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The Moldauer-Simonius theorem, t h a t  r e l a t e s  t h e  modulus o f  

t h e  determinant  o f  t h e  average, o p t i c a l ,  S- mat r i x ,  t o  t h e  average w i d t h  

and spacing o f  t h e  compound nucleus resonances, i s  genera l i zed  t o  t h e  

m u l t i c l a s s  resonances s i t u a t i o n  encountered i n  p re- equ i l  i b r i u m  r e a c -  

t i o n s .  Corr.ections t o  t h e  genera l i zed  M/S theorem a r e  seen t o  be con- 

nected p r i n i a r i l y  t o  the w i d t h  d i s t r i b u t i o n  o f  t h e  w ides t  doorway c l a s s .  

O teorema de Moldauer-Simonius, que r e l a c i o n a  o módulo do de- 

te rm inan te  da m a t r l z  S ó t i c a  média à l a r g u r a  média e ao espaçamento das 

ressonâncias de nücl  eo composto, é genera 1 i zado à s i  tuação encontrada 

em reações de p r é - e q u i l í b r i o .  Correções ao teorema M/S genera l i zado  es-  

t ã o  associadas pr imar iamente à d i s t r i b u i ç ã o  d e  l a r g u r a  da  c l a s s e  

"doorway" niai s l a r g a .  

1. INTRODUCTION 

The recen t  upsurge o f  t h e o r e t  i c a l  i n t e r e ~ t l - ~  i n  m u l t i s t e p  

compound processes has brought  i n t o  focus severa1 impor tan t  questions r e -  

l a t e d  t o  the  s t a t i s t i c a l  theory  o f  t h e  compound nucleus.  

One p a r t i c u l a r  aspect  o f  the  s t a t i s t i c a l  theory,  namely t h e  

d i s t r i b u t i o n  o f  leve1 w id ths ,  ~ ( r ) ,  has r e c e n t l y  been d iscussed by se- 
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v e r a l  au thors  , i n  connec t ion  w i t h  t h e  conven t iona l ,  one- c lass o f  

o v e r l a p p i n g  resonances, model o f  t h e  e q u i l i b r a t e d  compound system. I t  

was d iscussed i n  Refs. 7 t h a t  t h e  S- mat r i x  a u t o - c o r r e l a t i o n  func t ion ,  
S C ( E ) ,  should c a r r y  some in fo r rna t ion  about ~ ( r ) .  However such in forma- 

t i o n  would be e x p e r i m e n t a l l y  d i f f i c u l t  t o  des in tang le .  The c a l c u l a t e d  

(?(E) w i t h  a  s p e c i f i c  ~ ( r )  was found t o  d i f f e r  l i t t l e  f rom t h e  one-pole 

approx imat ion t o  (?(E), as long  as t h e  c o r r e l a t i o n  w id th ,  rcorr wa s  
D i d e n t i f i e d  w i t h  - Tr P where D i s  t h e  mean l e v e l  spacing and E ,  t h e  
2~ - 

o p t i c a l  t ransmiss ion  m a t r i x .  

C l e a r l y  the  above ques t ions  become even more s u b t l e  i n  t h e  

case o f  m u l t i - c l a s s  resonances, model o f  p r e - e q u i l i b r i u m  processes,s in-  

ce, as ;as demonstrated i n  Ref.3 t h e  f l u c t u a t i o n  c r o s s- s e c t i o n  and t h e  

S-mat r i x  a u t o - c o r r e l a t i o n  f u n c t i o n  a r e  n o t  s imply  r e l a t e d .  The r e l a t i o n  
E 

i s  i m p l i c i t ,  i n  t h e  sense 02, = i and C e , ( ~ )  = â$er/l~rF 
S 

and t h e r e f o r e  Cee , ( E ) / O ~ ~ , ~ & , ( E )  depend on t h e  channel S. Thi s  makes t h e  

d i s c u s s i o n  o f  t h e  P  ( r  ) through cons ide ra t ionso f thegene ra l i zed  c ross  
n n 

- s e c t i o n  a u t o - c o r r e l a t i o n  f u n c t i o n  more d i f f i c u l t .  

Another q u a n t i t y  o f  t h e o r e t i c a l  i n t e r e s t  which i n v o l v e s  ex- 

p l i c i t l y  t h e  c o n s i d e r a t i o n  o f  t h e  l e v e l  w i d t h  d i s t r i b u t i o n ,  i s  t h e  ave- 

rage amount o f  a b s o r p t i o n  p resen t  i n  t h e  system, and i t s  r e l a t i o n  t o  

r /D. Th is  i s  q u a n t i t a t i v e l y  descr ibed  through a  r e l a t i o n  i n v o l v i n g  the  

modulus o f  the  average ( o p t i c a l )  S- mat r i x ,  S a n d  the  r a t i o  ? / D .  T h i s  

r e l a t i o n  c a r r i e s  the  name o f  Moldauer-Simonius (M/S) theorems. 

