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I r i  t h  i s  paper we d iscuss some p r o p e r t  i e s  o f  the two-d imens iona l  

S U ( ~ )  non-1 inear  sigma model s, i .e. ,  t h e  model S. They a r e  I/n ex-  

pandable arid u l  t r a v i o l e t  renormal i z a b l e .  Our ma i n  r e s u l  t i s  a  p r o o f  t h a t  

the  i n f  rareld d ivergences assoc i a t e d  w i t h  the  topo log  i c a l  gauge f i e l d  a r e  

c a n c e l l e d  i n  t h e  case o f  Green f u n c t i o n s  o f  gauge i n v a r i a n t  opera to rs .  

Neste t raba lho ,  apresentamos algumas propr iedades dos modelos 

s  igma não 1 ineares b i d  imensiona i s  com s i m e t r i a  S U ( ~ ) ,  ou se ja,  o s  mode- 

l o s  cpn-l. E les  são expans ive is  em s é r i e  de po tênc ias  de I /n e renorma- 

1 i z á v e i s  na r e g i ã o  u l t r a v i o l e t a .  O aspecto mais impor tante es tá ,  porém, 

na demonstração de que as  d ivergênc ias  i n f  ravermel has assoc iadas ao cam- 

po de gaugel t o p o l 6 g i c o  se cancelam no caso de funções de Green de ope- 

radores invar  ian tes  de gauge. 

1. INTRODUCTION 

For more than two decades, non l inear  sigma models have p layed 

an impor tant  r o l e  i n  our  understand ing o f  s t r o n g  i n t e r a c t  ions. I  n  i t ia1 - 
1 y, they  we:re proposed by Gel 1 -Mann and ~ é v ~ '  i n  o r d e r  t o  have a t  o n e ' s  

d isposa l  models i n c o r p o r a t i n g  t h e  ideas o f  PCAC and c u r r e n t  a lgebras.  

A l though non renorma l i zab le ,  t h e  four- dimensional  v e r s i o n s  w e r e  v e r y  
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u s e f u l  f o r  the  d e r i v a t i o n  o f  low energy theorems i n  the  so c a l l e d  phe- 
2 nomenolog i c a l  Lagrang ian e r a  . I n t h e  sevent ies  t h e  two-d imens ional  mo- 

d e l s  have gained a v e r y  impor tant  s t a t u s  f o r  v a r i o u s  reasons3". They 

a r e  l /n expandable, e x h i b i t  d  irnens iona l  t ransmutat  ion and asymptot i c  

freedom. Moreover, w h i l e  manta in ing r e n o r m a l i z a b i l i t y ,  i t  i s  p o s s i b l e  

genera l  i ze  these model s  t o  encompass l o c a l  gauge invar  i a n c e S s 6 .  A t  t h e  

c l a s s i c a l  leve1 such models a r e  i n t e g r a b l e  hav ing an i n f  i n i t e  number o f  

conserved c u r r e n t s ,  b o t h  l o c a l  and non l o ~ a l ~ ' ~ " .  

The s imp les t  ex tens ion  i s  t h e  cpn-' mode15 which i s  t h e  theory  

o f  an n-component complex f i e l d  z ,  descr ibed  by t h e  Lagrangian d e n s i t y 8  

(our c a l c u l a t i o n s  w i l l  be  done i n  t h e  Eucl i d i a n  r e g i o n ) :  

where 

- n sub jec t  t o  the  c o n s t r a i n t  zz = - 
2 f 

The invar  iance o f  L under the  f i e l d  t rans fo rmat  ion  z + eZ"z i s  

t r i v i a l l y  v e r i f i e d .  Due t o  t h i s  f a c t ,  z i t s e l f  i s  n o t  an observable 

f i e l d .  The l a t t e r  must be a gauge i n v a r i a n t  o b j e c t .  

