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Abstract A source less  gauge t h e o r y  f o r  g r a v i  t a t i o n  i s  examined. By con- 
s i d e r i n g  the de S i t t e r  group i n  a bundle o f  frames, Yang and E i n s t e i n  
equa t ions  a r e  d e r i v e d  f rom a Yang- Mi l l s  c l a s s i c a l  t h e o r y .  The approach 
proposed has a g a u g e- l i k e  a c t i o n  i n t e g r a l  w ich  leads t o  t h e  f i e l d  equa- 
t i o n s .  

1. INTRODUCTION 

Recent advances o f  gauge t h e o r i e s  f o r  e lec t ro- weak  i n t e r a c t i o n s  

and t h e  p romis ing  approach o f  chromodynamics t o  s t r o n g  processes have 

p u t  fo rward  e x p e c t a t i o n s  t h a t  a l s o  g r a v i t a t i o n  w i l l  soon,leave i t s  i s o -  

l a t i o n  and have a gauge f o r m u l a t i o n ,  t o o .  A t  t h e  c l a s s i c a l  leve1 t h e  

ana log ies  between Yang-Mi l l s ( Y M )  t h e o r y  and General R e l a t i v i  t y  (GR) , 
f rom t h e  geometr i c a l  p o i  n t  o f  v i  ew, have been n o t  i ced s ince  l o n g  '. Ho- 

wever, t h e  H i l b e r t - E i n s t e i n  Lagrangian i s  n o t  o f  t h e  YM-type, and t h e  

dynamical aspects  o f  t h e  two t h e o r i e s  a r e  q u a l i t a t i v e l y  d i f f e r e n t .  Also, 

gauge t h e o r i e s  i n v o l v e  groups a c t i n g  on i n t e r n a 1  spaces w h i l e  g r a v i t a -  

t i o n  i s  concerned w i t h  space- t ime i t s e l f .  That  g r a v i t a t i o n  i s  more i n -  

t i m a t e l y  coi inected t o  space- t ime comes f rom s o l d e r i n g ,  a  p r o p e r t y o f t h e  

bundle o f  frames, which i s  absent  i n  t h e  bundles l y i n g  behind t h e  usual  

gauge t h e o r i e s 2 .  I t  i s  r e l a t e d  t o  t h e a f f i n e  c h a r a c t e r  o f  t h e  tangent  

spaces and LO t h e  t o r s i o n ,  and shows i t s e l f  i n  any d i f f e r e n t i a b l e  mani- 

f o l d .  I t s  main consequencesare an e x t r a  B ianch i  i d e n t i t y  and, i f  d u a l i -  

t y  symmetry i s  t o  remain v a l  i d ,  an e x t r a  YM eq u a t i o n 3.  

2. GEOMETRICAL CONSIDERATIONS 

Our o b j e c t i v e  i s  t o  o b t a i n  a t h e o r y  f o r  t h e  de S i t t e r  group 

~ 0 ( 4 , 1 )  w i t l i  a l l  t h e  e s s e n t i a l  c h a r a c t e r i s t i c s  o f  a  cyuge t h e o r y .  The 

formal ism i : j  developped i n  a bundle o f  frames P(M,G), M b e i n g  t h e  Min- 

kowski spaca and G the  symmetry group. Gauge t r a n s f o r m a t i o n s  a r e  i n -  

t e r p r e t e d  as changes o f  bases a l o n g  t h e  f i b e r  space. We w i l l  use here -  



a f t e r  t h e  compact n o t a t i o n  o f  d i f f e r e n t i a l  forms.  

The L i e  a l g e b r a  G' o f  t h e  gauge group i s  

where f&are s t r u c t u r e  c o n s t a n t s o f  G .  A gauge p o t e n t i a l  i s  a  1 form A 

(connec t ion  form) va lued i n  G r :  g i v e n  a b a s i s  C J }  o f  genera to rs  i n  G r  
a 

1-i and a c o o r d i n a t e  system {x 1 , we have 

a 
A be ing  t h e  usual  gauge p o t e n t i a l s .  The gauge f i e l d  s t r e n g h  i s  t h e  

cu-ature o f  A 

I t  i s  a  2 form i n  t h e  a d j o i n t  r e p r e s e n t a t i o n  o f  G, and i n  t h e  p a r t i c u -  

l a r  system o f  c o o r d i n a t e s  above i t  has t h e  cornponents F' g i v e n  by bu 

= H J, (a, (P, - av A;+ P ~ A ~ A : )  dru n hv . (2.4) 

B iancb i  i d e n t i t y  comes by d i f f e r e n t i a t i o n  o f  ( 2 . 3 )  : 

s e t t i n g  t h a t  t h e  c o v a r i a n t  d e r i v a t i v e  o f  F i s  a u t o m a t i c a l l y  ze ro .  Ho- 

wever, a11 gauge t h e o r i e s  e x h i b i t  d u a l i t y  syrnmetry, which says t h a t  

