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Me show t h a t  i n t e g r a l  r e p r e s e n t a t i o n s  and a d d i t i o n s  theorems 

f o r  the p roduc t  o f  c o n f l u e n t  hypergeometr i c  f u n c t  ions can be o b t a  ined 

by means o f  i s o t r o p i c  harmonic o s c i l l a t o r  Green's f u n c t i o n .  

Obtêm-se representações i n t e g r a i s  e teoremas de ad ição  para um 

produ to  de funções h ipergeomét r i cas  c o n f l u e n t e s  u t i l i z a n d o- s e  a função 

de Green para o o s c i l a d o r  harmônico i s o t r õ p i c o  m u l t i d i m e n s i o n a l .  

In t h e  present  paper we show how t o  use Green's f u n c t i o n  i n o r -  

der t o  o b t a i n  i n t e g r a l  r e p r e s e n t a t i o n  and a d d i t i o n  theorems f o r  c o n f l u -  

e n t  hypergeometr ic f u n c t  ions. To be a b l e  t o  do t h a t  we use the  r a d i a l  

Green's f u n c t  ion f o r  t h e  N-dimensional i s o t r o p i c  harmonic o s c i l  l a t o r .  

The N-dimensional i s o t r o p i c  harmonic o s c i l l a t o r  Green's func -  

t i o n  can be p u t  i n  an i n t e g r a l  rep resen ta t  i on  i n  many ways, i n  p a r t  i cu -  

l a r  by u s i n g  the  genera l  ized Mehler formula f o r  Hermite polynomia ls '  o r  

by a q u a n t m  mechanical d e r i v a t i o n  e x p l o i t i n g  the  U(N) symmetry o f  t h e  

i s o t r o p i c  harmonic o s c i l  l a t o r  ~ a m i l  t o n i a n 2.  
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The r a d i a l  Green's  f u n c t  ion, i n  an i n t e g r a l  r e p r e s e n t a t  ion, 

can be d e r i v e d  from a  p a r t i a l  wave expansion o f  t o t a l  Green's f u n c t i o n .  

A r e p r e s e n t a t i o n  i n  terrns o f  p roduc t  o f  two Whi t taker  f u n c t i o n s  can be 

der  ived f rom t h e  Sturrn-Liouvi 1 l e  method3. These r e s u l  t s  a r e  used t o  de- 

r i v e  i n t e g r a l  r e p r e s e n t a t i o n s  and a d d i t i o n  theorerns f o r  t h e  p roduc t  o f  

two c o n f l u e n t  hypergeometr ic f u n c t i o n s .  

2. WHITTAKER'S FUNCTIONS 

The Green's  f u n c t i o n  f o r  the  N-dimensional i s o t r o p i c  harmonic 

o s c i l  l a t o r  sat i s f  i es  the f o l  l ow ing  d i f f e r e n t i a l  equa t ion  

where v1; i s  the  N-d imens iona l  Laplac i a n  o p e r a t o r .  

The s o l u t i o n  o f  t h i s  d i f f e r e n t i a l  equa t ion  can be ob ta ined  

through the s p e c t r a l  decomposit ion i n  terrns o f  harmonic o s c i l l a t o r  wave 

f u n c t  ions and by us ing a  genera l  ized Mehler formula f o r  t h e  p roduc t  o f  

Herrnite f u n c t  ions l  

The s o l u t i o n  i n  a  c losed  i n t e g r a l  r e p r e s e n t a t i o n  i s  

where A = E / f i m ,  f o r  r '+  and ~e(-A+N/2-1)  > 0.  

We can c a l c u l a t e  t h e  r a d i a l  Green's  f i n c t i o n  i f  we expand 
N -> + 

C: ( r , r l ; A )  i n  terms o f  p a r t i a l  waves. T h i s  can be done by expanding 



e x p ( 2 r r 1 < / ( 1  -52)-cosB1 i n  a  ser  ies  o f  Neumann type 4.  The rad  ia1 Green's  

f u n c t i o n  i s  g i v e n  by 

. I' ciE <-"1-52)-~ exp {- L (;2+;12)) I 
12 o 1  -e2 L + 2 -  1  I -c2 

] (4) 

N 
w i t h  r '  > r and Re(L + 2 -1) > O where I p ( x )  i s  t h e  modi f  ied Bessel 

f u n c t i o n .  T h i s  r a d i a l  Green's  f u n c t i o n  s a t i s f  i es  t h e  f o l l o w i n g  d  i f f e -  

r e n t i a l  equa t ion  

We can a l s o  determine the  s o l u t i o n  o f  t h i s  d i f f e r e n t i a l  equa- 

t i o n  by means o f  t h e  S t u r m- L i o u v i l l e  method i n  terms o f  t h e  p roduc t  o f  

two W h i t t a k e r ' s  f u n c t  ions 3 

w i t h  r r  > r  and Re [$+ - $1 > 0. 