Quant i c a l  1 y, t h e  dummy f i e l d  A becomes an independent f i e l d .  
lJ 

W i t h i n  t h e  l /n  expans ion, i t s  propagator  develops a p o l e  a t  zero momen- 

tum and consequent ly ,  the  quanta o f  t h e  z f i e l d s  a r e  con f  ined8.  T h i s  
i 

f a c t ,  on t h e  o t h e r  hand, r a i s e s  some susp ic ious  about t h e  e x i s t e n c e  o f  

t h e  l /n expansion. T r u l  y, as  ment ioned i n  re fe rence  8, i n f r a r e d  d i v e r -  

gentes a r e  cancel 1 ed i n  t h e  Green f u n c t  ions o f  gauge invar  i a n t  opera- 

t o r s .  A p r o o f  o f  t h i s  statement, v a l i d  t o  every  o r d e r  o f  l/n, i s  the  

sub jec t  o f  t h i s  communication. T h i s  r e s u l t  w i l l  be p robab ly  u s e f u l  i n  

t h e  f o r m u l a t i o n  o f  t h e  bound- state problem f o r  t h i s  model. 

The paper i s  o rgan ized  as  f o l  lows: 

I n  s e c t i o n  2 we present  the  Feynman r u l e s  adequated t o  t h e  I /n  

expansion and d iscusss  the  u l t r a v i o l e t  s t r u c t u r e  o f  t h e  theory .  Sec t ion  

3 i s  ded i ca ted  t o  the  p r o o f  o f  the  i n f r a r e d  f i n i t e n e s s  o f  t h e  Green 



f u n c t  ions o f  gauge invar  i a n t  o p e r a t o r s .  Some remarks about  p o s s i b l e  ex-  

tens ions  o f  ou r  r e s u l t  a r e  made i n  the  Conclus ions.  We have a l s o  added 

an appendix w i t h  a b r  i e f  der  i v a t  ion o f  the  Feynman r u l e s  used i n  t h e  

t e x t .  

2. FEYNMAN RULES AND ULTRAVIOLET DIVERGENCES 

The Feynman r u l e s  adequated t o  the  I /n  expansion were g i v e n  i n  

re fe rence  8 .  For completeness, we p resen t  an a1 t e r n a t  i ve  der  i v a t  i on  i n  

Append i x  A .  The momentum-space r u l e s  a r e  g iven i n  f i g u r e  ( I ) ,  where 

D(p) = [ ~ ( p ) ] - '  i s  t h e  a propagator  

w i t h  

1 A (p) := - 1 
Rn 

2~ 
[p2 (p2+4m2 )] 'I2 @&?- - fl 

w i t h  

i s  t h e  A := )i /Jn propagator .  
!J Fi 

The a f i e l d  i s  a  Lagrange m u l t i p l  i e r  in t roduced i n  o r d e r  t o e n -  

f o r c e  the  c o n s t r a i n t  zz = n/2f. 

The graphs a r e  t o  be cons t ruc ted  u s i n g  t h e  above r u l e s ,  b u t  

ommit ing diaqrams conta i n  ing t h e  graphs o f  f i g u r e  2 as subgraphs. 

Note the  p o l e  o f  t h e  h propagator  a t  ze ro  momenturn. Therefo-  
1J- 



x= - + 7,. 

a P 

F i g u r e  1 

F i g u r e  2 

re ,  i n  t h e  non r e l a t i v i s t i c  approxirnat ion, t h e  quanta o f  the  z f i e l d s  i 
(ca l  l e d  par tons  i n  re ference (8)) i n t e r a c t  v ia  a Coulornb 1 i ke p o t e n t  i a l .  

I n  two dirnensions t h i s  rneans conf inement .  



The a f i e l d ,  on the  o t h e r  hand, does n o t  haveany s i n g u l a r i t i e s  

f o r  r e a l  momentum. Thus, t h e r e  i s  no p a r t  i c l e  1 i ke  i n t e r p r e t a t  i on  f o r  

t h i s  f i e l d .  

