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Abstract A formal mathematical background i s  developed i n  such a  way t h a t  
i t  determines the necessary cond i t i ons  t h a t  a  c l u s t e r  must s a t i s f y  t o  
reproduce accura te ly  the main fea tures  o f  the band s t r u c t u r e  o f  an i n -  
f i n i t e  c r y s t a l .  I t  has been shown tha t  i f  such cond i t ions  a re  s a t i s f i e d  
the c l u s t e r  energy band s t ruc tu re  i s  a  t r u e  image o f  the c r y s t a l  one. I t  
has been a l s o  shown tha t  the l a rge r  the band gaps i n  the c r y s t a l ,  the  
smaller i s  t:he c l u s t e r  needed t o  represent i t s  band s t ruc tu re .  

1. INTRODUC'TION 

Small c l u s t e r s  o f  atoms have been used t o  reproduce the e lec-  

t r o n i c  band s t r u c t u r e  o f  i n f i n i t e  c r y s t a l s .  As i t  has been made c lea r  

by Kadura and ~unne ' ,  i n  some instantes, the reduct ion  o f  an i n f  i n i  t e  

c r y s t a l  t o  .a few atoms does no t  preserve the main fea tures  o f  the band 

s t ruc tu re .  For instance, i n  the  case o f  metals, these authors showed 

tha t  c l u s t e r s  w i t h  more than 100 atoms are  needed t o  reproduce the crys- 

t a l  band stl-ucture. Thus, we f i r s t  address ourselves t o  the  quest ion o f  

the v a l i d i t y  o f  a  c l u s t e r  c a l c u l a t i o n .  

When a  c l u s t e r  band s t r u c t u r e  c a l c u l a t i o n  i s  performed, one ex- 

pects t h a t  the  energy bands o f  the  c l u s t e r  a re  a  good image o f t h e  bands 

o f  the i n f i n i t e  c r y s t a l ,  i n  o ther  words, one expects t h a t  the c l u s t e r  

preserves ttiose features o f  the c r y s t a l  bands tha t  have a  s t rong l oca l  

character  arid r e s u l t  from shor t  range i n te rac t i ons .  For instance, we 

cannot expec.t t h a t  a  c l u s t e r  c a l c u l a t i o n  gives the l oca t i on  o f  the band 

maxima and minima i n  the B r i l l o u i n  zone, bu t  we can expect i t  t o  g i ve  

the co r rec t  charge dens i t y  and a  paçsable energy denç i ty  o f  s ta tes .  l n  

most c l u s t e r  ca l cu la t i ons  we have seen, one avoids answering the impor- 

t an t  questions o f  what a re  the i n f i n i t e  c r y s t a l  fea tures  preserved by 

the c l u s t e r  and how i s  one t o  proceed t o  preserve them. I t i s  f requent,  



fo r  instance, t ha t  a  c l u s t e r  c a l c u l a t í o n  gives an energy spectrum which 

i s  a  mix ture  o f  bu lk  and surface s ta tes 2.  I n  our mind, an except ion i s  

the  work by Brescansin and   erre ira^. In  t h e i r  se l f - cons i s ten t  ca l cu la -  

t i o n  o f  NaCR, i n  s p i t e  o f  the ~ c h r g d i n ~ e r  equat ion being solved i n  the 

c lus te r ,  they t r y  t o  preserve the c r y s t a l  f e a t u r e s  by  s o l v i n g  the 

Poisson equation i n  the i n f i n i t e  c r y s t a l .  Without repeat ing t h e i r  i n t u i -  

t i v e  argurnents here, we intend t o  show t h a t  the Brescansin and F e r r e i r a  

procedure has a  firrn theo re t i ca l  basis,  and, i n  t h i s  process, we make 

c lea r  what are  the preserved i n f i n i t e  c r y s t a l  fea tures .  For instance,we 

conclude tha t  metals cannot be ca l cu la ted  but  w i t h  very la rge c lus te rs ,  

and tha t ,  f o r  i nsu la to rs ,  the c l u s t e r  bandwidths a re  narrower thanthose 

o f  the c r y s t a l  and the c l u s t e r  gaps a re  l a rge r .  

As long as i t  has been we l l  tested,  a  c l u s t e r  c a l c u l a t i o n  i s  a  

f a s t  method o f  e l e c t r o n i c  band s t r u c t u r e  determinat ion and, when i t  i s  

r e l i a b l e ,  a  c l u s t e r  c a l c u l a t i o n  has many advantages. For instance, the 

c a l c u l a t i o n  o f  deep defect l eve l s  i s  simple i f  one uses a  c l u s t e r 4 ,  but 

i t  becornes very d i f f i c u l t  when the whole i n f i n i t e ,  c r y s t a l  i s  used. 