I t  would be q u i t e  i n s t r u c t i v e  t o  g e n e r a l i z e  t h e  M/S theorem 

t o  t h e  case o f  mul t i s t e p  compound processes (MSCP) . Th is  genera l  i z a t i o n  

would h e l p  i n  f u r t h e r i n g  o u r  understanding o f  t h e  r o l e  o f  t h e  l e v e l  

w i d t h  d i s t r i b u t i o n  o f  the  d i f f e r e n t  c lasses  o f  doorways, i n  f i x i n g  t h e  

degree o f  a b s o r p t i o n  i n  t h e  system and a c c o r d i n g l y  i n  r e l a t i n g  observa- 

b l e  p h y s i c a l  q u a n t i t i e s  such as ,? t o  t h e  i n h e r e n t l y  unobservable avera-  - 
ge doorway w id ths .  

I  n  the  p resen t  paper, we demonstrate t h a t  t h e  genera l  i z a  t i o n  

o f  t h e  M/S theorem t o  MSCP i n v o l v e s  v e r y  s imply  t h e  c o n s i d e r a t i o n  o f t h e  

r a t i o s  r /Dn. F u r t h e r  we show t h a t  i n  t h e  l i m i t  o f  t h e  w e l l  nested se- 
n 

quence o f  doorway c lasses  d iscussed i n  Ref .  3 ,  t h e  f i r s t  c o r r e c t i o n  t o  



the  M/S theorem i n v o l v e s  t h e  w i d t h  d i s t r i b u t i o n  o f  t h e  w ides t  .w id th  

c l a s s  o f  doorways. 

The paper i s  o rgan ized  as f o l l o w s :  I n  s e c t i o n  2 t h e  M/S theo-  

rem i s  d iscussed i n  t h e  c o n t e x t  o f  MSCP. I n  s e c t i o n  3 we i n t r o d u c e  a  

p a r t i c u l a r  e x p l i c i t  form f o r  P ( r  ) and a c c o r d i n g l y  c a l c u l a t e  which 
n n n 

a r e  needed t o  o b t a i n  t h e  c o r r e c t i o n s  t o  t h e  M/S theorem. F i n a l l y  i n  

s e c t i o n  4 t h e  consequences o f  t h e  genera l  i zed  MS theorem a r e  d iscussed 

and severa1 conc lud ing  remarks a r e  made. 

2. THE MC)LDAUER/SIMONIUS THEOREM FOR MSCP 

I n  i t s  o r i g i n a l  form, t h e  M/S  theorem v a l i d  f o r  a s i n g l e  c lass  

o f  o v e r l a p p i n g  resonances system reads 

Re Rn d e t  T F/D 

Though Eq.  (1)  r e l a t e s  t h e  modulus o f  t h e  d e t e r ~ i n a n t  o f  t o  T / D ,  one - 
may o b t a i n  t h e  corresponding r e l a t i o n  f o r  1 ($),,I i n  t h e  case o f  m e q u i -  

v a l e n t  channels 

Upon i n s e r t i o n  i n t o  the  u n i t a r i t y  r e l a t i o n ,  t h i s  g i v e s  t h e  f o l l o w i n g  

va lue  f o r  the  t ransmiss ion  c o e f f i c i e n t  P 

I n  t h e  more r e a l i s t i c  case o f  non e q u i v a l e n t  channels, s imple r e l a t i o n s  

such as ( 2 )  and (3 )  a r e  n o i  ob ta ined .  Never the less q u a l i t a t i v c ?  s t a t e -  

ments c o n t a i n i n g  s i m i l a r  phys ics  as i n  Eqs. ( 2 )  and ( 3 )  may be made as 

done i n  Ref .  9. 

'To g e n e r a l i z e  t h e  M/S theorem t o  t h e  case o f  N c lasses  o f  

o v e r l a p p i n g  resonances, we s t a r t  wi t h  the  usual sum-over-peles form o f  

the  S-matr ix  



+ 
where B - i s  the, un i t a ry ,  background mat r ix ,  BB = 'I. 

Since the sum over classes, 1 , i s  j u s t  another labe l ,  i t  may 

be considered on the same f o o t i n g  as v. 