Ariother consequence o f  the  p o l e  o f  t h e  A propagator  i s  t h a t  
1J 

t h e G r e e n f u n c t i o n s a r e ,  i n g e n e r a l ,  i n f r a r e d d i v e r g e n t .  However, i n  

the  sec to r  o f  gauge invar  i a n t  o b j e c t s ,  these d ivergence a r e  cancel l ed ,  

as we d iscuss  i n  the  nex t  s e c t i o n .  At  p resen t  (assuming some k i n d  o f  

i n f r a r e d  r e g u l a t o r ) ,  we want t o  argue t h a t  the  model i s  renormal i z a b l e .  

T h i s  i s  dor~e as  f o l l o w s .  

The degree o f  super f  i c  ia1 d ivergence assoc i a t e d  w i t h  a proper  

graph y can be ob ta  ined by power count  ing and i s  g i v e n  by: 

where 

li' = # o f  e x t e r n a l  wavy 1 ines o f  y 

11' = # o f  e x t e r n a l  d o t t e d  l ines o f  y .  

Observe t h a t  6 (y )  does n o t  depend on t h e  number o f  e x t e r n a l  

1  ines o f  t t ie  z f i e l d s .  However, as shown by ~ r e f ' e v a ~ ,  i f  N Z > 2 ,  these i 
d ivergenceç w i l  l be cancel l e d .  T h i s  r e s u l  t f o l  lows f rom t h e  g r a p h i c a l  

i d e n t i t y  o f  f i g u r e  (3) which corresponds t o  t h e  c l a s s i c a l  c o n s t r a i n t  Zz 

= c o n s t a n t .  F i g u r e  (4) p rov ides  an s p e c i f  i c  example o f  how t h i s  cance l-  

l a t i o n  works. I n  t h a t  f i g u r e ,  graph (b) has a subgraph w i t h  t h e  same 

d ivergence as the  graph (a ) .  I f  we c o n t r a c t  t h i s  subgraph t o  a p o i n t  and 

use t h e  i d a n t i t y  o f  f i g u r e  ( 3 )  we o b t a i n  t h e  c a n c e l l a t i o n  o f  these d i -  

vergences. 

F i g u r e  3 



F i g u r e  4 

From t h e  above d iscuss ion ,  we conclude t h a t  we can r e s t r i c t  

o u r  a n a l y s i s  t o  graphs w i t h  NZ 6 2. We have then t o  cons ider  t h e  f o l l o -  

wing cases: 
A 

1 .  ?I = O, N" = 1 .  As t h e  a f i e l d  i s  n o t  p h y s i c a l ,  t h i s  k ind  o f  d i v e r -  

gente w i l  l occur  o n l  y i n  1 P I  subgraphs o f  Green f u n c t  ions w i t h  a t  l e a s t  

f o u r  zi f i e l d s  (more p r e c i s e l y :  a t  l e a s t  two z ' s  and two i ' s ) .  As a r -  

gued before,  these d ivergences a r e  cance l led .  

X 0 Z 2. B = O, N = O, N = 2 .  6 (y )  = 2.  Convergence can be achieved by ad- 

d i n g  a second degree polynomia l  on t h e  e x t e r n a l  momenta o f  t h e  graph y. 

The corresponding coun te r te rm has the  form a & + b a h z .  
1-i v 

A o 3 .  N = i , N  = O ,  
-0 

form -b- X z a z 
& r i  ri 

coun te r te rm i s '  the  

N' = 2. S(y) = 1 .  The necessary coun te r te rm has t h e  

. Because o f  gauge ínvar  iance, the  c o e f f  i c  i e n t  o f  t h e  

same as  i n  the  p rev ious  case. T h i s  can be r e a d l y  ve- 

r i f  ied  by n o t  ing t h e  f o l l o w i n g  f a c t s :  

( i ) the  counterterrns can be sirnulated by  appl  i c a t i o n  o f  T a y l o r  opera- 

t o r s  o f  degree 6 ( ~ )  i n  t h e  e x t e r n a l  momenta o f  y .  