Beyond t h i s  f ac t ,  a  c l u s t e r  c a l c u l a t i o n  becomes s p e c i a l l y  s i m p l  e  and 

f a s t  wi t h i n  the framework o f  the  mul t i p l e - s c a t t e r i n g  method5. This i s  

a  prec ise  method as long as the e f f e c t s  o f  the m u f f i n - t i n  p o t e n t i a l  a re  

small,  i n  ù ther  words, as long as the  c l u s t e r  i s  dense. Thus, a  mu f f i n -  

- t i n  c l u s t e r  c a l c u l a t i o n  must t e s t  f o r  the importance o f  the  p o t e n t i a l  

e r r o r s  and f o r  the importance o f  the  c l u s t e r  s i z e  e f f e c t s .  

2. A JUSTIFICATION OF THE CLUSTER MODEL OF A CRYSTAL 

A se l f - cons i s ten t  f i e l d  c a l c u l a t i o n  requ i res  the  simultaneous 

s c l u t i o n  o f  two d i f f e r e n t i a l  equations: the  ~ c h r g d i n ~ e r  equation, s o l -  

veo f o r  each e lec t ron ,  and the Poisson equat ion.  I n  the  Brescansin and 

F e r r e i r a  procedure, the Poisson equat ion i s  solved i n  the  i n f i n i t e  

c r y s t a l ,  us ing the charge d e n s i t i e s  o f  the inner atoms o f  the c l u s t e r  

as representa t ive  charge dens i t i es  i n  the c r y s t a l .  I n t h e m u l t i p l e - s c a t -  

t e r i n g  method these charge dens i t i es  a re  i n  the  m u f f i n - t i n  format and 

the s o l u t i o n  of the Poisson equat ion i n  the  i n f i n i t e  c r y s t a l  presentsno 

specia l  d i f f i c u l t y .  The m u f f i n - t i n  p o t e n t i a l ,  thus obtained, i s  used i n  

the ~ c h r G d i n ~ e r  equat ion f o r  the c l u s t e r ,  but  one has t o  surround the 

c l u s t e r  atoms by a  p o t e n t i a l  b a r r i e r  in suchawayas to  conf ine  the e lec-  



t rons  i n  the region where the p o t e n t i a l  i s  we l l  def ined.  The advantages 

o f  t h i s  procedure have been stressed by Brescansin and Fe r re i ra  an w i l l  

no t  be repleated here. While they present an i n t u i t i v e  j u s t i f i c a t i o n  o f  

t h e i r  procedure, we a re  g i v i n g  a  formal and exact mathematical j u s t i f i -  

ca t ion ,  which has the advantage o f  e x h i b i t i n g  c l e a r l y  the l i m i t a t i o n s  

o f  the  c l u s t e r  method. 

C lus ter  ca l cu la t i ons  f o l l o w i n g  very d i f f e r e n t  procedures have 

been presented i n  the l i te ra tu re .  Most o f  them a re  very . d  i f f i c u  1 t t o  

j u s t  i f y  and a s  fa r  as we know, t h i s  i s  the f i r s t  t ime a  j u s t i f i c a t i o n  

i s  presentad which goes beyond the  pure ly  i n t u i t i v e  arguments. 

We begin our d iscussion o f  the  Brescansin and F e r r e i r a  mu f f i n -  

-t i n  c l u s t e r  method by study i'ng the f o l  lowing one-electron Hami 1 ton ian  

* 
where H. i!; the Hamiltonian f o r  an 

A i s  a  la rge and p o s i t i v e  number. 

o f  the  i n f i n i t e  c r y s t a l ,  wh i l e  the 

e lec t ron  i n  the  i n f i n i t e  c r y s t a l  and 

The sum i n  n i s  a  sum over the bands 
+ 

sum i n  R i s  a  sum over the l a t t i c e  

vec tors  whose moduli a re  l a rge r  than the rad ius  R o .  F i n a l l y ,  F n , ~  i s  a  

p r o j e c t i o n  operator  t ha t  p ro jec t s  i n t o  the s t a t e  o f  the Wannier funct ion 
-+ 

o f  band n centered a t  s i t e  R .  I n  the  coordinate representat ion,  one 

wr i tes  

-+ -+ 
where a (r - R) are  the Wannier func t ions .  n 

The d e f i n i t i o n  o f  a  Wannier f unc t i on  i s  no t  unique because i t  

depends on the phases a t t r i b u t e d  t o  the Bloch func t ions  i n  the whole 

