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Abstract We study the s p e c i f i c  heat o f  the an i so t rop i c  Heisenberg c l o -  
sed l i n e a r  chain by using two d i f f e r e n t  formalisms.These two approaches 
g i ve  the same r e s u l t  and reproduce the we l l  known exact r e s u l t s  f o r  the 
I s i ng  and XY models. These methods seem t o  be more s u i t a b l e  and power- 
f u l  f o r  b e t t e r  approximation when compared w i t h  other s i m i l a r  works. 
We present e x p l i c i t  expressions f o r  the interna1 energy and the  speci- 
f i c  heat, which are  v a l i d  f o r  any temperature, and we compare the re -  
s u l t s  w i t h  the exact ones obtained f o r  the an i so t rop i c  chain i n  the low 
temperature i i m i  t .  

1. INTRODUCTION 

The most commonly s tud ied system i n  s t a t i s t i c a l  mechanics, on 

which exact ca l cu la t i ons  have been performed i s  the  one - dimensional 

I s ing  model . The reason i s  because i t i s one o f  r i c h e s t  and most pro-  

found model inves t iga ted so f a r  and i t  can descr ibe f a i r l y  we l l  inume- 

rous physical  systems of i n t e r e s t .  Indeed much o f  the  theo re t i ca l  study 

i n  magnetism has been based on t h i s  model together w i t h  t he  Heisenberg 

sp in  ~ a m i l  t ~ n i a n ' ' ~ .  

The s o l u t i o n  o f  the  one-dimensional sp in  1/2 I s i n g  model w i t h  
4 

nearest-neighbour i n t e r a c t i o n  has been given by severa1 authors . For 

the one-dimensional an i so t rop i c  XY-rnodel nearest-neighbour i n t e r a c t i o n  

o n l y  L ieb  etaz5 and ~ a t s u r a ~  ca l cu la ted  the exact  p a r t i t i o n  func t i on  

and inves t iga ted the magnetic p rope r t i es .  The exact  r e s u l t s  f o r  the  iso- 

t r o p i c  Heisenberg chain have been obtained by ~ i s h e r '  and a re  r e s t r i c -  

ted t o  the c l a s s i c a l  model. 

Exact r e s u l t s  have been a l so  obtained f o r  the c l a s s i c a l  aniso- 



t r o p i c  chain by ~ a e '  and f o r  the quantum m d e l  there  has been a renewed 

surge o f  i n t e r e s t  i n  the model w i t h  and wi thout  externa1 magnetic f i e l d ,  
9- 1 2  

although so f a r  they are  r e s t r i c t  t o  the low-temperature l j m i t  . 

I t  i s  the aim o f  t h i s  work t o  present two treatments t o  study 

the s p e c i f i c  heat o f  the  one-dimensional ferromagnetic sp in  1/2 system. 

I n  the f i r s t  one the r e s u l t s  a re  der ived from a Green func t i on  forma- 

l i sm v i a  Dyson's equation; the i n f i n i t e  se t  o f  equations fo r  these func- 

t i ons  are  solved exac t l y  w i t h  t he  use o f  a t r ans fe r  func t ion .  On the  

o ther  hand, the  same r e s u l t s  can be found by mapping the sp in  system i n  

an i n t e r a c t i n g  fermion system by in t roduc ing the Jordan-Wigner t rans-  

format ion13. Although these two formalisms are  d i f f e r e n t  , they bear a 

reasonably c lose resemblance as f a r  as the nature  o f  the problem i s  con- 

cerned. 

Sections 2 and 3 are  devoted t o  the  presenta t ion  o f  the  Hamil- 

ton ian and the  two methods o f  ca l cu la t i on ,  w i t h  the scope t o  f i n d  the  

dens i ty  o f  s ta tes  o f  the  system, I n  sec t ion  4 we ca l cu la te  the  s p e c i f i c  

heat f o r  both i s o t r o p i c  and an i so t rop i c  chain and cqmpare these r e s u l t s  

w i t h  the known exact ones. The conclusions o f  t h i s  paper are  i n  sec t ion  

5. 