( i i )  a t  ze ro  momentum, t h e  i n s e r t i o n  o f  a wavy l i n e  i n  a cont inuous one 

has t h e  same e f f e c t  o f  a d e r i v a t i o n  w i t h  respec t  t o  t h e  momentum 

go ing  through t h e  l a t t e r .  

A 4. N = 2, N' = O, N~ = O .  A l though each graph o f  t h i s  t ype  i s  l o g a r i t h -  

m i c a l l y  d i v e r g e n t ,  the  sum o f  them i s  f i n i t e .  Th is  i s  proved by  t h e  sa- 

me argument used i n  t h e  prev ious case. For  exampl e, t h e  sum o f  the graphs 

o f  f igu re  (5 )  c a l c u l a t e d  f o r  ze ro  e x t e r n a l  momentum i s  p r o p o r t  i ona l  t o :  



F i g u r e  5 

Thus, t h e  sum o f  t h e  graphs o f  f i g u r e  5 i s  f i n i t e .  

h 5. N = 2 ,  Na = O ,  NZ = 2 .  The necessary coun te r te rm i s  o f  t h e  form 

b&X X arid, again,  the c o e f f i c i e n t  t u r n s  o u t  t o  be t h e  same as i n  the  
1 i ~ i  

cases 2 and 3 because o f  gauge invar  iance. 

\de conclude t h a t  t h e  theory  can be made u l t r a v i o l e t  f i n i t e  by 

add ing t o  t:he o r i g i n a l  Lagrang ian  t h e  coun te r te rm a i z  + b E D z w i t h  
1-i 1-i 

the  c o e f f  i c i e n t s  a and b f ixed by mass and wave f u n c t i o n  r e n o r m a l  i z a -  

t ion. 

3. INFRARIED DIVERGENCES 

As ment ioned be fo re ,  the  f a c t  t h a t  the  X propagator  h a s  a 
U 

p o l e  a t  ze ro  momentum impl ies  the  ex i s tence  o f  severe i n f  r a r e d  d i v e r -  

gences. These appear a l r e a d y  i n  t h e  lowest  non t r i v i a l  o rderasexempl  i- 

f ied  by thc: graph o f  f i g u r e  6. 

Ilonet he 

o b j e c t s  and t h e r e  

To a t t a  

ess, t h e  phys ics  i s  i n  t h e  s e c t o r  o f  gauge i n v a r i a n t  

we can prove t h e  c a n c e l l a t i o n  o f  the  d ivergences.  

n  t h i s  goal we no te  t h a t  i n  t h e  i n f r a r e d  r e g i o n  any 

F i g u r e  6 





where each Ia (and a l s o  each I ) i s  a  product  o  
i Bi 

being e i t h e r  a d e r i v a t i v e  a o r a  f i e l d  A .  
1i 1-i 

A f t e r  these c o n s i d e r a t  ions, l e t  us  exam 

vergences assoc ia ted  w i t h  a  g i v e n  i n t e r n a l  wavy 1  

cases which must be analysed: 

f a c t o r s ,  each one 

ne the  p o s s i b l e  d i -  

ne. There a r e  two 

I ? )  At  l e a s t  one o f  t h e  two ends o f  t h e  l i n e  b e l o n g t o a  loop  

which does n o t  c o n t a i n  externa1 v e r t i c e s .  T h i s  means t h a t  one o f  t h e  

erlds o f  thc: 1 ine belongs t o  a  loop,  C l e t  us say, which o n l y  c o n t a i n s  

v e r t  i ces  o f  t h e  t ype  ZD z .  
U 

As remarked be fo re ,  i n  t h e  i n f r a r e d  reg  ion, t h e  i n s e r t  i on  o f  

a  wavy l ine i s  equ i v a l  e n t  t o  the  der  i v a t  i ve  opera t  ion.  Therefore,  the  

graphs that: d i f f e r  f rom each o t h e r  o n l y  by t h e  i n t e r n a l  v e r t e x  o f  C i n  

which the  wavy l i n e  ends, summed up w i l l  g i v e  a  t o t a l  d e r i v a t i v e  w i t h  

respect  t o  t h e  loop  momentum through C. A f t e r  i n t e g r a t  i on  t h  i s  g  i v e s  

zero.  