( f o r  t h e  source less  case) YM equat ions a r e  j u s t  (2 .5)  w r i  t t e n  f o r  t h e  

dual  o f  F: 

I n  t h e  presence o f  sources,  D*F i s  equal t o  t h e  Noether c u r r e q t  densi  - 
t i e s  whose cor respond ing  charges genera te  t h e  gauge group.  When a sour-  

ce c u r r e n t  i s  p resen t  i n  (2 .6)  we rnight be tempted t o  add conven ien t  



sources t o  (2.5) i n  o r d e r  t o  p reserve  d u a l i t y .  However, i n  t h i s  case, 

(2.3) f a i  1:; t o  be t r u e  everywhere. For t h i s  reason we p r e f e r  t o  adopt  

t h e  p o i n t  o f  v iew t h a t  duality & a s y m e t r y  of t h e  sourceZess case bro- 

ken by the source currents. 

Now, equa t ions  (2.5) and (2.6) have v e r y  d i f f e r e n t  o r i g i n s .  The 

former i s  an i d e n t i t y  o f  p u r e l y  geomet r i ca l  c o n t e n t ,  and t h e  l a t t e r  i s  

a  p h y s i c a l  equa t ion ,  r e s u l t i n g  f rom t h e  c h o i c e  o f  t h e  i n v a r i a n t  a c t i o n  

3. GAUGE FIELD FOR THE AFFINE GROUP 

Before  c o n s i d e r i n g  t h e  SO(4, l )  group i t s e l f ,  we show an ap- 

proach t o  t h e  a f f  i n e  group AL(4,R) = G L ( ~ , R )  0 Tk. Here G L ( ~ , R )  i s  t h e  

1 i near  group and i", t h e  t r a n s l a t i o n a l  group. For t h e  a l g e b r a  

GL' ( 4 , ~ )  o f  t h e  former we t a k e  t h e  canon ica l  b a s i s  whose m a t r i c e s  

obey t h e  L i 'e  a lgebra  commutation r u l e s  

and f o r  t h e  l a t t e r  

S ince t h e  L i e  a l g e b r a  ALr(4,R) í s  a  v e c t o r  space and t h e  d i -  
- 

r e c t  summacion GLr(4,R) @ R,, we can d e f i n e  a  connec t ion  I7 (gauge 

p o t e n c i a l  o f  t h e  a f f  i n e  group) by 

where r 
and S t o  

p o t e n t i a l  

ir; r e f e r r e d  t o  t h e  r o t a t i o n a l  p a r t  o f  A L ( ~ , R )  ( i . e .  G L ( ~ , R )  ) 

i t s  t r a n s l a t i o n a l  p a r t .  So, r may be i n t e r p r e t e d  as  a  gauge 

o f  the  r o t a t i o n a l  s e c t o r  o f  A L ( ~ , R ) ,  g i v e n  by 

and S as a  gauge p o t e n t i a l  o f  t h e  t r a n s l a t i o n a l  s e c t o r  



S = I  ha di?. 
a P (3.5) 

Geometrica1,ly S is the solder-form, valued on R' and ha play the ,role 
IJ 

of four-legs. 

The gauge field is now 

- 
F = d i = + F A F = F + T ,  

where 

F = d r + r A r ,  

is the f ield (curvature) referred to the rotational sector, and 

r = & + r ~ s + s n r  

the f ield (torsion) referred to the translat ional sector. These 

(3.6) 

(3.7) 

(3.8) 

f ields 

satisfy Biachi identities 

and 

d~ + F,T] + [s,F] = O , (3.10) 

Further-more, the total gauge f ield ,? satisf ies Bianchi identity 

which may be decomposed into (3.9) and (3.10). 

If we consider now duality simmetry, YM equation is the same 

as (3.1 I) but written for *;: 

Such equation may be decomposed into 



and 

d*T + P,*T] + @,*a = 0, (3.14) 

f o r  the two sectors.  These equations have been proposed by Popov and 

~ a i k h i n '  based on h e u r i s t i c  arguments. I n  add i t i on ,  they have 

ou t  t ha t  f o r  a Lev i - C iv i t a  connection (3.13) reduces t o  Yang's 

t ion5 

Also, (3.14) i n  cornponent form i s  

pointed 

equa- 

(3.15) 

(3.16) 

which s tab l i shes  propagation f o r  the t o r s i o n  f i e l d .  I n  the t o r s i o n  

case i t  reduces t o  E ins te in  f r e e  equat ion3 

4. THE SO(4,lI THEORY 

Since S0(4,1) i s  an orthogonal group, the t o t a l  gauge f i e l d  

has the representa t ion  

ess 

17) 



i n  t h e  a l g e b r a  So1(4,1) .  

