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We have so lved t h e  Heisenberg equa t ions  o f  mot ion,  f o r  the. 

c r e a t i o n  opera to r  o f  t h r e e  independent o p t i c a l  modes, i n  a system des- 

c r i b e d  by a t r i l  inear  Hami l ton ian .  We d i d  a u n i t a r y  t r a n s f o r m a t i o n  t h a t  

i s  equ i v a l e n t  t o  t h e  s h o r t - t  ime approx imat  ion  when t runca ted  i n  t h e  se- 

cond o r d e r .  Th is  rendered p o s s i b l e  t h e  c a l c u l a t i o n  o f  t h e  normal o rde-  

red  charac.ter i s t  i c  f u n c t  ions o f  each o f  t h e  t h r e e  modes. 

Resolvemos a equação de Heisenberg de operadores de c r i a ç ã o  

de t r ê s  modos Ópt i cos  independentes em um sistema d e s c r i t o  por  um Ha- 

m i l t o n i a n o  t r i l  inear .  Para i s t o  efetuamos uma t ransformação u n i t á r i a  

que quando truncada em 20 ordem gera o mesmo t i p o  de aproximação que a 

in t roduz  ida p e l a  aproximaçâo do tempo cur to  ( "shor t - t  ime approx ima t ion!'). 

Desta mane i r a  pudemos c a l c u l a r  a função c a r a c t e r í s t  i ca  ordenada normal - 
mente de cada um dos t r ê s  modos. 

1. GENERAL DESCRIPTION OF THE TRILINEAR MODEL 
HAMILTONIAN 

We cons ider  a genera l  model -Hamil t o n i a n  o f  the  Tucker and 

Wall typel. We assume t h a t  t h e r e  a r e  o n l y  t h r e e  i n t e r a c t i n g  modes. The 

Hami l ton ian  i s  w r i t t e n  as, 

where 



cijk i s  the independent mode se lec tor ,  t ha t  i s  equal t o  1 i f  i # j # k # i  

and equal t o  O i n  a11 other cases; K .  i s  a coupl ing constant and a z i' 
a ak are  the a n n i h i l a t i o n  operators o f  the i , j , k  modes, respect ive-  
i' 

1 y, these operators sat i s f y  the commutat ion r e l a t  ions 

where oij i s  the Kronecker De1 ta .  

I n  Appendix A a few spec i f  i c  cases are  d iscussed. 

2. EQUATIONS OF MOTION 

We know tha t  the Heisenberg equation o f  motion o f  any opera- 

t o r  a wh ich does not depend expl i c i  t l  y on t ime i s  g iven by 

From the Hamiltonian given i n  eq. ( I )  we ob ta in  

h ( t )  dt 
= i { @a,a(t)] + &,a(t)] 

Let us introduce the slowl ~ - v a r ~  ing operator  A~ ( t )  : 

a ( t )  = A, ( t )  e x p { - i w t f i l  

then we can show tha t  



I t f o l  lows t h a t  

A ( t )  = e x p { i H  tffi )A, exp(-i%t/Pi 1 .  
o I (9) 

A ( t )  depeiids on t h e  t ime i n  a way t h a t  i s  s i m i l a r  t o  t h a t  g i v e n  i n  t h e  
o 

i n t e r a c t  i on  r e p r e s e n t a t  i on 3.  

N o w w e u s e  t h e  short- t imeapproximat ionl , i .e . ,  we assume 

t h a t  t h e  t ime o f  i n t e r a c t i n g  i s  s u f f i c i e n t l y  small  so t h a t  we may ex- 

pand t h e  gener i c  a n n i h i l a t i o n  o p e r a t o r  A,(t) i n  a  T a y l o r  s e r i e s  and r e -  

t a i n  terms o n l y  up t o  those q u a d r a t i c  i n  t ime :  

S u b s t i t u t i i i g  equa t ion  (10)  i n  (8) we o b t a i n :  

i - 1 .. (A,(t) + ~ , ( t ) t )  = - LHI, A, + A,t + 7 A,t2] 
si 

l n  o r d e r  t o  f ind t h e  1 s t  and 2nd der  i v a t  ives o f  A,(t) we equate t h e  

c o e f f  i c i e n t s  o f  t h e  polynomia l  i n  t, t h i s  y i e l d s :  

let us s u b s t i t u t e  equat ions (12!and (13)  i n t o  eq. (11) t o  get  

t h a t  can be p u t  i n  the  form4:  



We can see t h a t  t h i s  approx imat ion  i s  e q u i v a l e n t  t o  (9) ,  w i t h i n  t h e s o r t  

-t ime approx imat ion. 