The background-plus- sum-over-poles representat ion o f  2 given 

i n  Eq .  (4) may not  guarantee the absence, i n  the energy-averaged cross 

sect ion,  o f  terms connected wi t h  the in ter fe rence between compound 

( f  l uc tua t  ion) and d i r e c t  processes. 

One may, however, construct  an a l t e r n a t i v e  form f o r  S where - 
these in ter fe rence terms average out  t o  zero. This was e x p l i c i t l y  done 

i n  Ref. 3 using the o p t i c a l  background representat ion o f  Kawai, Kerman 

and M C V O ~ ' ~ ,  appropr ia te l  y general ized t o  the mul t i c l ass  resonances ca- 

se. For our present purposes, however, Eq.  (4) i s  more appropr iate.  

The average S m a t r i x ,  3, (average over an energy i n te rva l  I ) ,  - 
may be obtained from (4) by rnerel y adding t o  the imaginary p a r t  o f  the 

I denominators, the fac to r  2. 

We the ob ta in  the fo l lowing f o r  the determinant o f  2 

where 

We consider now the rea l  p a r t  o f  the logar i thm o f  Eq.  (5), which may be 

w r i t t e n  as 

/ 2 ) / E -  En,, + i I / 2  
Re Rn det = Rn ldet  91 = Re 1 Rn 

/ 2 ) / E - E n , l J + i I / 2  



i r /2 
Expandi ng (6) i n powers o f  X n, U 

n,U E - E + i 1/2 
n, lJ 

we f i n a l l y  ob ta in  

The sums 

def ine  the average of powers o f  the w id th  r 
n,U' 

Ca l l  ing rn E <r > we then w r i t e  
n,Fi 1-i 

Equation (9) 

ther,  we have 

are needed t o  

i s  the p r i nc ipa l  r e s u l t  of t h i s  sect ion.  To cont inue fu r -  

t o  spec i fy  the d i s t r i b u t i o n  of leve1 widths P (r  ) which 
n n 

evaluate <r2'+'> . We might mention tha t  i f  the assump- 
.Jj+l, 

n,Fi Fi 

t i o n  tha t  * independent o f  the averag 
Dn 

then we ob ta in  immediately the simple general 

ing i n te rva l  I, i s  

i z a t i o n  o f  the M/S 

made, 

theo- 

(10) 

where the sum extends over a l l  doorway classes 



3. THE LEVEL WIDTH DISTRIBUTION AND THE CORRECTIONS TO 
THE MIS THEOREM 

Recent ly  severa l  a ~ t h o r s ~ ' ~ ' ~  have d iscussed t h e  d i s t r i b u t i o n  

o f  w id ths  o f  over lapp ing  resonances. Most o f  these s t u d i e s  r e s u l t  i n  a  

numerical h i s togram d i s t r i b u t i o n  which i s  n o t  convenient  f o r  a n a l y t i c  

d i s c u s s i o n .  I n  Ref.  7, however, an a t tempt  was made t o  a c t u a l i y  cons- 

t r u c t  P ( r )  s u b j e c t  t o  severa l  c o n s t r a i n t s  mot i va ted  b y ' u n i t a r i t y ,  the  

uncor rec ted  M / S  theorem, Eq. (10) and an express ion  f o r  t h e  coherence 

w i d t h  o f  E r i cson  f l u c t u a t i o n s  ob ta ined  f rom an a n a l y s i s  o f  t h e  S- mat r i x  

a u t o- c o r r e l a t i o n  f u n c t i o n  

The d i s t r i b u t i o n  P ( r )  was then cons t ruc ted  by use o f  t h e  maximum e n t r o -  

py c o n d i t i o n  subjected t o  t h e  above t h r e e  c o n s t r a i n t s .  The r e s u l t i n g  

P ( r )  has t h e  form 

where t h e  numer ica l  f a c t o r s  appear ing i n  Eq. (12) were f o u n d b y t r e a t i n g  

t h e  20-channel example d  iscussed by ~ o l d a u e r ~ .  

A1 though ~ ( r )  o f  Eq. (12) f i t s  v e r y  w e l l  t h e  numer ica l  l y  ge- 

nera ted  h is togram, i t  i s  q u i t e  cumbersome t o  deal  w i t h  i n  a n a l y t i c a l  

s t u d i e s .  For t h e  purpose o f  e v a l u a t i n g  the  c o r r e c t i o n s  t o  t h e  M/S ex- 

p ress ion ,  Eq. (91 ,  we t h e r e f o r e  use a  simpl i f  i e d  v e r s i o n  o f  P ( r )  which 

guarantees t h e  f i n i t e n e s s  o f  forr as d e f i n e d  i n  Eq. (1 1 ) .  

