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We have obtained the equ i l  ibr ium so lu t i on  o f  the Fokker- 

-Planck equation f o r  both 1 i o u v i l  1 ian and non-1 i o u v i l  1 ian systems. We 

have exh ib i  ted the procedure t o  solve the d i f f u s i o n  equat ion f o r  non-ho- 

lonomic systems. We presented a suggest ion t o  where such systems may be 

found in  nature, a t  the microscopic l e v e l .  

Obtivemos a solução de equ i 1 í b r  i o  da equação de Fokker-Planck 

tan to  para sistemas 1 iouv i 1 1  ianos quanto para não-liouv i 1  1 ianos. Mostra- 

mos o proced imento para resolver a equaçzo de d i fusão para sistemas não 

-holÔnomos. Foi sugerido onde t a i s  sistemas poderão ser encontrados na 

natureza ao n íve l  microscõpico. 

1. INTRODUCTION 

I n  a previous paperl we have der ived the FOI ler-Planck equa- 

t ion f o r  a system o f  p a r t i c l e s  subject  t o  non-holonomic cons t ra in t .  We 

have proved tha t  the equation obtained i s  invar ian t  under general po in t  

transformat ions and we der ived from i t  the equation f o r  the d i f f u s i o n  

o f  p a r t i c l e s .  



Discuss ing t h e  d i f f u s i o n  equa t ion  we were a b l e  t o  show t h a t  

systems s u b j e c t  t o  c o n s t r a i n t s  can be c l a s s i f  ied i n  two genera l  classes: 

( i )  the  1 i o u v i l  l ian systems which c o n t a i n  a1 l holonomic as w e l l  as some 

non-holonomic systems whose major  p r o p e r t y  i s  t o  e x h i b i t  a  s t a t i c  e q u i -  

1  i b r i u m  s t a t e  and ( i  i )  the  non-1 i o u v i l l  i an  systems which a r e  necessar i - 

l y  non-holonomic and e x h i b i t  i n  t h e i r  e q u i l  i b r i u m  s t a t e  permanent so le-  

n o i d a l  c u r r e n t s .  These c u r r e n t s  a r e  a  d i r e c t  m a n i f e s t a t i o n  o f  the s t r u c -  

t u r e  o f  t h e  non-holonomic c o n s t r a i n t s  and i t  i s  independent o f  how t h e  

system was prepared except perhaps f o r  the  i n f  luence o f  the  shape o f  the  

c o n t a i n e r  on the  c u r r e n t  p a t t e r n .  T h i s  s t r i c k i n g  r e s u l t  f o r  non-1 iou-  

v i l  1 i an  systems was ob ta ined  by t h e  i n t e r m e d i a t i o n  o f  the  d i f f u s i o n  

equa t ion.  

I n  t h i s  paper we d e r i v e d  t h i s  same r e s u l t  by e x h i b i t i n g  t h e  

s t r u c t u r e  o f  the  equ i 1  i b r  ium s o l u t  ion o f  the  Fokker-Planck equat ion  thus 

a v o i d i n g  the  in te rmed ia te  s tep  o f  o b t a i n i n g  t h e  d i f f u s i o n  equat ion.  We 

have shown t h a t  w h i l e  f o r  l i o u v i l l  i an  systems the  equat ion ob ta ined  f o r  

t h e  equ i 1  i b r i u m  d e n s i t y  i s  exac t ,  f o r  non-l  i o u v i l  l ian  systems we cou ld  

o n l y  o b t a i n  i t  approx imate ly  by expanding the  d e n s i t y  i n  powers o f  the  

square o f  the  mean f r e e  p a t h  o f  t h e  p a r t i c l e s .  

The c l a s s i c a l  r e s u l t  t h a t  g i v e s  the  energy per  p a r t i c l e  p r o -  

p o r t i o n a l  t o  the  nurnber o f  degrees o f  freedom cou ld  o n l y  be proved i f  

one inc ludes  bes ides the  random mot ion o f  the p a r t  i c l e s  a i  so the'  energy 

assoc ia ted  t o  the  permanent c u r r e n t s .  I n  p a r t i c u l a r ,  t h i s  r e s u l t  says 

t h a t  the  permanent c u r r e n t s  a r e  p r o p o r t i o n a l  t o  the  temperature o f  t h e  

system. 

Hav ing t h e r e f o r e  s t a b i l  ished t h e  d  i f f u s  ion  equat ion by two 

independent methods we proceeded d i s c u s s i n g  t h e  Green's  fo rma l i sm f o r  

o b t a i n i n g  i t s  s o l u t i o n  w i t h  g iven  boundary c o n d i t i o n s  on the  sur face  o f  

the c o n t a i n e r  o f  t h e  system. We were a b l e  t o  show t h a t  t h e  equ il ib r ium 

s o l u t i o n  i s  un ique i n  b o t h  1 i o u v i l l  ian and non-1 i o u v i l l  i an  systems. Ho- 

wever, the  t r a n s i e n t  behaviour  o f  these two k i n d  o f  systems may be subs- 

t a n t i a l l y  d i f f e r e n t :  w h i l e  l i o u v i l l  i an  systerns behave as a  normal f l u i d  

approaching i t s  equ i 1  i b r  ium monotonica l  l y,  non-1 iouv 

approach i t s  equ i 1  i b r  iurn by intermed i a t  ion o f  an osc 

i 1  l i a n  systems may 

i l l a t o r y  regimen. 