I n  (4.1) each genera to r  i s  g i v e n  by 

p.. ....... .-I.. . I ( 4 . 3 )  
Jab = 10.. . . + I  . . .  

f o r  t h e  a - t h  row b - t h  column. The cornrnutation r u l e s  f o r  these genera- 

t o r s  a r e  

... . . .  w i t h  a ,b , c ,  = 1,2, 5 .  Now we separa te  these  10 genera to rs  i n  t h e  

f o l  l ow ing  way: we choose 6 o f  thern such t h a t  they  s a t i s f y  Loren tz  a l -  

gebra, and d e f i n e  t h e  o t h e r s  by 

a be ing  a  parameter .  I n  t h i s  way (4.4) may be decomposed i n t o  

T h i s  shows that  the g e n e r a t o r s n d o  n o t  comrnute w i t h  themse l f ,  un less  we 

take  the l i m i t  a j a .  I n  t h i s c a s e  the10  genera to rs  above w i l l  s a t i s f y  t h e  

Po incaré  a l g e b r a .  We can i n t e r p r e t  a as t h e  de S i t t e r  sphere r a d i u s a n d  

a- tm corresponds t o  t h e  t r a n s f o r r n a t i o n  o f  such a  sphere i n  a  4-dimen- 

s i o n a l  p l a n e .  R o t a t i o n s  a long  t h e  p lanes  ( x  ,x5)  w i l l  become t r a n s l a -  
Fi 

t i o n s  i n  space- t ime6.  I n  t h e  l i m i t  a*, t h e  genera to rs  Ii w i l l  be t r a n s -  

l a t i o n s  genera to rs  



l i m n  = P 
1i ' (4.7) 

a+- 1i 

P be lng  t h e  energy-momentum o p e r a t o r s  d e f i n e d  i n  space- t ime. 
1i 

F o l l o w i n g  l a s t  s e c t i o n  t h e  gauge p o t e n t i a l  i s  

- 
r = r +  S ,  

where 

and 

w i t h  a,b,c?, . . . = 1,2,3,4. i f  we t a k e  now YM e q u a t i o n  f o r  t h e  gauge 

f i e l d  > = d? + r A r, t h a t  i s  

we w i l l  .have, a f t e r  s e p a r a t i o n  i n  t h e  two sec to rs ,  

d * ~  + D,*d + E,*T] = 0 , (4.12) 

d*T + P,*T] + b,*iJ = 0. (4.13) 

But (4.13) i s  t h e  same as (3.14) which reduces t o  E i n s t e i n ' s  equa t ion  

(3.17) ,  w h i l e  (4.12) has t h e  a d d i t i o n a l  te rm b,*g i f  compared t o  

(3.13). I n  components t h i s  e q u a t i o n  i s  

I f  we t a k e  t h e  l i m i t  cl~. and c o n s i d e r  a L e v i - C i v i t a  connect ion, (4.14)  

reduces t o  Yang ' s  equat i o n  (3.15). 

S ince ~ 0 ( 4 , 1 )  i s  a  semisimple group we can cons ider  t h e  inva-  



riant action 

where Kab is the Killing-Cartan metric. The condition 6 1  = O leads to 

equations (4.12) and (4.13). In this way we have a gravitational gauge 

theory for the de Sitter group, which by contraction (a*), becomes a 

Poincaré gauge theory. 

5. CONCLUSIONS 

The results we have obtained may be seen from a d i f ferent 

point of view: a gauge theory for the Poincaré group is a de Si tter 

theory, supplemented by the weak constraints 

k,fj = 0 9 S A S = O ,  

whose role is to enforce the commutation relations between 

tions. We could forget about contraction, use the action 

I = B ~  tr [ F A * F - T A * T ~  

(5.1) 

transla- 

taking T and S as the "fifth" components in a de Sitter theory (which 

means that F depends on S for variations) and use (5.1) as weak cons- 
traints, which become effective only after the variations are perfor- 

med . 

Further-more, a de Sitter theory seems to be quantizable, as 

an usual gauge theory. This is due to the considerations of weak cons- 

traints, imposed at the end of calculations. 

The author is indebted to Professor Ruben Aldrovandi for seve- 

ral helpful and stimulating discussions. 
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RESUMO 

Mostramos uma t e o r i a  de gauge g rav i t ac iona l  sem fontes, tendo 
o grupo de De S i t t e r  como grupo de s imet r ia ,  considerando um f i b rado  
das bases. As equações g rav i t ac iona i s  de Yang e de E ins te in  são o b t i -  
das a p a r t i r  de uma t e o r i a  c l áss i ca  de Yang-Mil ls. O formalismo propos- 
t o  tem uma in teg ra l  de ação do t i p o  gauge, a qual conduz às equações de 
campo menc ionadas . 