B r i l l o u i n  zone. I n  what fo l lows,  i t  w i l l  be convenient t o  de f i ne  the  

Wannier func t ions  so t h a t  they have minimal widths Wndefined a s f o l l o w s  

The problern o f  d e f i n i n g  these minimal Wannier func t ions  has been solved 

by Fe r re i ra  and parada6, and one can const ruc t  the p r o j e c t i o n  opera- 

1 o1 



t o r s  P n , l  i n  Eq. ( I )  accord ing  t o  t h e i r  p r e s c r i p t i o n s .  I n  t h e  case o f  

o v e r l a p p i n g  bands we can do even b e t t e r .  Lons ider ,  f o r  instante, t h e  

case o f  t h e  CR 3p bands i n  NaCR. I n  t h i s  case, t h e r e  a r e  t h r e e  bands 

o v e r l a p p i n g  i n  energy and t h a t  a r e  degenerated a t  symmetry p o  i n t s  i n 

t h e  B r i l l o u i n  zone. Ins tead  o f  d e f i n i n g  a Wannier f u n c t i o n  f o r  eachband, 

we cou ldcombine  t h e  B loch  f u n c t i o n s  o f  t h e  t h r e e  bands as 

where fi i s  t h e  volume o f  t h e  B r i l l o u i n  zone, b m ( t , f )  a r e  t h e  Blochfunc-  

t i o n s  co r respond ing  t o  such bands and Um i s  a  k-dependent u n i t a r y  ma- 

t r i x .  The new Wannier f u n c t i o n s  obey t h e  r e q u i r e d  o r t h o n o r r n a l i t y  r e l a -  

t i o n s  

and t h e  u n i  t a r y  m a t r i x  ~ ( x )  migh t  be chosen so t h a t  t h e  Wannier func-  

t i o n s  o f  Eq. (4) had min imal  w i d t h s .  I n  t h e  case o f  t h e  t h r e e  CR 3p 

bands, s i n c e  t h e  Bloch f u n c t i o n s  a r e  p r i m a r i l y  made o u t  o f  a tomic  CR 3p 

f u n c t i o n s ,  t h e  minimal Wannier f u n c t i o n s  d e f i n e d  i n  Eq.  (4) would have 

~ i d t h s  a t  most equal t o  t h e  w i d t h  o f  t h e  a tomic  f u n c t i o n s .  Thus, i n  what 

f o l l o w s  we s h a l l  keep i n  mind t h a t  one i s  a b l e  t o  c o n s t r u c t  Wannier func-  

t i o n s  w i t h  w i d t h s  o f  t h e  o r d e r  o f  an a tomic  r a d i u s .  These Wannier func-  

t i o n s  a r e  those used i n  t h e  d e f i n i t i o n  o f  t h e  p r o j e c t i o n  o p e r a t o r s  o f  Eq. 

( 1 ) .  

The e f f e c t  o f  t h e  second te rm i n  Eq. ( I )  i s  s imp le  t o  unders- 

tand:  t h i s  te rm r a i s e s  t h e  energy o f  t h e  e l e c t r o n  i f  i t  ven tu res  o u t s i d e  

t h e  sphere o f  r a d i u s  R,,. Now, suppose we f i n d  t h e  e i g e n f u n c t  i o n s  and 

e igenva lues  o f  Eq. ( 1 ) .  Since t h e  Hami l t o n i a n  commutes w i  t h  t h e  p r o j e c -  

t i o n  o p e r a t o r  o f  t h e  bands 

where 



each e igensta te  of H i s  a  cornbination o f  the  Bloch s ta tes  o f  a  single 
,. 

bana. Working i n  the Wannier representat ion,  the secular  m a t r i x  o f  the 
A 

Hamiltoriian H o f  Eq .  (1) assumes the f o l l o w i n g  form 

Thls mat r ix  breaks i n t o  the fo l l ow ing  four  submatrices: the upper- l e f t  

diagonal submatrix r e f e r s  t o  the i n te rna l  Wannier f unc t i on  s ta tes ,  name- 