Before s t e p i n g  i n t o  t h e  formal  ism, we would 1 i ke t o  p n d e r  on 

the  p h y s i c a l  r e a l  i z a t  i on  o f  such systems a t  t h e  m ic roscop ic  leve1 . To 

f i x  o u r  ideas we may imagine the  p a r t  i c l e s  under c o n s i d e r a t  i on  t o  be 

e l e c t r o n s  w i t h  the  molecules being respons ib le  f o r  t h e  non-holonomic 

s t r u c t u r e  o f  t h e i r  c o n s t r a  ined mot ion. 

Such systems has n o t  been observed so f a r .  However t h e  ho lo -  

nomic and rion-holonomic mo lecu la r  o r g a n i z a t i o n  ca be i d e n t i f i e d  w i t h  

c e r t a  i n  mesomorphic phases o f  1 i q u i d  c r y s t a l  s  as  we w i l l  show present ly .  

L e t  u s  f i r s t  cons ider  t h e  smectic-A mesomorphicphase2. In 

t h i s  case, t h e  rod  1 i ke  molecules o r g a n i z e  themselves i n  l a y e r s  w i t h  

t h e i r  mean d i r e c t  ions perpend icu la r  t o  t h e  s u r f a c e  o f  t h e  l a y e r s .  I f  we 
-+ + + -+ 

i d e n t i f y  t h i s  mean d i r e c t i o n  w i t h  t h e  v e c t o r  a ( r ) ,  t h e  fo rm a.dr i s  i n -  

t e g r a b l e ,  the  f o l  i a t i o n  corresponding t o  t h e  l a y e r s .  These a r e  examples 

o f  holonomic mo lecu la r  o r g a n i z a t i o n s .  

We now cons ider  the c h o l e s t e r i c  mesomorphic phase. Here, t h e  

organ i z a t  iccn o f  t h e  rod  1 i ke  molecules a r e  tangent  ia1 to  t h e  plane l a y e r s  

and r o t a t e s  when one moves f rom one l a y e r  t o  t h e  o t h e r .  Cal l ing  aga i n  
+ -+ 
a ( r )  t h e  mean d i r e c t i o n  o f  t h e  molecules, t h e i r  o r g a n i z a t i o n  i s  des- 

c r  ibed by 

a = cos (q,z + $1 x 

a = s i n  (q,z  + +) 
Y 

w i t h  t h e  z - a x i s  perpend icu la r  t o  t h e  l a y e r s .  W r i t i n g  

we have 

-+ 
T h i s  i s  an example o f  non-holonomic o r g a n i z a t i o n .  As a i s  

+ 
p a r a l l e l  t o  c u r l  a ,  t h i s  system i s  a l s o  l i o u v i l l  ian. 

L i q u i d  c r y s t a l s  a r e  layered  mo lecu la r  o r g a n i z a t  ions and we 

do n o t  be l  ieve t h a t  they  can e x h i b i t ,  as such, a  non-1 i o u v i l l  i an  s t r u c -  

t u r e .  Besidss, the  e l e c t r o n s  i n  t h e  molecules a r e  f r e e  t o  move, as  i n  



-+ -+ 
the c h o l e s t e r i c  mesomorphic phase, i n  the  d i r e c t i o n  o f  a ( r )  and n o t  

+ + + -+ 
pe rpend icu la r  t o  a ( r ) .  Therefore,  t h e  f i e l d  a(r) does n o t  represen t  a  

c o n s t r a i n t  t o  t h e  mot ion  o f  t h e  e l e c t r o n s  i n  the  sense t h a t  w i l l  becon- 

s ide red  i n  t h i s  paper .  

To observe the  systems we have i n  mind one would have to con- 

s i d e r  b u i l d i n g  b locks  i n  t h e  form o f  d i s c s  and n o t  o f  rods as  i t  iscom- 

mon w i t h  1  i q u i d  c r y s t a l s .  A c t u a l l y ,  o n l y  r e c e n t l y  l i q u i d  c r y s t a l s  ~ i t h  

d i s c  l i k e  molecules has been observed3.  These d i s c  1 i ke  b u i l d i n g  b locks  

would have t o  a r t  i c u l a t e  themselves i n  a  t w i s t e d  th ree- d  irnens ional  non- 

-holonomic s t r u c t u r e  t o  produce a  t r u e  non- l i o u v i l  l ian system. 

We t h e r e f o r e  bel  ieve t h a t  t h e  r e a l  i z a t i o n  o f  non- l  i o u v i l  l ian  

system would come about i n  l a r g e  mo lecu la r  s t r u c t u r e s  p o s s i b l y  o f  b i o -  

l o g i c a l  o r i g i n .  We may even specu la te  t h a t  the  permanent c u r r e n t s  we 

have pred i c t e d  w i  l l e x h i b i t  a  k i n d  o f  superconduct ing behaviour  a t  room 

temperature and the  magnetic f i e l d  c r e a t e d  cou ld  be used by the  molecu- 

l e s  as  a  s p e c i f  i c i t y  dev ice  f o r  i t s  f u n c t i o n i n g  i n  t h e  b i o l o g i c a l  e n v i -  

ronment . 

2. THE FOKKER-PLANCK EQUATION 

We w i l l  summarize i n  t h i s  s e c t i o n  some o f  t h e  r e s u l t s  we have 

p r e v i o u s l y  o b t a i n e d ' .  We assume t h a t  the  p a r t i c l e s  move i n  a  n-dimen- 

s i o n a l  r iemannian space w i t h  k i n e t i c  energy T g iven  by 

We c a l 1  t h i s  t h e  f r e e  system. We add t o  i t , f i r s t  by a  se t  o f  m 

pendent sc leronomic c o n s t r a i n t s  

(2.1) 

inde- 

We observe t h a t  t h e  v e c t o r s  a" can always be chosen such t h a t  

where 
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Secondly we add a  v i scous  f o r c e  -<v iwi th  cons tan t  c o e f f i c i e n t  < o f  v i s -  

c o s i t y  and a  Langevin f o r c e  Fi(t) w i t h  cons tan t  s t r e n g t h  i .e . ,  

where K i s  a  c o n s t a n t .  