As t h e  i n f r a r e d  d ivergence is ,  a t  most, l o g a r i t h m i c a l ,  we con- 

c lude  t h a t  t h e  graphs o f  the  t ype  considered add up t o  an i n f r a r e d  f i -  

n i t e  r e s u l  t:. 

20)  None o f  the  ends o f  the  wavy 1 i ne  belongs t o  a  loop  con- 

t a i n i n g  o n l y  i n t e r n a l  v e r t  ices.  The reasoning i s  t h e  same as be fo re .  

Here we a l s o  have t o  cons ider  the  p o s s i b i l i t y  t h a t  one o f  t h e  ends o f  

the wavy l i n e  i s  a t tached  t o  an spec ia l  v e r t e x o f  t ype  (3.1) .  However, 

i t  i s  e a s i l y  v e r i f i e d  t h a t  t h i s  case g i v e s  c o n t r i b u t i o n s  t o  t h e  d e r i v a -  

t i v e  o f  the  momentum f a c t o r s  t h a t ,  w i t h o u t  t h e  wavy 1 ine, would appear 

i n  the  mentioned v e r t e x .  We conclude t h a t  the  sum o f  t h e  graphs r e s u l t s  

f i n i t e  i n  the  i n f r a r e d  r e g i o n .  T h i s  completes t h e  p r o o f  o f  t h e  theorem. 

4. CONCLLISIONS 

We have shown t h a t  the  Green f u n c t i o n s  o f  l o c a l ,  gauge inva-  

r i a n t  o p e r a t o r s  a r e  f ree o f  i n f  ra red  d  ivergences. AI though our  d  i scus- 

s i o n  can no t  i n  genera l  be appl  ied t o  non l o c a l  o b j e t s ,  t h e r e  a r e  some 

instances hhere the  v a l  i d i t y  o f  such ex tens ion  i s  e a s i l y  v e r i f  ied.  For 



example, i f  t h e  non l o c a l  o p e r a t o r s  a r e  f u n c t  ions o f  A A', where C 
!c LJ 

i s  some smooth contourn ( ~ i l s o n  loops, t h e  i n s t a n t o n  t o p o l o g i c a l  char -  

ge, e t c . )  , one uses S toke 's  theorem o b t a i n i n g  an express ion o b v i o u s l y  

i n f r a r e d  f i n i t e .  

Another case i s  t h a t  o f  the  open s t r  ing 

Y 
exp i j A' z (y) . 

x 

Al though c l a s s i c a l l y  t h i s  o b j e c t  can be w r i t t e n  i n  terms o f  t h e  opera-  

t o r s  (3.1) (by expand ing around t h e  p o i n t  x = y ) ,  i t  seems t h a t  quant i -  

c a l  l y  t h e r e  i s  no s imple argument. 

We have cons idered j u s t  t he case o f  8=0 vacuum. The t rea tment  

f o r  t h e  case 0fO i s  s i m i l a r ,  because t h e  Feynamn r u l e s  f o r  t h e  l a t t e r  

p o s s i b i l i t y s  d i f f e r  from those g i v e n  i n  s e c t i o n  2 o n l y  by the  a d d i t i o n  

o f  a  new v e r t e x  p r o p o r t  i ona l  t o  t h e  topo log  i c a l  charge I E ~ ' ~ d ~ z .  I t 
Fiv 

i s  e a s i l y  v e r i f i e d  t h a t  these c o n t r i b u t i o n s  do n o t  produce new i n f r a r e d  

d  ivergences. 