2. THE HAMILTONIAN: TRANSFER MATRIX TREATMENT 

We consider the Hamiltonian f o r  the  one-dimensional system i n  

which spin j i n t e r a c t s  on l y  w i t h  sp in  j 5 1 ,  namely 

where the sum on i runs from 1 t o  N; J i s the e f f e c t i v e  nearest neigh- 
Z 

bour exchenge and 9, sY, and S a re  h a l f  the Pau l i  sp in  matr ices a. 

The ground s t a t e  o f  our ferromagnet, corresponding t o  the  s ta-  

t e  o f  complete sp in  a l  ignment, i s denoted by 10>. We may def ine  a com- 

p l e t e  se t  o f  orthonormal s i n g l e  sp in  dev ia t i on  s ta tes  {Irn>,m = 1 . . . a) 
where 



Using t h i s  basis, the m a t r i c i a l  representa t ion  o f  the Hamiltonian (1) 

i s 

where we have considered i n (3 )  as zero o f  energy the ground s t a t e  ener- 

gy - , ~ J ~ / 4 r n i n u s  f/2, and 6 i s  the Kronecker de l t a .  This ra the r  a r -  m 
t i f i c a l  zero o f  energy has been chosen i n  order t o  get  the c o r r e c t  re -  

s u l t s  i n  the 1 i rn i t  J~~ -t O.  

The Green func t ion  ma t r i x  elements s a t i s f y  Dyson's equations 

@ = I  

which, together w i t h  ( 3 )  y i e l d s  

This i n f i n i t e  se t  o f  coupled equation can be solved using the 

t rans fe r  func t ion"  def ined by 

and 

~ ' ( w )  = f o r  rn < O 
Gn, n+m 

As we can assume tha t  the coup l ing  w i t h  the nearest neighbours 

spins a re  i nden t i ca l  we have T(w) = T' (w) . Equation (6) together w i  t h  

(5 )  t he re fo re  y i e l d s  



The P f u n c t i o n  above i s  cornpiex i n  the i n t e r v a l  

which correspond t o  the energy band o f  the systern. The diagonal elernents 

o f  the Green funct ions are  given by 

~ h e  dens i t y  o f  s ta tes  

1 N 
~ ( w )  = - - Irn 

r 1 Gnn 
n= 1 

where the s ignal  i n  (8) was choosen i n  such a way tha t  we /-.ave a physi-  

ca l  dens i ty  o f  states.  

I n  the special cases of  the I s lng  model (3 = O), XY model 

(f = 0) and i sot rop ic  Heisenberg model (fl = $ = J )  we have respec- 

t i v e l y ,  from (12) 



3. THE FERMION REPRESENTATION APPROACH 

The Hamiltonian (1) can a l s o  be s tud ied by in t roduc ing the Wig- 
1 3  

ner-Jordan t ransformat ion which maps the  se t  o f  spins i n  a system o f  
1 5  

i n t e r a c t i n g  fermions . I n  order  t o  make c l e a r  t he  method we w i l l  pre-  

sent the basic and formal r e s u l t s  concerning the treatment o f  the Ha- 

m i l t on ian .  

In t roduc ing i n  the Hamiltonian (1) the lower ing and r a i s i n g  

operators 

i n  terms o f  which the spin operators a re  

we o b t a i n  

I f  we introduce the  Uigner-Jordan t r a n ~ f o r m a t i o n ' ~  def ined by 

where c ' s  a re  fermion operators,  (17) can be wr i  t t e n  as: 

and H' i s  



The operator  P s a t i s f i e s  the r e l a t i o n s  

+ 
and we conclude tha t  the  eigenstates o f  H- have d e f i n i t e  p a r i t y .  I t  i s  

+ 
important t o  note t h a t  P and P- are  p ro jec to r  operators f o r  s ta tes  

w i t h  p o s i t i v e  and negat ive p a r i t y  respec t i ve l y .  Therefore the eigens- 
+ 

t a t e s  o f  H a re  the eigenstates o f  H w i t h  p o s i t i v e  p a r i t y  and the e i -  

genstates o f  H- w i t h  negat ive p a r i t y .  