Under these assumpt ions we may speak o f  t h e  d i s t r  i b u t  i o n  o f  

p r o b a b i l  i t y  W(q,V;t) o f  p a r t i c l e s  i n  t h e  phase space o f  t h e  system. To 

manta in W(q,v;t) i n v a r i a n t  under genera l  p o i n t  t rans fo rmat  ions o f  t h e  

con f  i g u r a t  ion space we have in t roduced t h e  measure we i g h t  v(q,v)  o f  p ro -  

b a b i l  i t y  g iven by 

w i t h  g = d e t  (gij). 

I n  p a r t i c u l a r ,  the  normal i z a t  i on  o f  ~ ( q , v ; t )  i s  g i v e n  by 

The equa t ion  t h a t  ~ ( q , v ; t )  s a t i s f  i es  i s  a  s t r a i g h t f o r w a r d  ge- 

n e r a l  i z a t  ion o f  t h e  Fokker-Planck equat ion 4 and we have obta i r ied l  

( 2 . 3 )  
where (*I 

(*I We use the  semi-colon t o  denote the  c o v a r i a n t  d e r i v a t i v e  assoc ia -  

t e d  t o  t h e  a f  f ine  conex ion r3 ik' 



!de proved i n  re fe rence  1 t h a t  eq. ( 2 . 3 )  i s  i n v a r i a n t  under 

the  f o l  lowing t rans fo rmat  ion: 

Our purpose i n  t h i s  paper i s  t o  e x h i b i t  a  s t a t i c  s o l u t i o n  

N ' ( ~ , v )  o f  eq. ( 2 . 3 ) .  

3. THE STRUCTURE OF THE STATIC SOLUTION 

We assume t h a t  the  s t a t i c  s o l u t i o n  o f  eq. ( 2 . 3 )  has the  form 

where $ i s  a  r e a l  f u n c t i o n  o f  q and V .  T h i s  hypo thes is  i s  s u f f i c i e n t  t o  

guarantee t h a t  W i s  a  p o s i t i v e  f u n c t i o n .  

We take  f o r  + the  genera l  form 

where 6 ,  t h e  inverse  o f  t h e  temperature o f  the  system, i s  in t roduced i n  

eq. (3 .2 )  t o m a k e A  d  imensionless 
+. . ,Rv  

We w i l  l assume, w i t h o u t  l o s s  o f  genera l  i t y  f o r  $ , t h a t  

i s  symmetric i n  a11 i t s  i n d i c e s  and s a t i s f  i e s  t h e  f o l l o w i n g  Aal,...,av 
equa t ion : 



i 1 
a A = O f o r  a = ],...,vi . 
a $,...,iv 

Under these r e s t r i c t i o n s  one observes t h a t  $ i s  independent 

o f  v i f  and o n l y  i f  A = O. 
! L l , . . . ,  iv 

Making use o f  eqs. (3.1) and (3.2) we a r r i v e  a t  t h e  f o l  l ow ing  

r e s u l  t s :  

and 

where 

We f u r t h e r  have 



L e t  us now observe t h a t  f o r  any tensor  B which sa t  i s f  i es  
R]. . . Rv 

we rnust have 

where P i s  the  p r o j e c t o r  

w i t h  t h e  sum i n  t h e  above express ion  runn ing  over  a11 V !  permuta t ions  

o f  t h e  set  o f  ind ices (!?,i.. .R ' ) . v 

Geometr ical l y  P e x t r a c t s  f o r  B i t s  syrnmetric p a r t  which i s  
+ 

or thogonal  t o  the  subspace spanned by  t h e  a v e c t o r s .  
C1 

Subst i t u t  ing eqs. (3.3) t o  (3 .7)  i n t o  eq. (2.3) and iden t  i- 

f y i n g  equal powers o f  v we o b t a i n  and i n f  i n i t e  se t  o f  coupled equa- 

t i o n s  f o r  t h e  t e n s o r s  A 
R i . .  .Rv' 

The term independent o f  v g i v e s  

L e t  us se t  

and 

From eq. (3.81, we o b t a  i n  
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The terrn I inear i n  v g i v e s :  

where 
1 A = -  

SJg 
i s  t h e  mean f r e e  p a t h  o f  the  p a r t i c l e s .  

We a  l so have 

and i n  general we o b t a i n  ( f o r  v 2 3 ) :  

v-2 
+ c y c l  i c  terms) + 1 (v-1 ) ! 

v1=2  v '  ! ( v - v ' ) !  

We may l o o k  f o r  s o l u t i o n s  

A PI$.. .kVl . . . kv ] (3.14) 

o f  eqs. (3.11), (3.13) and (3.14) 

as  power erpansions i n  A .  By an i t e r a t i v e  procedure we can show t h a t  

if such sc.1utions e x i s t  t h e y  have the  f o l l o w i n g  s t r u c t u r e  

I n  p a r t i c u l a r  we have 



L e t  us now observe t h a t  i f  

then every  

and 

Thus W ( ~ , V )  takes the  s imple form 

Eq. (3.18) d e f i n e s  the  L i o u v i l  I ian  systems and ~ ( q , v )  g i v e n  

by eq. (3.19) i s  the  e q u i l  i b r ium s o l u t i o n  f o r  such systems. T h i s  i s  an 

exact  s o l u t  ion. 