Wi th  P ( T )  above, p l o t t e d  i n  F i g .  ( I ) ,  t h e  c o r r e l a t i o n  w i d t h  c a l c u l a t e d  

us i ng de f  i n i n g  equa t ion  (1 I ) ,  comes o u t  t o  be 

Th is  i s  chose t o  t h e  v a l u e  e x t r a c t e d  f rom Moldauer 's  h is togram
4
.  



Fig.1  - The width d i s t r i b u t i o n  P ( r )  x 1. p l o t t e d  vs. r/?. The arrow 

indicates the c o r r e l a t i o n  width rCorr <r-'>/<r- '>. 

To f u r t h e r  e x h i b i t  t h e  reasonableness o f  o u r  d i s t r i b u t i o n ,  

Eq. (13), uJe c a l c u l a t e  below t h e  r a t i o  o f  t h e  S-matr ix  a u t o c o r r e l a t i o n  
7 f u n c t i o n  t o  f o r  t h e  s i n g l e  c l a s s  resonance case , 

where E1 (r) i s  t h e  exponen t ia l  i n t e g r a l 1 ' .  The c losed  express ion  f o r  
s II 

C,,~(E)/U,,~ g iven  above has the  c o r r e c t  behaviour  a t  €=O (= I )  and E = W  

I n  f i g .  

i l$ , (e ) /Tg ,  

r e l a t i o n  w i d t h  i s  

(2)  we show t h e  c r o s s- s e c t i o n  a u t o c o r r e l a t i o n  func-  

, - p l o t t e d  vs.  t h e  quant i t y  3 d ? ,  The ext racted c o r -  

- 2 2 , s l  i g h t l y  l a r g e r  than t h a t  g iven  i n  Eq .  (14).  4 3 

i r e s u l  t s  ob ta ined  w i t h  t h e  one-pole ap- 

rcorr/forr + i e  , w i t h  forr obta  i - 
15 ) .  It i s  c l e a r  t h a t  t h e  one-pole ex- 

For comparison, we a l s o  show the 

p rox imat ion  t o  ~ l ( ~ ) / ~ f l  i .e. 

ned f rom t h e  exact  r e s u l t ,  Eq.  ( 



Fig.2 - The Cross-section auto c o r r e l a t i o n  function, Eq .  (15) .  p lot ted 

v s .  j c / ?  (sol i d  curve). The dashed curve represents the one-pote ap- 

~ r o x i m a t i o n  t o  C(  ) .  

p ress ion  approximates ve ry  w e l l  the ,exac t  one i n  t h e  smal l-E reg ion .  O f  

course t h i s  i s  t h e  r e g i o n  a c c e s s i b l e  t o  unambiguous exper imenta l  s t u -  

d i e s .  

The above f ind ings  agree w i t h  those o f  Ref .7 where P ( r )  of  

Eq. (12) was used. F u r t h e r ,  the  r e s u l t  o f  ou r  c a l c u l a t i o n  shown i n  F i g .  

(2) a r e  q u i t e  c l o s e  t o  those o f  Ref.  7, i n d i c a t i n g  c l e a r l y  t h a t  ou r  

approximate P ( r ) ,  Eq.  (131, i s  q u i t e  reasonable. 

Having thus g i v e n  arguments t o  j u s t i f y  t h e  f o r m o f  P ( r )  em- 

p loyed here,  we t u r n  now t o  t h e  c a l c u l a t i o n  o f  t h e  c o r r e c t i o n s  t o  M/S 

r e l a t i o n ,  Eq.  (10).  We assume s i m i l a r  w i d t h  d i s t r i b u t i o n s  f o r  a l  l c l a s -  

ses o f  o v e r l a p p i n g  resonances, o b t a i n i n g  thus 

where we have purposely  i n s e r t e d  a p o s s i b l e  I-dependence i n  . Inser -  
n 

t i n g  (16) i n t o  (9) we f i n a l l y  o b t a i n  



A t  t h i s  p o i n t  we assume t h a t  t h e  average w i d t h s ,  Tn , o f  t h e  d i f f e r e n t  

c lasses  o f  doorways s a t i s f y  t h e  nested c o n d i t i o n s  ' 

Fur ther ,  t o  unambiguously d e f i n e  an average w i d t h f o r  a  g i v e n  c l a s s ,  one 

has t o  i n t r o d u c e  a  h i e r a r c h y  o f  averag ing  i n t e r v a l s  In, such t h a t  

w i t h  I, 5 I. 