+ 
I n  order  t o  deal w i t h  H and H- we have t o  impose a n t i c y c l  i c  

and cyc l  i c  boundary condi t ions on c ~ ~ e r a t o r s l ~ * ~ ' .  I n  the thermodynanic 

l i m i t  the  s t a t i c  p rope r t i es  can be evaluated by consider ing on l y  H-. On 

the o ther  hand, i n  the c a l c u l a t i o n  o f  some dynamic p rope r t i es  we cannot 
+ 

neglect  H and t h i s  f a c t  makes these ca l cu la t i ons  very d i f f i c u l t  t o  be 

performed16. However, s ince we a re  in teres ted o n l y  i n  s t a t i c  p rope r t i es  

we w i  1 1  i n d e n t i f y  H w i t h  H-. The i n t e r a c t i n g  term o f  wi 1 l be cons i -  

dered i n  the  so c a l l e d  v i r t u a l  c r y s t a l  a p p r o ~ i m a t i o n ' ~  by assuming t h a t  
+ 

c behaves as random f i e l d  which takes the  values O and j Z  19. J' 'j+i j+ i 
The average f i e l d  i s  obtained by consider ing equal p r o b a b i l i t i e s  f o r t h e  

random values ( 1 / 2 )  and doing so we ob ta in  

Therefore i n  t h i s  approximation we can w r i t e  H- i n  the form 

- 
where we have assumed c y c l i c  boundary cond i t ions  on C operators.  H i s  

d iagonal ised by in t roduc ing the Four i e r  t ransform 



where n runs from O t o  N / 2  ( N  i s  assumed t o  be even f o r  convenience) . 
Then we get  

where 

I t shou 

the XY-model . Na 

J z + O  5. 

Z 
i l d  be not iced t h a t  25 appearsas a  t ransverse f i e l d  i n  

t u r a l l y  i n  t h i s  approach we get  c o r r e c t l y  the l i m i t  

The I s i ng  l i m i t  i s  obtained by Y Y =  O and i n  t h i s  case we get  

the c o r r e c t  energy f o r  the ground s t a t e  namely E ,  = - ~ f / 4 .  

The dens i t y  o f  s ta tes  i s  immediately obtained and i s  g iven by: 

which i s  i d e n t i c a l  t o  the  one obtained us ing the t rans fe r  m a t r i x  tech- 

nique. Therefore the d i f f e r e n t  approaches w i l l  g i ve  the same r e s u l t  f o r  

the therrnodynamic p rope r t i es .  

4. THE SPECIFIC HEAT 

Using (15) o r  (28) we can easi  1 y  c a l c u l a t e  the i n te rna l  energy 

o f  the system def ined by 

where f (w) i s  the Fermi -Dirac occupation f a c t o r  g iven by 

and = I/KBT. 

E x p l i c i t l y  the i n te rna l  energy i s  g iven by 



4.1 - ls ing ,  XY and Heisenberg models 

I n  the  l i m i t  J -t O rhe  i n t e r n a l  energy i s  obtained from eq. 
ccy 

(31) by c a l c u l a t i n g  Cauchy's p r i n c i p a l  value and we f i n d  apar t  from a 

constant term. 

The s p e c i f i c  heat i s  

which has a rmooth maximum i n  the neighbourhood o f  KBT = ~ ' 1 4  but  exh ib i t s  

no phase t r a n s i t i o n  a t  f i n i t e  T. The spec i f i c  heat goes t o  zero a t  T = O 

i n  agreement w i t h  t he  t h i r d  law o f  thermodynamics. Also, (32, 33) agree 

w i t h  the we l l  known exact r e s u l t s  found by severa1 authors. 

The p a r t i t i o n  func t i on  i s  de f ined from the i n te rna l  energy by 

and gives 

Z = [2 cosh (&rZ/4)]' 

From the p a r t i t i o n  func t i on  we can f i n d  now a11 the o ther  thermodynamic 

p o t e n t i a l s  such as the entropy, Helrnholtz f r e e  energy etc. ,  as we are  

look ing fo r .  

Using (31) the i n te rna l  energy i n  the XY model i s  g iven by 

- =  - -  tanh ( k  cos 8) cose dB 



where k = @/2. 