Due t o  t h e  mass t ransrnutat ion,  t h e  I /n-expansion i s  less s i n -  

g u l a r  than t h e  p e r t u r b a t  i ve  one. I n  t h i s  c o n t e x t ,  i t  i s  i n t e r e s t  ing t o  

compare o u r  r e s u l t  w i t h  t h a t  ob ta ined  by a  p e r t u r b a t i v e  expansion o f  

t h e  ~ ( n )  non l i n e a r  sigma m o d e l l O .  I n  t h a t  case it was found t h a t  t h e  

i n f r a r e d  f i n i t e  p h y s i c a l  o b j e c t s  a r e  those g l o b a l  l y  gauge i n v a r i a n t .  

APPENDIX 

I n  t h i s  append i x  we want t o  g i v e  a  b r i e f  der  i v a t  i on  o f  t h e  
n- l 

Feynman r u l e s  o f  t h e  l /n expansion f o r  t h e  CP model. Using f u n c t i o -  

na1 techniques t h i s  was done i n  re fe rence  8. Here we proceed as  f o l -  - 
lows. F i r s t  o f  a l l ,  i n  o r d e r  t o  implement the  c l a s s i c a l  c o n s t r a i n t  zz= 

= n/2f, we in t roduce  a  Lagrange mul t i p l  i e r  f i e l d  o(x) , so t h a t  t h e  La- 

grangian f o r  t h e  model becomes: 



The f i e l d  equat ions a r e  then: 

D  (D z) - (iCi D,, D ~ Z ~ )  z = O 
P P (A.2) 

Q u a n t i c a l l y ,  t h e  f i e l d  can deve 

p e c t a t i o n  v a l u e  <a> = rn2 # O.  Making a  s h i f t  

has ze ro  vacuum expec ta t  i o n  va lue,  we g e t  (d 

The cond i t  ion  <O> = O g  i ves  

op a  non zero  vacuum ex-  

a -t a + m2 where t h e  new a 

scard ing a  cons tan t  term) : 

1 n - - - = o  
( 2 ~ ) ~  P 2 + v 2  2f I-" 

As t h e  i n t e g r a l  i n  (A.4)  i s  l o g a r i t h m i c a l l y  d i v e r g e n t ,  we 

r e p l a c e  i t  by t h e  r e g u l a r  ized express ion 

where t h e  Paul 

o f  t h e  c a l c u l a  

cons tan t  f,(,,) 

i - V i l l a r s  r e g u l a t o r  (A) s h a l l  tend t o  i n f  i n i t e  a t  t h e  end 

t i o n .  Before t h a t ,  we in t roduce  a  renormal ized c o u p l  i n g  

, d e f  ined by: 

The use o f  ( ~ . 5 )  and (A.6) i n  ( ~ . 4 )  r e s u l  t s  i n t o  "mss t r a n s-  

mutat ion" by which a  theory  c o n t a i n i n g  o n l  y  d imensionless parameters ge- 

nera tes  a  mass. I n  t h e  p resen t  case i t  i s  g i v e n  by: 

2Tl rn2 = p2 exp ( -  -1 
fP 

Using ( A . 3 ) ,  i t  i s  easy t o  compute t h e  l e a d i n g  I/n c o n t r i b u -  

t i o n s  t o  the  proper  two p o i n t  f u n c t i o n s  f o r  t h e  O and A f i e l d s .  
P 



(A.8) and (A.9) come f rom t h e  graphs o f  f i g u r e  2 (b) 2 ( c,d) 

r e s p e c t i v e l y .  As i t  happens i n  gauge t h e o r i e s ,  (A.9) has no inverse.  To 

o b t a  i n  a propagator  we need t o  f i x  t h e  gauge what i s made by add ing  
1 

(ailAil) t o  (A.3) .  I n  t h e  Landau gauge (wO) , we ob ta  in :  

propagator :  D(p) = 

w i t h  

The Lagrangian (A.3) and the express ions (A. 10) and (A. 11) 

g i v e  the  Feynman r u l e s  1 i s t e d  i n  t h e  t e x t .  The diagrams o f  f i g u r e  2 a r e  

t o  be omi t t e d  s ince they have a l  ready been expl  i c  i t l y cons idered.  
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