I n  the case where i t  i s  impossib le  t o  f i n d  A such t h a t  eq. 

(3.18) i s  f u l f  i l  led,  the s t r u c t u r e  o f  ~ / ( q , v )  i s  more compl i c a t e d  and 

we have t o  r e s o r t  t o  t h e  A 2  power expansion. 

4. THE !i2 APPROXIMATION 

We w i l  l now d iscuss  t h e  approximat ion f o r  W i n  which one in -  

c ludes  o n l  y  terms up to  A'. There fo re  we have 

and a1 1 o t h e r  tensors  a r e  o f  o r d e r  equal t o  o r  l a r g e r  than A ~ .  

The s o l u t  i o n  W(q,v) o f  the  Fokker-Planck equat ion takes then 

t h e  form o f  a  gauss ian i n  i t s  dependence on v :  



. . 
L e t  us  c a l c x l a t e  p, jZ and pZd. We have 

const  
exp(A + 7 1 didi) 

(I -B:) I'' 

which, due t o  eq. (3.10) g ives ,  p r e s e r v i n g  on l  y terms up t o  n2: 

p(q )  = const  exp(A) 

f rom where we conclude t h a t  

A = l o g  p (q )  + cons t .  

S i m i l a r l y  we have 

Making use o f  eqs. (4.1) and (4.3) we a r r i v e  a t  

where D = A/G i s  the  d i f f u s i o n  c o e f f  i c i e n t  o f  t h e  system. 

One observes t h e r e f o r e  t h a t  i n  t h e  e q u i l  i b r i u m  s t a t e ,  ji i s  
(*I i n  genera l  n o t  ze ro  . 

We a 1 so have 

thus 

I t i s  i n t e r e s t  ing t o  observe t h a t  t h e  f i r s t  term o f  t h e  se- 

(*) T h i s  i i j the  same c u r r e n t  ob ta  ined e l  sewhere ( 1 ) .  



cond member o f  t h e  above equa t ion  comes f rom the  l o c a l  c o l l e c t i v e m o t i o n  
i 

o f  the  p a r t i c l e s  g iven  by j w h i l e  the  second term i s  t h e  c o n t r i b u t i o n  

f o r  t h e  random mot ion o f  t h e  p a r t i c l e s  w i t h  respec t  t o  t h e  l o c a l  c u r -  

r e n t .  

1 i 
The l o c a l  d e n s i t y  o f  energy i s  g i v e n  by Z- P and, making use 

i 
o f  eq. (3.101, we o b t a i n  

t h e r e f o r e  s t a b l  i s h i n g  the  general r e s u l t  o f  k i n e t i c  t h e o r y  o f  which 
1 

s t a t e s  t h a t  the  average energy by p a r t i c l e  i s  - times t h e  number o f  
28 

degrees o f  f reedom (r,-m) . 
One should emphasize t h a t  t h i s  r e s u l t  i s  c o r r e c t  i n  t h e  case 

o f  non-L iouv i l l ian systems because we have taken i n t o  account a l  so t h e  

energy assoc i a t e d  w i t h  t h e  c01 l e c t  i ve  mot ion  descr  ibed by the  loca l  c u r -  

r e n t s ,  coming f rom the  f i r s t  term o f  t h e  l e f t  hand s i d e  o f  eq. (4 .6) .  

We s t  i l l have t o  examen eq. 

t i o n .  T h i s  i s  an equa t ion  f o r  A .  Subst 

and (4.2) and these l a t t e r  i n t o  eq. (3 

(3.10) w i t h i n  t h e  h2 approxima- 

i t u t i n g  eq. (4.3) i n t o  eqs. (4.1) 

. ]O) we o b t a i n :  

I I a~ - (pbi - 4%!-)(pbi - pik*) - - (pb .  -2 Q i k = ~ .  
p2 aqj aqk P z  z a q J t  

A f t e r  some ted ious  c a l c u l a t i o n s  we f i n a l l y  a r r i v e  a t  

which i s  the  same equa t ion  f o r  t h e  e q u i l  i b r ium d e n s i t y  f o r  t h e  d i f f u s i o n  

o f  p a r t i c l e s ,  i n  t h e  h2 approximat ion, ob ta ined  p r e v i o u s l y  (eq. (5 .5)  o f  

o f  re fe rence  ( I ) ) .  One s h o u l d o b s e r v e  t h a t  t h i s  equa t ion  i s  n o t h i n g  

e l s e  t h a t  t h e  express ion  o f  t h e  conserva t ion  o f  t h e  c u r r e n t .  

5. THE LIOUVILLIAN CASE 

We have now come t o  t h e  p o i n t  where we should d iscuss t h e  

s o l u t i o n s  o f  eq. (4 .7) .  To simpl i f y  t h e  d i s c u s s i o n  we w i l l  consider o n l y  



t h e  case o f  a  s i n g l e  non-holonomic c o n s t r a i n t ( * ) .  We f u r t h e r  assume i n  

t h i s  s e c t i o n  t h a t  the  c o n s t r a i n t  i s  l i o u v i l  l ian, i .e.,  t h e r e  e x i s t s  a  

f u n c t i o n  $1 such t h a t  

We se t  

and eq. (4.7) takes  t h e  fo rm 

L e t  us cons ider  the  o p e r a t o r  H def  ined by 

w i t h  

We w i l l  be l o o k i n g  f o r  s o l u t i o n s o f  t h e  d i f f u s i o n  equa t ion  

i n a  vo lumef i  bound by a  su r face  C .  Wi th  t h i s  i n m i n d ,  w e d e f i n e  the 

inner  product  o f  two f u n c t i o n s  f, and f, as  

and we take  f o r  the  space on which H opera tes  the  space o f  a l  l normal i -  

zab le  f u n c t i o n  w i t l i  norm g iven  by t h e  inner  product  de f  ined above. 