The s p e c i f i c  heat i s  

and both .the resu l  t s  a re  i n  agreement w i t h  ~ a t s u r a ~ .  

I n  a s i m i l a r  way, we can f i n d  the  i n teg ra l  expressions f o r  the 

interna1 energy and s p e c i f i c  heat f o r  the Heisenberg model, namely 

and 

4.2 - An iso t rop ic  Chain 

The s p e c i f i c  heat f o r  t h i s  case can be obtained from (31) as 

where wk i s  g iven by ( 2 7 )  

2 o I n  o rder  t o  compare w i t h  the  exact r e s u l t s  surveyed byJohnson 

we r e s t r i c t  our c a l c u l a t i o n  f o r  the low-temperature regime al though (40) 

i s  v a l i d  f o r  any temperature. 

For la rge 6 the asymptotic behaviour o f  (40) can be obtained by 

using Laplacels method and we get  the r e s u l t s  



2 N(,xq 3 / 2  
C(T) - 

T- exp [g [I - 5 ]] 
(mB) 1 / 2  

f o r  IJ'/J"~ 1 > 2, and 

Acomparison between our r e s u l t s  (41) and (42) w i t h  the exact 

ones shows a d i f f e rence  i n  the i n t e r v a l  1 < I ~ ~ / f ~ l  < 2 where the  beha- 

v i ou r  i s  l i k e  (41). Th is  disagreement can be j u s t i f i e d  due t o  our crude 

approximation i n  consider ing no c o r r e l a t i o n  e f f e c t s  i n  our t reatment.  

5. CONCLUSIOIUS 

Tht: main purpose o f  t h i s  paper was t o  show new de r i va t i ons  o f  

the thermal p rope r t i es  o f  the sp in  1/2 an i so t rop i c  Heisenberg chain. Ana- 

l y t i c  e x p r e s ~ i o n  were obtained f o r  the interna1 energy and s p e c i f i c  heat 

f o r  the specia l  cases o f  Is ing ,  XY and Heisenberg models wh i l e  a low- 

-temperature expansion f o r  the an i so t rop i c  chain was a l s o  shown. 

Tht: e legant way t o  t r e a t  the Green func t ions  v i a  Dyson's equa- 

t i o n  w i t h  t hs  t r a n s f e r  f unc t i on  technique was one o f  the  main fea tu re  o f  

the ca lcu la t ' ion  presented here. 

Tht? o ther  important features was concerned wi t h  the fermion ope- 

r a t o r  formallism, f i r s t  introduced by Jordan and Wigner. This formalism, 

s ince then, tias been used ex tens i ve l y  and always i t  seems t o  be very  po- 

wer fu l .  The r e s u l t s  obtained by using both formalisms are  i n  agreement and 

they reproduce the  known exact  r e s u l t s  f o r  the I s i n g  and XY models. 

Thr: l i t t l e  discrepancy found i n  the an iso t rop 

l i e v e  can be overcome by i nc lud ing  c o r r e l a t i o n  e f f e c t s  

i c  chain, we be- 

i n t o  our methods. 
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RESUMO 

Estudamos o c a l o r  e s p e c í f i c o  de uma cade ia  1 i near fechada usan- 
do o modelo de Heisenberg a n i s o t r ó p i c o ,  por  meio de d o i s  d i f e r e n t e s f o r -  
malistnos. Estes formal ismos fornecem o mesmo r e s u l t a d o  e r e p r o d u z e m ,  
como c a s o s- l i m i t e ,  os  já bem conhecidos r e s u l t a d o s  exa tos  dos modelos 
de I s i n g  e XY.  Os métodos de c á l c u l o  u t i l i z a d o s  nos parecem s e r  m a i s  
convenientes e poderosos quando comparados com o u t r o s  t r a b a l h o s  s i m i l a -  
res .  Apresentamos expressões e x p l í c i t a s  para a energ ia  i n t e r n a  e c a l o r  
e s p e c í f i c o ,  v á l i d a s  para qualquer  temperatura,  e comparamos nossos r e -  
su l  tados com os r e s u l t a d o s  exa tos  o b t i d o s  para uma cadeia an i s o t r ó p i c a  
no l i m i t e  de ba ixa  temperatura.  