1 Y 

1x1 9 1x1 I < R ,  , 
the lower- r ígh t  díagonal submatríx r e f e r s  t o  the externa1 Wannier func- 

t i o n s ,  o r  

1 1 1 1 1 ,  1 > R ,  , 
whi le  the o f f -d iagona l  matr ices mix the externa1 w i t h  the  i n te rna l  Wan- 

n i e r  f unc t i on  s ta tes .  I f  A i s  s u f f i c i e n t l y  la rge ( l a t e r  on i t  w i l l  be- 

come c lea r  how la rge i t  must be) the determinantal equat ion o f  the ma- 

t r i x  o f  Eq. (6) can be solved by pe r tu rba t i on  theory.  Se t t i ng  

where 

we ob ta in  



The e igenva l  ues o f  ;(O) (no t  t o  be confused wi t h  o ) a r e  t h e  d i  s c r e t e  

e igenva lues  o f  t h e  u p p e r - l e f t  submat r i x  and t h e  con t inuous  e igenva lues  

o f  t h e  i n f i n i t e  l o w e r - r i g h t  submat r i x .  

I n  f i g u r e  1 we show t h e  spec t ra  o f  t h e  e igenva lues  o f  H ,  and 

6"). Each band o f  f io  i s  broken i n t o  a h i g h e r  con t inous  band, d i s p l a c e d  

F i g .  1 - Energy e igenva lue  spectrurn o f  t h e  c l u s t e r  Hami 

pared t o  t h e  c r y s t a l  Hami 1 t o n i a n  spectrum. 

t o n i a n  as corn- 



f rom t h e  o r i g i n a l  band by A, and a s e t  o f  d i s c r e t e  s t a t e s  w i t h  ener -  

g i e s  between t h e  h i g h e s t  and lowest  energ ies  o f  t h e  o r i g i n a l  bands. The 

e f f e c t  o f  t h e  p e r t u r b a t i o n  o f  ? i s  negl  i g i b l e  i f  A i s  l a r g e .  Indeed, 

f rom second- o r d e r  p e r t u r b a t  i o n  expansion, one knows t h a t  ? d i s p l a c e s  

t h e  d i s c r e t e  e igenva lues  o f  z ( O )  by 

Now, t h e  o f f - d i a g o n a l  m a t r i x  elements o f  H^, have t h e  o r d e r  o f  magnitude 

o f  t h e  bandwidth E. Thus, i f  A i s  much l a r g e r  than  t h e  bandwidth, t h e  per- 

t u r b a t i o n  o f  can be neg lec ted  and t h e  e igenva lues  o f  H wi 1 1  c o i n c i d e  
- ( o )  w i t h  t h o s e o f  H . 

In  any c l u s t e r  c a l c u l a t i o n  we a r e  i n t e r e s t e d  i n  t h e  d i s c r e t e  

spec t ra  made o u t  o f  t h e  con t inuous  s t a t e s  o f  t h e  band. Accord ing t o  t h e  

p reced ing  argument, i f  t h e  c l u s t e r  c a l c u l a t i o n  i s  rnade w i t h  t h e  Hami l -  

t o n i a n  o f  Eq .  ( I ) ,  and as long  as A i s  much l a r g e r  than  t h e  bandwidth,  

t h e  d i s c r e t e  s t a t e s  a r e  exac t  combinat ions o f  t h e  i n t e r n a 1  Wannier func- 

t i o n s  o f  a  s i n g l e  band, t h a t  i s  

The Wann ie r . func t ions  themselves a r e  combinat ions o f  t h e  

Bloch e i g e n f u n c t i o n s .  Thus,the h i g h e s t  d i s c r e t e  s t a t e  co r respond ing  t o  

a band has a lower  energy than  t h e  t o p  o f  t h e  band, and t h e  lowest  d i s -  

c r e t e  s t a t e  i s  h i g h e r  than  t h e  band minimum. Thus, i t  can be concluded 

t h a t ,  i n  F i g u r e  1 f o r  i ns tance ,  t h e  bandwidth B '  determined by  t h e  c l u s -  

t e r  i s  s m a l l e r  than  t h e  t r u e  bandwidth B, w h i l e  t h e  gap s e p a r a t i n g  con- 

s e c u t i v e  bands, G ' ,  i s  l a r g e r  than  G .  On t h e  o t h e r  hand, 

s i z e  i s  increased, by i n c l u d i n g  more atoms i n  t h e  c a l c u l a  

widthscan o n l y  inc rease  and t h e  gaps decrease. 