For convenience, we assume t h a t  t h e  degree o f  "nestedness", 

In/In+l , i s  g i v e n  by 

Wi th t h e  above assumption, t h e  averag ing  i n t e r v a l  I, which i s ,  by as-  

sumption, l a r g e r  than a11 w id ths ,  i s  w r i t t e n  as 

Wi th  t h e  h e l p  o f  t h e  above assumptions and d e f i n i t i o n s , w e m a y  now w r i t e  

Eq. (17) i n  a  more n a t u r a l  form 

As a  r e s u l  t o f  t h e  nested-doorway c o n d i t i o n ,  Eq.  (181, olfl >> 1, and the-  

r e f o r e  o f  a l l  terms appear ing i n  t h e  n-sum o f  Eq .  (17),  n=l  would g i v e  

t h e  dominant c o n t r i b u t i o n .  To lowest  o r d e r  i n  t h e  I - v a r i a t i o n  of r, we 

o b t a i n  f i n a l l y  



Equat ion (23) i s  the  p r i n c i p a l  r e s u l t  o f  t h i s  paper. I t  sup- 

p l i e s  t h e  measure o f  a b s o r p t i o n  i n  a nuc lear  r e a c t i o n ,  due t o  m u l t i s t e p  

compound processes. I t  a l s o  d i c t a t e s  how t h e  w i d t h  d i s t r i b u t i o n  o f  t h e  

resonances e n t e r s  i n  t h e  d e t e r m i n a t i o n  o f  the  average, o p t i c a l  S- mat r i x  

i n  terms o f  t h e  average resonance parameters. 

Though Eq. (23) dea ls  w i t h  d e t  z, one may o b t a i n  a s i m i l a r  

r e l a t i o n  f o r  t h e  elements o f  3 i n  t h e  i d e a l i z e d  case of m e q u i v a l e n t  

channels coupled e q u a l l y  t o  a11 doorway c lasses .  I g n o r i n g  t h e  c o r r e c-  

t i o n  f a c t o r  i n  Eq. (23), we o b t a i n  

from which t h e  t ransmiss ion  f a c t o r  P - 1 - IScC12 i s  ob ta ined  imnedia- 
C 

te1 y 

N r  

C n= 1 - 
D m n 

Assuming 7 >> 1 ,  and summing over  C, we f i n d  
r 

Dn Since i n  t h e  l i m i t ,  - >> 1 ,  cons idered above one expects  t h e  c o r r e -  
'n 

l a t i o n  w id ths  t o  c o i n c i d e ,  w i t h  t h e  average widthl ,  we may r e w r i t e  Eq. 

(26) i n  the  f o l l o w i n g  form 

Equat ion (27) i s  a  sum r u l e  r e l a t i n g  t h e  t r a c e  o f  t h e  o p t i c a l  

t ransmiss ion  m a t r i x ,  o b t a i n a b l e  f rom o p t i c a l  model a n a l y s i s ,  t o  t h e  cor-  

r e l a t l o n  w id ths  e x t r a c t e d  f rom Er icson  f l u c t u a t i o n s  a n a l y s i s .  The sum 



r u l e  above has r e c e n t l  y been d iscussed by one o f  us14 i n  connection wi  t h  

p reequ i l i b r . i um r e a c t i o n s .  We v iew o u r  d i s c u s s i o n  above as a f u r t h e r  sup- 

p o r t  t o  t h e  conc lus ions  reached i n  Ref.  14. 

4. CONÇLIJSIONS 

I n  t h i s  paper we have genera l i zed  the  Moldauer/Simonius theo-  

rem t o  t h e  m u l t i - c l a s s  resonances s i t u a t i o n .  I n  t h e  course o f  assess ing 

t h e  n a t u r e  o f  t h e  c o r r e c t i o n s  t o  t h e  genera l i zed  M/S theorem, we have 

examined t h e  d i s t r i b u t i o n  o f  l e v e l  w i d t h s  o f  t h e  d i f f e r e n t  c lasses  o f  

doorways. l t  was found t h a t  i n  t h e  l i m i t  o f  we l l - nes ted  doorways, t h e  

f i r s t ,  and presumably dominant, c o r r e c t i o n  t o  t h e  genera l i zed  M/S theo-  

rem, i n v o l v e s  t h e  d i s t r i b u t i o n  o f  t h e  l e v e l  w i d t h s  o f  t h e  w ides t  c l a s s  

o f  doo rwa y s . 
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