t i a l ,  represent ing the r e l a t i v e  impene t rab i l i t y  o f  

the a- par t ic les .  However f o r  f i r s t  physical  c a l c u l a t i o n s  they could be 

usefu l  1 ' " ' 1 4  . I n  t h i s  work we d i d  a systematic study o f  two phenomeno- 

l o g i c a l  rravefunctions by comparing them w i t h  the r e s u l t s  o f  an exact 

c a l c u l a t i o n  where the  same i n t e r a c t i o n  was considered. As a conclu-  

sion,  the resu l  t s  obtained wi t h  and $, a re  not  so bad as compared 

~ i t h o t h e r s " ~  . I n  reference (6) a v a r i a t i o n a l  c a l c u l a t i o n  i s  a l s o  

done fo r  c12 (301). However the  t r i a l  wavefunction used the re  d i d  no t  

inc lude t.he term which s imulates the Pau l i  p r i n c i p l e  between the a- 

- p a r t i c l e s .  The a- a i n t e r a c t i o n  chosen and Coulomb fo rce  were not  

handled adequately. As a r e s u l t ,  the ca l cu la ted  values were not  so 

good . 
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RESUMO 

Um cálculo variacional 6 feito para o estado fundamental de 
um sistema de partículas 3a. Duas funções de ondas tentativas simples 
são usadas e os resultados comparados com um cálculo exato feito pelo 
método dos harmônicos hiperesféricos. Um potencial de Ali-Bodmer modi- 
ficado para a interação a-a E considerado em todos os cálculos. A con- 
clusão é que estas funções de ondas simples podem ser usadas em cãlcu- 
10s fenomenolõgicos. 