What d i s t i n g u i s h e s  t h e  Brescansin and F e r r e i r a  

c l u s t e r  c a l c u l a t i o n  f rom o t h e r  c l u s t e r  procedures i s  t h e  

i f  t h e  c l u s t e r  

ion,  t h e  band- 

se1 f -consis tent  

r t rea tment  o f  



t h e  Poisson equa t ion .  I n  t h e  usua l  mo lecu la r  c l u s t e r  c a l c u l a ' t i o n s  t h e  

d i s c r e t e  s t a t e s  o f  t h e  c l u s t e r  a r e  popu la ted  w i t h  e l e c t r o n s  and t h e  r e-  

s u l t i n g  charge d e n s i t y  i s  used t o  s o l v e  t h e  Poisson equa t ion  f o r  t h e  

c l u s t e r .  On t h e  o t h e r  hand, i n  t h e  Brescansin and F e r r e i r a  p rocedure the  

d i s c r e t e  s t a t e s  a r e  populated,  t h e  charge d e n s i t y  o f  t h e  i n n e r  atoms i s  

repeated i n  an i n f i n i t e  n e t ,  and such a  p e r i o d i c  charge d e n s i t y  i s  used 

t o  s o l v e  t h e  Poisson equa t ion  i n  t h i s  i n f in i t e  c r y s t a l .  

The Coulomb i n t e r a c t i o n  be ing  o f  l ong  range, t h e  p o t e n t i a l  

generated i n  mo lecu la r  c l u s t e r  procedures rnay have s t r o n g  s u r f a c e  con- 

t r i b u t l o n s  and may be h e a v i l y  dependent on t h e  s i z e  o f  t h e  c l u s t e r . T h e n  

t h e  c l u s t e r  energy spectrum i s  o n l y  a  t r u e  image o f  t h e  c r y s t a l  spec- 

t rum i f  i t  can be proved t h a t  t h e  r e s u l t i n g  s u r f a c e  e f f e c t s  a r e  s m a l l .  

T h i s  p r o o f  i s  u s u a l l y  absent  i n  t h e  c l u s t e r  c a l c u l a t i o n s .  On t h e  o t h e r  

hand, i n  t h e  Brescansin and F e r r e i r a  procedure,  t h e r e  a r e  no s u r f a c e  

e f f e c t s  because t h e  Poisson e q u a t i o n  i s  so lved  i n  t h e  i n f i n i t e  c r y s t a l ,  

b u t  one must p rove  t h a t  t h e  charge d e n s i t y  o f  t h e  i n n e r  atoms o f  t h e  

c l u s t e r  i s  t r u l y  equal t o  t h e  charge d e n s i t y  o f  t h e  atoms i n  t h e  c r y s -  

t a l .  Thus, we now address o u r s e l v e s  t o  t h i s  p o i n t .  

P o p u l a t i n g  a22 d i s c r e t e  c l u s t e r  s t a t e s  o f  a  band i s  equ iva-  

l e n t e  t o  g e n e r a t i n g  an e l e c t r o n i c  d e n s i t y  g i v e n  by 

When compared t o  t h e  c r y s t a l  dens 

' c rys ta i  

i t y  

Eq. (8) leaves o u t  f rom t h e  i n n e r  atoms t h e  c o n t r  i b u t  ions due t o  t h e  ex- 

te rna1  Wannier f u n c t i o n s  a,(;: - 1) w i t h  ~ t l r ~ , .  I f  t h e  Wannier func t ions  

have small  enough w i d t h s  (Eq. ( 3 ) ) ,  t h e  c o n t r i b u t i o n  l e f t  o u t  i s  v e r y  

s m a l l .  As argued be fo re ,  f o r  t h e  min imal  Wannier f u n c t i o n s  d e f i n e d  i n  

Eq. ( 4 ) ,  t h e  w i d t h  has t h e  o r d e r  o f  an a tomic  r a d i u s  and thus i t  i s  n o t  

d i f f i c u l t  t o  make t h e  c l u s t e r  d e n s i t y  o f  charge c o i n c i d e n t  w i t h  t h e t r u e  

c r y s t a l  d e n s i t y  a t  t h e  i n n e r  atoms. F u r t h e r ,  as i t  has been showed by 

F e r r e i r a  and parada7, t h e  w i d t h  o f  a  Wannier f u n c t i o n  o f  a  band i n c r e a-  



ses as t h e  energy gaps s e p a r a t i n g  t h e  band f rom t h e  o t h e r s  decreases. 

