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Abstract We use the normal o rde r i ng  techn ique and the coherent represen- 
t a t i o n  t o  descr ibe the evo lu t i on  o f  an open system o f  a  s i n g l e  o s c i l l a -  
t o r ,  l i n e a r l y  coupled w i t h  an i n f i n i t e  number o f  rese rvo i r  o s c i l l a t o r s ,  
and we show how t o  inc lude the  d i s s i p a t i o n  and ob ta in  the  exponent ia l  
decay . 

Iii recent years the dynamics o f  an open system S coupled t o  a  
1-4 

rese rvo i r  R has received considerable a t t e n t i o n  . According t o  some 

authors',  the open systems a re  of g reater  importance than i so la ted  ones. 

One of the f i r s t  de r i va t i ons  o f  an equat ion o f  motion f o r  an open sys- 

tem was given by Bergmann and ~ e b o w i t z '  and, a f t e r  them, severa1 authors 

have t rea ted t h i s  question i n  d i f f e r e n t  approaches6-8. The problems 

which emerge when t r e a t i n g  open systems usua l l y  r e f e r  t o :  (a) the i n i -  

t i a 1  s ta tes  and i t s  in f luence on the so lu t i on ;  (b) the  problem of t he  

e rgod i c i t y ;  (c)  the Markof f ian character  o f  the equat ion o f  motion; (d) 

the const ruc t ion  o f  exac t l y  so lvab le  models; (e) the d i f f e r e n t  techn i -  

ques employed t o  de r i ve  the equat ion o f  motion; e t c .  

The basic s t a r t i n g  po in t  f o r  d iscussion o f  an open system i s  

the dens i ty  ma t r i x  p ( t )  f o r  the  composite system S+R. The dens i ty  ma- 

t r i x  obeys the L i o u v i l l e  equation and the behaviour o f  the open system 

S i s  i n f e r r e d  from the reduced dens i ty  m a t r i x  p  (t) = t r  [p (t)],where 
S R Si? 

the var iab les  o f  R have been e l im inated.  

Iln t h i s  paper we constder t h i s  problem by f i r s t  t r e a t i n g  an 

open systein i n  a  pure s ta te .  Th is  i s  poss lb le  by s e t t i n g  the  rese rvo i r  
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R a t  zero temperature o r  even i n  a  coherent s ta te .  The main purpose o f  

the present work i s  t o  d i sp lay  a  d i f f e r e n t  and simple technique inwhich  

we use the normal order character  o f  the Hami l tonian H and o f  t h e t i m e  

evo iu t i on  operator  ~ ( t ) .  

The o u t l i n e  o f  the technique can be surnmarized i n t h e f o l l o w i n g  

way: g iven the ~ c h r g d i n ~ e r  equat ion ( E  = 1) 

where H = H(a,a"), aJ-(a) i s  the c rea t i on  ( a n n i h i l a t i o n )  c , p e r a t o r  f o r  

some p a r t i c l e ,  / + ( t ) >  stands f o r  the whole system S+R, and s e t t l n g  

we ob ta in  

+ 
I f  H(a,a ) i s  i n  normal order,  which means t h a t  a l l  the  crea- 

+ 
t i o n  operators a '  are  on the l e f t  o f  a l l  a n n i h l l a t i o n  operators a, 

and i f  we assume t h a t  ~ ( t )  1s a l s o  i n  normal o rder ,  which i s  w r i t t e n  as 

U(')(t), the r lght-hand s ide  o f  (4) may be se t  i n  normal or-der, by us ing  

the e q u a l i t y 9  

where ~( " (~ , ; , t )  = <a(U(')(t) /a> , ?a, ir a coherent r t a t e ,  ;.e., o/a> 

= a la> and N i s  the normal o rde r i ng  opera tor
g
.  

In  t h i s  way, 

i 

i n s e r t i n q  (4) i n t o  ( 3 )  and uslng (S), we get  



which i s  an equa t ion  f o r  C(') (a,,,,). When (6) i s  so lved  we o b t a i n  

! $ ( t ) >  by 

The advantage o f  t h i s  method i s  t o  t r a n s f o r m  an o p e r a t o r  e q u a t i o n  ( see 

( 3 ) )  i n  a  c-number equa t ion  (see ( 6 ) ) .  

2. A SIMPLE EXAMPLE 

A!; a  s fmp le  example we s o l v e  t h e  ~ c h & d i n g e r  e q u a t i o n  f o r  t h e  

case o f  two weakly  coupled o s c i l l a t o r s  A and B descr ibed  by t h e  Hamil-  

t o n  i an 

where t h e  i n t e r a c t i o n  te rm ( l a s t  te rm i n  ( 8 ) )  i s  assumed t o  be o f  t h e  

t y p e  i n t r o d u c e d  by Gordon e t  a2" ; w and R a re ,  r e s p e c t i v e l y ,  t h e  c o r -  

responding f r e q u e n c i e s  o f  t h e  o s c i l l a t o r s  A and B and Y i s  t h e  c o u p l i n g  

c o n s t a n t  . As i t  can be seen, t h e  Hami l t o n i a n  (8) i s  i n  normal order. On 

assuming t h a t  U i s  a l s o  i n  normal o r d e r ,  we g e t  

A t  t h i s  p o i n t  we use t h e  coherent  r e p r e s e n t a t i o n .  S e t t i n g  