We f u r t h e r  r e s t r i c t  the  f u n c t i o n s  f t o  those t h a t  t h e  d e r i -  
(**I. v a t i v e  a t  t h e  boundary s a t i s f  i es  the  equa t ion  . 

(*) The holonomic case has been d iscussed i n  ( I )  and ( 5 ) .  
, . 

(.)L+) The presence o f  Q"' i n  eq. (5.5) p l a y i n g  t h e  r o l e  o f  a  s i n g u l a r  rne- 
t r i c  cou ld  make i r r e l e v a n t  t h i s  boundary c o n d i t  i on  o f  f. T h i s  i s  im- 
p o s s i b l e  f o r  non-holonomic c o n s t r a i n t s  i n  t h e  neighborhood o f  C un- 
l e s s  1 i s  an i s o l a t e d  i n t e g r a i  o f  t h e  c o n s t r a i n t .  I n  t h i s  case Q i s  
a  n a t u r a l  boundary t o  t h e  mot ion  o f  t h e  p a r t i c l e s .  Such an example 
i s  con5,idered i n  s e c t i o n  8 .  I n  such s i n g u l a r  cù;e we nay take  
a .f da'' = O t o  make the  s o l u t  ion un ique. 
3 



where dai i s  an element o f  su r face  a t  the  boundary. 

As the  c u r r e n t  i s  g iven  by: 

ji = ap - ,ip = @ij ap e$ , 
aq3 aq3 

t h e  boundary c o n d i t  i on  g iven  by eq. (5.5)  i s  equ i v a l e n t  t o  assume t h a t  

no p a r t  i c l e  f l o w s  i n  o r  o u t  o f  the  volume R bound by C.  Th isguarantees 
(*) 

t h e  conservat  ion o f  t h e  number o f  p a r t i c l e s  i n s i d e  C . 
Under these assumptions one can e a s i l y  prove t h a t  H i s  her-  

m i t i a n .  Besides, if fa i s  an e i g e n f u n c t i o n  o f  H: 

we have : 

what shows t h a t  t h e  spect ra o f  H i s  non-negat ive (we can always assume 

t h a t  f a r e  r e a l  f u n c t i o n s ) .  
a 

The e q u i l  i b r ium d i s t r i b u t i o n  i s  g i v e n  by t h e  e i g e n f u n c t i o n  fo 

and we have: 

what g i v e s  

(*) T h i s  boundary c o n d i t i o n  i s  s u f f i c i e n t  b u t  n o t  necessary t o  guaran- 
tee  t h e  conserva t ion  o f  t h e  number o f  p a r t i c l e s  i n  the  volume R . 
See t h e  exarnple i n  s e c t i o n  6 o f  t h i s  paper. 



a j f ,  + 

f o r  non-hc~lonomic c o n s t r a i n t  t h e  unique s o l u t i o n  o f  eq. (3.6) i s  

f o  = cons tan t  . 

T h i s  shows t h a t  t h e  e q u i l  i b r i u m  s t a t e  o f  t h e  1 iouvi11 i a n  sys- 

tems i s  uri ique and we have 

P = c o n s t .  e x p ( $ ( q ) ) .  

W e w i l l  cons ider  now t h e  t imedependent  d i f f u s i o n  equa t ion  

obta ined i n  ' , which can be p u t  i n t o  the  f o i  l ow ing  form: 

The equat ion 

n + DHG) = 6 ( t - t o ) 6  (q-qo) 

has the  solut i o n  

-Da(t-5,) 
G = L e  f a ( 4 ) f a ( q 0 )  f o r  t a to 

a 

where fa a r e  t h e  orthonormal ized e igenfunct  ions o f  H and obey 

w i t h  p ( t o )  t h e  d e n s i t y  d i s t r i b u t i o n  of t h e  system a t  t h e  i n s t a n t  to and 



One t h e r e f o r e  observes t h a t  t h e  modes inc luded i n  the i n i t i a l  

d i s t r i b u t i o n  p( t , )  damps o u t  each one w i t h  t h i s  c h a r a c t e r i s t  i c  r e l a x a -  

t ion t ime g iven by 

6. AN EXAMPLE 

We now cons ider  t h e  case o f  p a r t i c l e s  o f  u n i t  masses rnoving 

i n  the  t h r e e  dimensional euc l  idean space s u b j e c t  t o  t h e  c o n s t r a i n t  g iven 

by t h e  f o l  lowing form: 

xdy + x o d z  = O (6.1) 

where X, i s  a  constant  l e n g t h  t h a t  f i x e s  t h e  sca le  o f  t h e  systern. T h i s  

i s  a  non-holonomic c o n s t r a i n t  f o r  wh ich  

and t h e r e f o r e  l iouv i l l ian .  

The d i f f u s i o n  equat ion  takes  t h e  forrn. 

One observes t h a t  t h e  equat ion  i s  invar  i a n t  under t r a n s l a -  

t i o n s  i n  the  y and z d i r e c t i o n s .  We t h e r e f o r e  se t  p e r i o d i c a l  boundary 

c o n d i t i o n s  i n  these d i r e c t i o n s  i n  a r e t a n g u l a r  box o f  faces  perpendicu-  

l a r  t o  t h e  c o o r d i n a t e  a x i s .  