3. THE TRANSFORMATION METHOD 

We in t roduce  a  un i t a r y  t rans fo rmat  i o n  o p e r a t o r  

~ ( t )  = exp{ iH t / f i }  = e x p { i ( ~ ~ + ~ ~ ) k  } 

s ( t ) s ( t ) +  = 1 

where H i s  t h e  h a m i l t o n i a n  g i v e n  by equa t ion  ( I ) .  By the  

d o r f f  i d e n t i t y  we can separate ~ ( t )  i n  two p a r t s 5  

S ( t )  = e x p { i ~ ~ t / f i l  exp{iH1t/%} 

s  ince we have [Ho ,H1] = O (append i x  0)  due t o  t h e  conservat  ion o f  ener- 

gy c o n d i t i o n  (w = w.+wL). The f i r s t  p a r t  d e f i n e s  t h e  u n i t a r y  opera to r  
2 

t h a t  t rans fo rms t o  t h e  i n t e r a c t  ion r e p r e s e n t a t  ion 

s ( t )  = e x p { i H 0 t / h  1 . 
I (19) 

Then, i n  conc lus ion ,  i f  we want t o  f i n d  o u t  t h e  t ime e v o l u t i o n  o f  any 

o p e r a t o r  t h a t  obeys t h e  Heisenbera equa t ion  o f  Mot ion ( 5 ) ,  we can use 

the  sirnple forrn 

ai ( t )  = exp{ih'tf i Iai e x p C - i i l t k  1 = 

I where a .  ( t )  = exp{ i i l , t f i  }a .  exp{ - iHo t / t i }  i s  t h e  i n t e r a c t  i o n  representa-  

t i o n o f  t h e o p e r a t o r a  Using t h e  i d e n t i t y 4  

i' 

we f ind t h a t  
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I a. ( t )  = ai e x p t - i 2 t )  
2 

or 

a .  z ( t )  = exp{iH1t/h)ai expt-iHIt/h} expi-iwit} = 

= A .(t) exp{-iwitl 
Z 

Where, up t o  the second power In t ,  

then our pi-oblem becomes one o f  do ing two commutators. ' 

4. STATISTICAL PROPERTIES 

U s i n g  t h i s  method we can eas i l y  f ind the  time evolution o f  any 

general t r i l  inear Hamiltonian ( I ) ,  that  i s :  opera tor f rom the 

a .  ( t )  = expf-iw .t 
Z Z 

where 

+ * 
[HI, ai] = - 1 tiik 72 ( Z K  .a .a - K .a a  ) 

3 3 2  2 3 2  
(24)  

i k  

+ + 
H [ H  a  = - 1 2ik'a(ki ~ k , < " ~ a ~ a ~ a ~  + ~ ~ ~ ~ ~ a ~ a a a i  - 

i, k ' 7'7' 

. . + + + * ;lon(a . a a  + a .a a  >I + - kmE?zamakae + ki5 j R m  j m R  

p k i  + + L T ik  . p i & a k a L  - a a a  - 
3 3  jm' 

- ?!Li a a a  + K Z S ~ ' ~ ~ ~ ~ ~ ~ J }  
m j m k  



T h i s  i s  essent ia1 i n  ob ta  i n i n g  an express ion  f o r  t h e  normaly o rdered  

c h a r a c t e r  i s t  i c  f u n c t  ion, f o r  t h e  jth mode f rom which we can o b t a i n  the  

s t a t i s t i c a l  p r o p e r t i e s  o f  the  mode5. I t  i s  de f  ined by 

where ~ ( 0 )  i s  t h e  a p p r o p r i a t e  d e n s i t y  m a t r i x 6 .  Wi th  ai(t) g i v e n  i n  eq. 

(23), and w i t h  the  h e l p  o f  eq. (24) and (25) ,  we can see t h a t  

i exp [-~*.a .(t)] = exp(-y:a .) exp - 
3 3 3 3 h 

w h e r e ~ j ~ B j e x p i w . t . T h i s f o l l o w s f r o m t h e B a k e r - H a u s d o r f f  3 i d e n t i t y  

and f rom t h e  e a s i l y  shown f a c t  t h a t  ai commutes w i t h  [HI,a3 and w i t h  

[ H ~ , [ H ~ , ~ ~ ] ] ,  g i v e n  by equat ions (24) and (25) .  F i n a l l y ,  w i t h  t h e  s h o r t  

- t ime approximat ion  i n  mind, we expand 

1 
exp [ t ~  . +. t 2 ~  4 I + t~ + t 2 ( ~ .  + - A') 

3 3 j 3 2 j  
(28) 

where 

A s i m i l a r  procedure i s  f o l  lowed f o r  exp[@ .a'(t)]. One then o b t a  ins 
3 3 

where P i s  t h e  2nd degree polynomia l  i n  t: 

C (B ) i s  then  e a s i l y  c a l c u l a t e d  i f  p (0 )  i s  w r i t t e n  i n  terms o f  coherent  
1 3 .  

s t a t e s .  



APPENDIX A 

Parametr i c  Ampi if i ca t  ionl 

We i d e n t i f y  al, a 2  and a, as the pump mode, the s ignal  mode and the 

i d l e r  mode, respect ive ly  aL, as, and aI). 

The Hamilton ian (3 )  becomes 

+ + + 
H, = Fiw a  a + hw a  a  + hwpIaI L L L  s s s  

The coupl ing constants have t o  be chosen according t o  conservation o f  

energy. Pu t t i ng  K  = O and K I =  O we reproduce the Hamiltonian o f  pa- s 
rametr i c  ampl i f  i c a t  lon: 

Various other phenomena, such as generation o f  Stokes and ant i -s tokes7 

and f requency convers ion8, o f  phys i ca l  i n te res t  , can be descr i  bed by 

the same Hamiltonian ( I )  by su i t ab lechoos ing  t h e c o u p l i n g  constants 

and ident i f y  ing the modes2. 

APPENDIX B 

Demonstra t ion tha t 



From Eqs. (11, (2) and ( 3 )  

by energy conservat  ion w = w. + wL, then  
i -L 
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