~ ( ' ) ( a , ~ , B , @ , t )  = < a , ~ l l i ( ~ ) a , B >  , 

where !ci,6> i s  such t h a t  



and p u t t i n g  

where 

we f i nd t r io  systems o f  coupled equat  ions  

and 

where A ( t )  = ~ ( t )  + 1 ;  ~ ( t )  = ~ ( t )  + 1 and ( c f .  ( 2 ) )  A(0)  = B(0 )  =C(O) 

= ~ ( 0 )  = O .  S o l v i n g  (14) and (15) we f i n d  

~ ( t )  = - i ( y / i ) e x p  r - i ( + R ) t / ~  s i n  i t  i -I 

where 

I n s e r t i n g  these  r e s u l t s  ( t h e y  should be compared. w i t h  those i n  r e f .  9 ,  



pag. 207) i n t o  (12) and (13) and using (7 ) ,  we ob ta in  I v ( t ) >  i n  terms 

o f  the i n i t i a l  s ta te  I+(O)>. I f  we suppose the i n i t i a l  s t a t e  i s  a  cohe- 

rent  s ta te ,  i .e., \$(O)> = lu,$> , we f i n d  

which S ~ O W ! ~  t h a t  a  i n i t i a l l y  coherent s t a t e  remains a  coherent s ta te .  

This occurs because the present Hami l ton ian (see (8 ) )  belongs t o  the 

c lass  o f  H m i l t o n i a n s  tha t  mantains the  coherence o f  an i n i t i a l l y  cohe- 

ren t  s ta te" . 

I f  we assume t h a t  B=0, which means tha t  an o s c i l l a t o r  i s  i n  

the vacuum s ta te ,  then 

Thls shows t h a t  o n l y  A ( t )  and ~ ( t )  are  re levant  f o r  the s o l u t i o n  when 

the o s c i l l a t o r  B i s  i n t o  the vacuum stat"e, I t  i s  a l s o  i n t e r e s t i n g t o n o -  

t e  t h a t  o n l y  ~ ( t )  i s  coupled t o  ~ ( t )  i n  (14). 

3. GENERALIZATION TO N OSCILLATORS 

Let us suppose now we have one o s c i l l a t o r  A i n t e r a c t i n g  w i t h  

two o s c i l l a t o r s  B1 andB:! (we negleet  the i n t e r a c t i o n  between Bi and B2). 

In  t h i s  case the Hamiltonian i s  

Thus, according t o  the  foregoing example, we se t  



where 

G = A& + ~ ~ 8 ~ 6 ~  + ~ ~ f 3 ~ 6 ~  + c ~ G B ~  

+ D,C& + C,%, + D;c$, 

and we obtain, after some algebqiçal procedure, 

Here, we are not interested in the functions B (t) and C (t). The ge- k k 
neralization for the case of one oscillator A interacting with N oscil- 

lators i s  straightforward and leads to the system o f  coupled equations 

4. THE CASE N+- AND IRREVERSIBILITY 

On assuming now that N-too, Qk will belong to a continuous spec- 

trum12. Once more, according to the foregoing procedures, we set 

and we obtain 



I n  order t o  solve t h i s  system o f  coupled equations we introduce the  La- 

p lace t ransform 

3y e1 iminat ing  D i n  (28) we f ind 
k 

which may be inverted,  y i e i d i n g  

where X i s  the abcissa o f  convei-oence associated t o  the Laplace t rans-  

form. The preceding r e s u l t  i s  s i m i l a r  t o  those obtained byother  methods 

(see re f s .  1 and 2 ) .  Thus, i f  we make the assumption o f  weakly coupled 

o s c i l l a t o r s  i n  such a  way tha t  yk 1s a smooth func t i on  i n  the whole 

range o f  i n teg ra t  ion and assuming 

holds, the integrand i n  (31) i s  holomorphic i n  the e n t i r e  complex plane 

except on the p o s i t  ive rea l  ax l s .  A deforrnation o f  the path o f  in tegra-  

t i o n  such tha t  i t  enc i r c l es  the p o s i t i v e  rea l  a x i s  y i e l d s  (see, e.g., 

r e f  . 1 ) 



where 

I n  o r d e r , t h a t  assumption of weakly coupled o s c i l l a t o r s  make sense we 

assume tha t  

I n  add i t  ion we assume that  A(x) and J(X) a r e  slowly varying funct ions 

around xrw, otherwise the in terac t ion would vary s t rongly  i n  the  neigh- 

bourhood of w.  Thus we may make the  approximations 

The denominator i n  (33) has one zero in the  lower half plane given by 

whlch leads (33) t o  

A í t )  = e 
-i& - ~ ( w ) t  

- 
where w = w-h(w), which shows a frequency-shift  i n  w due to the  weak- 

-coupl ing among the osci  1 l a t o r  A and the  osci  1 l a t o r s  Bk. Golng back t o  