We wr i t e  



and we set  

where 

a r e  t h e  eq l ia t ions  f o r  t h e  faces  o f  t h e  box. We impose + t o  b e a n e i g e n -  
C1 

f u n c t  i on  o f  

and we have 

where 

For $ (x) we impose the  bounda r y  cond i t ions 
C1 

Wi th t h e  above boundary cond i t  ions f o r  each k ,  and k ,  , a 

takes d i s c r e t e  va lues  which we enumerate f rom zero  s t a r t  ing f rom the l o -  

west e igenvalue. Thus we wr i t e  (x,y , z )  t o  t h e  e igen func t  ions 
1 pn2 7 n 3  

o f  H g i v e n  by eq. (6 .8 ) .  

The Green's  f u n c t i o n  f o r  H can be w r i t t e n  as 



and 

f o r  t > t' 

f o r  t < t' . 

From t h e  f a c t  t h a t  

and t h a t  the  sum i n  eq. ( 6 . 9 )  runs over  a1 1 i n t e g e r s  n, and n , ,  we con- 

c lude  t h a t  G g i v e n  by eq. ( 6 . 9 )  i s  r e a l .  

The t ime dependent s o l u t  ion i s  

Therefore,  w i t h  t h e  above equa t ion  we can c a l c u l a t e  p f r o m t h e  

knowledge o f  p a t  an e a r l  i e r  t ime.  

We w i l  1 now compare the  behav i o u r  o f  the  system when the  box 

which c o n t a i n s  the  p a r t  i c l e s  i s  s i t u a t e d  i n  d i f f e r e n t  reg ions  o f  t h e  

space. T r a n s l a t  ions i n  t h e  y and z-d i r e c t  ions do n o t  a f f e c t  t h e  system 

as  t h e  d i f f u s i o n  equa t ion  i s  i n v a r i a n t  w i t h  respec t  t o  these d i s l o c a -  

t ions. We w i l  l t h e r e f o r e  compare o n l  y  two systems, one p o s  i t i o n e d  a t  

the  o r i q i n  and another  s h i f t e d  i n  the  x - d i r e c t i o n  

We assume, f o r  simpl i f  i c a t  i on  t h a t  

L e t  us e s t i m a t e  t h e  sma l les t  r e l a x a t i o n  t ime f o r  t h e  system. 

From eq. ( 6 . 6 )  we o b t a  in :  



assuming t h a t  

r2 1 $ ; & = I .  

To e s t  imate t h e  lowest  a we take  = 1 then  we have: a 2x0 

From where we o b t a i n :  

where 

For t h e  box a t  t h e  o r i g i n  we have 1, = - 1  and 

TI 
The lowest  v a l u e  i s  f o r  k g  = O and k ,  = - and we f i n a l l y  set  

x o  
4 2; 

'r,, = - 
(4-.rr) 

f o r  t h e  lowest  r e l a x a t i o n  t ime f o r  t h e  box a t  t h e  o r i g i n .  I n  t h i s  box 

the s y s t i m  has a s l  i g h t l y  f a s t e r  tendency t o  be homogeneous i n  t h e  y-  

- d i r e c t  ion than t h e  z - d i r e c t  i on  as  t h e  cons t ra  i n t  i n  t h i s  r e g i o n  o f  

space predominant l  y  inh  i b  i t s  mot ion  i n  t h e  z-d i r e c t  ion.  

For t h e  box away f rom t h e  p lane  x=0, we have 



We immediat ly  observes t h a t  t h e  lowest  mode i s  assoc ia ted  
7T 

wi t h  k ,  = O and we ge t ,  f o r  k 2  = r 
o 

Here, t h e  inhomogeneity i n  t h e  y - d i r e c t  i on  has a  tendency t o  p e r s i s t  

f o r  a  long  t i m e  as  compared w i t h  t h e  p rev ious  case. The reason i s  aga in  

t h e  c o n s t r a i n t ,  as, i n  t h i s  r e g i o n  o f  space, i t  p redominan t l y  i n h i b i t s  

t h e  mot ion  i n  t h e  y - d i r e c t i o n .  

T h i s  s t rong  dependence o f  t h e  r e l a x a t i o n  t i m e  o f  t h e  system 

w i t h  respec t  t o  where we se t  t h e  box s igns  t o  us  t h a t  one should be ca-  

r e f u l  w i t h  t a k i n g  t h e  thermodynamic l i m i t  i n  t h e  case o f  non-holonomy. 

I n  genera l  we have no u n i f o r m i t y  o f  behaviour  o f  t h e  system i n  d i f f e -  

r e n t  reg ions  o f  space and t h e  r e l a x a t  ion  o f  t h e  system may come t o  be 

f o r b i d d i n g l y  h i g h  t o  guarantee u n i f o r m i t y  o f  t h e  thermodynamic I i m i t .  

7. THE NON-LIOUVILLIAN CASE 

We w i l l  now d iscuss  eq. ( 4 .7 )  when t h e  c o n s t r a i n t  i s  non- l  i ou -  

v i l 1  ian. We set  

and we assume t h a t  

Thus, t h e  equa t ion  f o r  x takes  t h e  forrn 



where 

Le t  us  d e f i n e  t h e  Green's f u n c t i o n  by 

w i t h  t h e  f o l l o w i n g  boundary c o n d i t i o n  over  t h e  su r face  C e n c l o s i n g  t h e  

f l u i d ( * )  

For t h e  f u n c t i o n  x we assume 

i 
as  i t s  boundary c o n d i t i o n .  I n  t h i s  way we a r e  t a k i n g  C (q) tangent  t o  

the  s u r f a c e  C. Under these assumptions we o b t a i n  

L e t  us w r i t e  

P = expili(q) 

and 

x = + - x .  