Thus, f o r  a  p r e c i s e  charge d e n s i t y  a t  t h e  i n n e r  atoms, l a r g e r  c l u s t e r  

a r e  needed f o r  t h e  s m a l l e r  gap i n s u l a t o r s  o r  semiconductors k r t h e  sim- 

p l e  reason t h a t  t h e  l e f t - o u t  terms i n  Eq .  (8) have longer  range. 

The p reced ing  paragraph o m i t s  a  r e f e r e n c e  t o  t h e  case o f  me- 

t a l s  because, f o r  t h e i r  h a l f - f i l l e d  bands, t h e  e l e c t r o n i c  d e n s i t y  i s  

n o t  g i v e n  by E q .  (9) and, i f  we were t o  p o p u l a t e  f r a c t i o n a l l y  t h e  d i s -  

c r e t e  s t a t e s  o f  t h e  c l u s t e r ,  t h e  e l e c t r o n i c  d e n s i t y  would n o t  be g i v e n  

by Eq .  ( 8 ) .  Thus, f o r  a  meta l ,  a  c l u s t e r  has no t r u e  j u s t i f i c a t i o n s .  As 

we see i t ,  a  meta l  i s  a  system where t h e  i n t e r a c t i o n s  a r e  o f  v e r y  long  

range and cannot  be understood by means o f  smai l  c l u s t e r s  o f  atoms. 

As a  f i n a l  p o i n t ,  one n o t i c e s  t h a t  t h e  Hami l ton ian  o f  Eq .  (1) 

i s  t o t a l  1 y  impract  i c a l  . I n  o r d e r  t o  d e f i n e  i?, one needs t o  know t h e  

Wannier f u n c t i o n s ,  b u t  t h a t  i s  t h e  knowledge we do n o t  have a t  t h e  be- 

g i n n i n g  of' t h e  c a l c u l a t i o n .  I n  t h e  Brescansin and F e r r e i r a  p r o c e d u r e ,  

ones uses ins tead  t h e  f o l l o w i n g  Harn i l ton ian 

So we must compare t h e  second terms i n  Eq.  (1 0) and (1 ) . 

I S I n  t h e  Wannier r e p r e s e n t a t i o n  t h e  s e c u l a r  m a t r i x  o f  H' ' 

g  i ven by 



As i n  t h e  case o f  Hami I t o n i a n  H^,  one may r e w r i  t e  Eq. (1 1) as 

- ( O )  I?' = H + F '  

where 

V !  = 

Then, up t o  second o r d e r  p e r t u r b a t i o n  theory ,  one has t h a t  t h e  s e c u l a r  

m a t r i x  elements f o r  t h e  d i s c r e t e  s t a t e s  o f  H' a r e  g i v e n  by: 

The f i r s t  two terms i n  Eq .  (14) a r e  t h e  same as have been f o r  Harnil t o -  

n i a n  and assure  t h a t  i f  A i s  much l a r g e r  than  t h e  bandwidth, t h e  

co r respond ing  p e r t u r b a t i o n  i s  n e g l i g i b l e .  



L e t t i n g  C  be the maximum eigenvalue o f  the m a t r i x  

Max Eigenvalue { 

6 Max Ei  genva lue L 

-+ 
where both R and 1' are  Wannier func t ions  i ns ide  the sphere R,, the  

t h i r d  terni becomes n e g l i g i b l e  i f  A  i s  chosen so t h a t  

AC .i< B (15) 

where B i s  the bandwidth. For the  f o u r t h  term we w r i t e  

1 <~~O(P-R , )  ~ ~ ' % ~ " ~ O ( ~ - R ~ )  / I 1 >  1 $ 

11'll >R, 

a 

= Max Eigenva 

Again, t h i s  f o u r t h  term i s  n e g l i g i b l e  when i n e q u a l i t y  (15) i s  s a t i s -  

f i e d .  

F i n a l l y ,  the f i f t h  term i s  o f  the order o f  BC and becomes 

much smal l e r  than B ~ A  i f  inequal i t y  ( 15 )  i s  s a t i s f  ied.  Thus, the c lus -  

t e r  method o f  Brescansin and F e r r e i r a  i s  exact i f  one i s  ab le tochoose  

a value oF A  such t h a t  

where B i s  the bandwidth and C i s  the  maximum eigenvalue o f  the ma- 

t r i x  

Any value o f  A  s a t i s f y i n g  i n e q u a l i t y  (16) w i l l  produce a se t  

o f  c l u s t e r  l eve l s  which i s  a good image o f  the c r y s t a l  bands and which 

does not  chanae when changing A w i t h i n  t h i s  i n t e r v a l .  