(7) and put t  ing !$(O); = la,0> = la>]Oz, we f ind 

This resul t  shows t h a t ,  except fo r  a normal izat  ion f a c t o r ,  we may wr i t e  

the (pure) s t a t e  fo r  the subsystem A a s  



I t  i s  easy t o  show tha t  

and ; q A ( t ) >  1s an eigenvector o f  the ann i h i l a t  ion operator  a w i t h  eigen- 

va lue given by 

The foregoing resu l  t shows expl i c i t l  y  the d i s s i p a t  ion: the  vec tor  repre- 

sent ing a l ( t )  i n  the complex plane r o t a t e s  c lockwlse w i t h  the  s h l f t e d  
1 

frequency ; and has an exponential decay w i t h  a I i fe t ime T = J- (w). The 

coherent character  o f  the s t a t e  I q A ( t ) >  i s  due t o  the form o f  the Ha- 

m i l t on lan  aiid a l s o  t o  the i n i t l a l  s t a t e  ( rese rvo i r  a t  zero temperature). 

5. COMMENTS; AND CONCLUSION 

The precedent desc r i p t i on  r e f e r s  t o  an open system o f  a s i n g l e  

osc i  l l a t o r  coupled t o  N osc i  l l a t o r s  (N*), but the formal analogy bet -  

ween an o s c i l l a t o r  and the  electromagnet ic f i e l d  couid a l s o  e a s i l y  be 

transposed .to the .probl em o f  an open system o f  a quant i  zed (s i ng le  mode) 

f ree  r a d i a t i o n  f i e l d .  This i s  j u s t  the case o f  the electromagnetic f i e l d  

i n  the s i n g l e  mode laser  theory. 

An apparent quest ion tha t  emerges from the present treatment 

i s :  how t o  genera l ize  t h i s  technique i n  order  t o  descr ibe an open sys- 

tem i n  a mixed s ta te?  i n  t h i s  case, as i t  i s  we l l  known, we s u b s t i t u t e  

/ $ ( t ) >  + p ( t )  and U ( t )  = e-iHt + U( t )  = e--ttL, wher,e L i s  the L i o u v i l l e  

operator ,  v i z . ,  Lp = [~,p] = Hp - pH. Then (3) transforms i n t o  i aU /a t  = 

= LU = HU - UH. 

Therefore, whereas i n  the pure s t a t e  case H i s  an e x p l i c i t o p e -  
4 r a t o r  i n  terms o f  a, a ,  b k a n d  b k ,  i n  t hemixed  s t a t e  case, w i t h  L, 

the same does not  accur. Then the gene ra l i za t i on  of the normal o rder  

technique to  mixed s ta tes  seems t o  be not  t r i v i a l . ,  This quest lon has 

a l so  been invest iga ted by us and w i l l  be publ ished elsewhere. 



NOTES AND REFERENCES 

1 .  Peier ,  W., Physica 5 7 ,  565 (1972); 58, 229 (1972). 

2. Haa ke , F. , StatisticaZ Treatment of üpen Systems by' Generalize2 Mas- 

t e r  Equations, i n  Springer Tracts i n  Modern Physics, vo1.66, Ed.G.Hoh- 

l e r  (1973). 

3 .  B r i n a t i ,  J.R. and Mizrahi  ,S.S., Math. Phys. 21(8), 2154 (1980). 

4. Dekker, H., Phys. Rep. 8 0 ,  ( l ) ,  1 (1981), and r e f s .  t he re in .  

5. Bergmann, P.G. and Lebowitz, J.L., Phys, Rev. 99, 578 (1955). 

6. Argyres, P . N .  and Ke l ley ,  P.L., Phys. Rev. A 134, 98 (1964). 

7. Emch, G .  and Sewell, G.L., J .  Math. Phys. 12, 563 (1971). 

8. Robertson, 6. and M i t c h e l l  , W.C.J., J.Math.Phys, 12, 946 (1968). 

9. Lou i se l l ,  W.H., Qmntwn Stat is t icaZ Properties of Radiations, John 

Wi l l ey  & Sons, N. York (1973). 

10. Gordon, J.P., Walker, L.R. and L o u i s e l l ,  W.H., Phys. Rev. 130, 806 

(1963). 

1 1 .  Metha, C.L. e t  aZ., Phys. Rev. 157, 1198 (1967). 

12. S im i l a r  procedure can be found i n  Weisskopf - Wigner theory o f  na- 

t u r a l  l i new id th  i n  atoms (see, e.g. r e f ,  9, pag. 285). 

RESUMO 

Usamos a técnica de ordenação de operadores e a representação 
coerente para descrever a evolução temporal de um sistema aber to  - cons-  
t i t u í d o  de um osc i l ado r  acoplado a um sistema i n f i n i t o  de osc i ladores  
de um rese rva tõ r i o  de perdas - e mostramos como i n c l u i r  a dissipação e 
obter  o decaimento exponencial. 