Thus, eq. (4.7) takes the  form 

where 

(*) See foo tno te '  on page 675 



We take  f o r  i t h e  sarne boundary c o n d i t i o n  as t h a t  taken f o r  

G (q ,q l ) ,  i .e . ,  

, , - 
p ax da. = O . 

aq3 
'L 

There fo re  we have f o r  i ( q ) :  

where 

Eq. (7.10) can be so lved by t h e  usual i t e r a t i v e  method. 

The e q u i l i b r i u m  s o l u t i o n  i s  thus  g iven  by 

Le t  us observe t h a t ,  from t h e  d  i scuss ion  o f  sect  i on  5, t h e  

Green f u n c t  ion G (q,ql ) i s  un iquel  y  de f  ined a p a r t  f rom a  cons tan t .  So i t  

i s  a l s o  ~ ( q )  The f u n c t i o n  i i s  a l ç o  u n i q u e l y  de f  ined by  t h e  i t e r a t i v e  

method appl  ied t o  t h e  eq. (7.10) and thus  p,, g i v e n  by eq. (7 .12) ,  co-  

mes t o  be known .apar t  f rom a  mul t i p l  i c a t  i ve  cons tan t .  

We now t u r n  o u r  a t t e n t  ion  t o  the  t ime dependent s o l u t  ions o f  

the  d i f f u s i o n  equat ion i n  t h e  case o f  non-l  i o u v i l l  i an  c o n s t r a i n t s :  

and 

We w r i t e  



'With these d e f i n i t i o n s  we may rewr i t e  eq. (7.13) as 

We observe tha t  

a i 
7 ( l l Y ) = O  
a4 

i t  i s  another form o f  saying tha t  p i s  che equ i l  ibrium so lu t i on  

1-he boundary cond i t ion  f o r  ~ ( q , t )  

tha t  no cur rent  f lows through the surface C 

mu s t have 

or ,  equ i v a l e n t l  y 

i s  obtained by imposing 

o f  the conta iner and we 

Let us now consider the vector  space o f  the func t ions  d e f i -  

ned i n  the volume i2 w i t h  normal d e r i v a t i v e  a t  the boundary C s a t i s -  

f y i n g  eq. (7.15).  I n  such a space we def ine  the operator  

w i t h  

and 

k'e observe tha t  H, and H, are  hermitean and a n t  i- herm i t e a n  

operators respect i ve l  y. 

To construct  the Green's f unc t i on  f o r  H we w i l l  consider the 
+ bi-orthogonal basis generated by H and i t s  a d j o i n t  H . 

Let us ca l  1 fa the e igenfunct ion o f  H correspond ing t o  the 

eigenvalue a. We have 



Hf, = "f, . 

I n  genera l  a  w i l l  be a  complex nurnber. I n  t h i s  case fi i s  the  

e i g e n f u n c t i o n  corresponding t o  t h e  e igenva lue  a *  and we have 

+ 
spectrurn o f  H Becau se o f  t h a t ,  the  spe :ctrurn o f  H i s  the  same as  the  

+ 
t o  every  fa t h e r e  corresponds a  f such t h a t  (*I 

a 

and 

We f u r t h e r  have 

and we normal i ze  these f u n c t  ions by  the  cond i  t ion  

The Green's  f u n c t i o n  sa t  i s f y  

;t-t 

ing t h e  f o l  low ing equat ion 

' 1  = s n ( q - q 1 ) 6 ( t - t ' )  

f o r  t 2 t '  

f o r  t < t '  . 

I t s  i s  a s imp le  rnat ter  t o  show, frorn the  f a c t  t h a t  cornplex e igenvalues 

a l w a y s o c c u r s  i s  con juga te  p a i r s  t h a t ~ ( q , q ' ; t - t ' ) ,  d e f i n e d  by eq. 

(7.17), i s  a  r e a l ,  non-symrnetr i c  f u n c t  ion  w i t h  respect  t o  exchange o f  

q by q ' .  

(*) See, f o r  .example, P.M.Morse and H.Feshbach, Methods of Theoret icaZ 
Physics, Vol . I, MacGraw-H i 1  1 Book ( ~ . ~ o r k )  1953. 



The t ime dependent so lu  t ion p(q; t) i s  

f u s i o n  opera to r  B may lead t o  unexpected 

t h e  imaginisry p a r t s  o f  some e igenvalues 

responding r e a l  p a r t s ,  the  systern, e x c i t  

1 i b r ium th rough  an o s c i l  l a t o r y  behaviour  

hav iour  f o r  d i f f u s i o n .  

'de should observe t h a t  t h e  non- hermi t ian charac te r  o f  the d i f -  

behaviour  o f  t h e  system. I f  

o f  H a r e  l a r g e r  than  t h e i r  c o r -  

ing these rnodes, comes t o  equ i - 
, unusual i n  the  t r a n s i e n t  be- 

To i l l u s t r a t e  the  formal isrn we cons ider  a s imple exarnple o f  

non-1 iouv i I 1  i an  systems. Le t  u s  cons ider  t h e  three- d imens ional euc l  idean 

space and l e t  us  in t roduce  t o r o i d a l  coord i n a t e  (r,$,€)) by t h e  f o l  lowing 

t rans fo rmat  ion 

\Je take  f o r  t h e  su r face  o f  the  c o n t a i n e r ,  two t o r i  d e f  ined by 

r = r ,  and r = r, and we w i l l  assume 

a > r, > r, 

We w i l l  sei: D, t h e  d i f f u s i o n  c o e f f l c i e n t ,  equal t o  u n i t .  

For t h e  c o n s t r a i n t  we t a k e  t h e  form: 

where 
(r-r, 1 (r-r. 1 

A = ( 8 . 3 )  
(r0-r1)* 

The cho ice  o f  A g i ven  by t h e  p rev ious  equat ion  makes the cons- 



t r a i n t  s e l f - c o n f i n i n g  i n  the sense t h a t  t h e  su r faces  r = r ,  and r = r, 

a r e  n a t u r a l  boundar ies f o r  p a r t  i c l e s  moving between these two t o r i  as  

the f i e l d  a i s  everywhere normal t o  these two sur faces.  To see t h  i s  
i 

b e t t e r  l e t  us  f i r s t  i n t roduce  the m e t r i c  i n  the  t o r o i d a l  coordinates.We 

observe t h a t  

and we t h e r e f o r e  set 

where the  ind ices  (1,2,3) corresponds t o  t h e  (dr,d$,dO) d i r e c t i o n s  r e s -  

pec t i ve  l y. We a  1 so have 

and 

f rom where we o b t a i n  

A t  t h e  sur face o f  t h e  c o n t a i n e r ,  where A = O, we have 

To c a l c u l a t e  (b . )  we use the  formula 

which avo ids  c a l c u l a t  ing t h e  a f f  i ne  conexion. On the  sur face  o f  thecon-  

t a  ine r ,  we ob ta  ined: 



I I O - - a + s i n  f o r  r = r, 

1 a<.,-r,) 

As (b .) i s  tanqent t o  the  s u r f a c ~  o f  t h e  con ta iner ,  I) sa t  i s -  
2 

f ies the  boundary cond i t  ion 

I f  one would c a l c u l a t e  t h e  d ivergence o f  (b . )  i n  t h e  b u l k  o r  

2 

the f l u i d  one would f i n d  it t o  be d i f f e r e n t  f rom zero, what would say 

t h a t  $ i s  r iot cons tan t  over  the  volume o f  the  system. We cannot c a l c u -  

l a t e  t h e  d ivergence o f  $ i n  the  d$ and d d i r e c t i o n s  on the  sur face  un- 

l e s s  we so lve  i t s  equat ion  expl  i c  i t l  y. To g e t  an idea o f  the  soleno i- 

da1 c u r r e n t s  on t h e  sur face  o f  t h e  conta ine r ,  we observe t h a t  ai' i s  

the i d e n t i t y  opera to r  i n  t h e  tangent  p lane  o f  these sur faces  and we 

have 

and 

(a+r,s in$) 
- - as, 

ye - + -  f o r r = r .  
ae  abO-pl) 

Because (a .) does n o t  depend on 0 we may assume t h a t  $ i s  a l  so inde- 
7, 

pendent o f  8 and 

(a+r,e in+) 
Y e  = - f o r  r = r. 

aba-r,) 

what shows t h a t  t h e r e  e x i s t s ,  i n  t h i s  example, a  permanent so leno ida l  

c u r r e n t  i n  the  o p p o s i t e  d i r e c t i o n s  o f  de, everywhere on t h e  o u t e r  su r -  

face  o f  the  c o n t a i n e r .  On the  inner  sur face,  t h i s  c u r r e n t  i s  i n  t h e  po- 

s i t i v e  d i r e c t i o n  o f  de. We a l s o  have a  c u r r e n t  i n  the  nega t i ve  d@ d i -  

r e c t  ion on t h e  o u t e r  su r face  whose c  i r c u l a t  ion i s  g  iven by 



Such an example should be e a s i l y  s imulated on computers and 

the  soleno ida1 c u r r e n t s  observed. 

9. CONCLUSIONS 

We have s t a b i l i s h e d  by  two d i f f e r e n t  approaches t h e  d i f f u s i o n  

equa t ion  f o r  non-holonomic systems. We have a l s o  s p e c i f i e d  t h e  procedu- 

r e s  f o r  s o l v i n g  i t  f o r  b o t h  1 i o u v i l  l ian  and non- l  i o u v i l  l ian  systems and 

d iscussed the  equ il i b r  ium and t r a n s i e n t  s t a t e s  o f  such systems. W i t h  

these r e s u l t s  we be l  ieve t h a t ,  u n l e s s  m ic roscop ic  p h y s i c a l  systems w i t h  

non-holonomic c o n s t r a i n t s  a r e  found i n  na tu re ,  f u r t h e r  development o f  

t h e  theory  here developed i s  p o i n t l e s s .  We have even suggested i n  t h e  

i n t r o d u c t i o n ,  where we should l o o k  f o r  such systenis i n  na tu re .  However, 

two aspects  o f  the  theory  seen t o  us w o r t h  w h i l e  pursu ing  i t s  develop-  

ment. One i s  the  p r o b a b i l i t y  o f  c l a s s i f y i n g  t h e  c o n s t r a i n t s ,  l e t  us say 

i n  t h r e e  dimensional space, by a p p l y i n g  group t h e o r e t i c a l  c o n s i d e r a t i -  

ons. We have i n  mind a development somewhat s i m i l a r  t o  t h e  appl  i c a t i o n s  

o f  homotopy theory  t o  c r y s t a l  d e f e c t s 6 .  Though we b e l i e v e  t h a t  t h e  s i -  

t u a t  ion here i s compl i ca ted  by t h e  l a c k  o f  t r a n s l a t  i ona l  i nvar  iance o f  

the  non-holonomic s t r u c t u r e s .  The o t h e r  d i r e c t  ion i s  tha l a r g e  A* 1 i m i t  

which cannot be reached by t h e  method here presented.  

We would l i k e  t o  thank D r .  M .  Abud f o r  many s t i m u l a t i n g  d i s -  

cuss ions. 
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