N X 
We can in t roduce  parameters p  = - + L - 1 and V = - and make 2  2 

one v a r i a b l e  change i n  eq. (4) E-' = c t h  v / 2  i d e n t i f y i n g  w i t h  eq. (6). 

We then have: 

Fi+ 1 w i t h  r '  > r, R e ( - V +  T) > O and Re(p) > 0. 

(4s the  W h i t t a k e r ' s  f u n c t i o n  a r e  a n a l y t i c a l  t h e r e  i s  no l o s s  o f  

genera l  i t y  by change o f  parameters. T h i s  i s  t h e  usual i n t e g r a l  rep re -  

sen ta t  i on  f o r  t h e  p roduc t  o f  two W h i t t a k e r ' s  f u n c t  ions5.  



We can a l  so determ ine one add i t  ion theorem f o r  t h e  p roduc t  o f  

two W h i t t a k e r ' s  f u n c t i o n s  by i n t r o d u c i n g  t h e  f o l l o w i n g  H i l l e - H a r d y  f o r -  

mula f o r  t h e  mod i f  ied Bessel f u n c t  ions i n  eq. (4)  

I n t e g r a t i n g  over  t h e  5 v a r i a b l e ,  we have t h e  f o l l o w i n g  r e s u l t :  

1 w i t h  r ' >  r, ~ e ( - v + p +  -2) > O and ~ e ( y )  > 0. 

3. PARTICULAR CASES 

Funct ions such as  Bessel and Kurnrner a r e  p a r t i c u l a r  cases o f  t h e  

W h i t t a k e r ' s  f u n c t i o n s .  

The Bessel f u n c t i o n  i s  a  p a r t i c u l a r  Wh i t taker  f u n c t i o n 5  when 

v=o 

The i n t e g r a l  r e p r e s e n t a t i o n  f o r  t h e  p roduc t  o f  Bessel f u n c t i o n  

I (r) and K (r') i s  
Fi Fi 



w i t h  r '  > r  and ~ e ( p  + 1/2) > 0. 

The corresponding a d d i t i o n  theorem i s :  

< r r l ) " '  <,(r121 5 ( r 1 / 2 )  = 

w i t h  r '  > r  , Re(~+1 /2 )  > O and Re(p) > 0. 

Kummer func t  ions a r e  r e l a t e d  t o  Wh i t taker  f u n c t  ions by means 

o f  t h e  Kumrner t rans fo rmat  ion5 

1 +v I r i t roduc ing  t h e  parameters - v = - = a a n d  l+l . i=c  and by 
2 

u s i n g  eq. ( 7 )  we have f o r  the  Kummer f u n c t i o n  t h e  f o l  l ow ing  i n t e g r a l  r e -  

p resen ta t  ion: 

(14)  

where ~ e ( a )  > O, Re(c- I )  > O and r '  > r .  We n o t e  t h a t  these two r e s t r i c -  

t ions on parameters a r e  the  usual r e s t r  i c t  ions t o  d e f i n e  the Kummer func- 

t ion. 

The correspond ing add i t  ion  theorem i s  



where we d e f i n e  p = -v+p+1/2 and w i t h  r '  > r. 

I n  o r d e r  t o  complete the  d i s c u s s i o n  o f  c o n f l u e n t  hypergeome- 

t r i c  f u n c t i o n s  we a l s o  present  i n t e g r a l  r e p r e s e n t a t i o n s  f o r  Hermi te and 

Laguerre Pol ynomial S .  

I n  t h i s  case we o n l y  need t o  c a l c u l a t e  t h e  residuum o f  t h e  

i s o t r o p i c  harmonic o s c i l  l a t o r  Green's f u n c t  ion  f o r  a def ined v a l u e  o f  

energy . 

I n  the  one-dimensional case the  residuum o f  t h e  Green's  func -  

t i o n  i s  the  product  o f  two normal ized harmonic o s c i l  l a t o r  wave funct ions 

Res G ( x , ~ '  ; A )  = Yn(X) Y;(x1) 

A=nç1/2 

A s i n g l e  residuum c a l c u l a t i o n  o f  eq.(3) shows t h a t  

- 1 / 2  
Res 1; ( 2 , ~ '  ;A) = n. 

A=nt 1 /2 

1 . -  
2n.7, 

w i t h  X 

duc t  o 

-n 
2 

" > X  and Re(%l) > O .  The i n t e g r a l  rep resen ta t  ion f o r  t h e  

f two Hermi te po l  ynornials i s  

___ H (x )  H ( 2 ' )  = -, 
n n 

r ( n t l  
21TZ 

5=0 

where X '  > X and Re(n+l) > O. 
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For the  Lagrange polynomia ls  we can c a l c u l a t e  t h e  residuum 

o f  t h e  b'i-d imens iona l  Green's f u n c t  ion  as  f o l  lows: 

-+ -+ Res , = exp i- (++;li)) 

X=n+ I 

-+ + -+ 
1 <-(n+3/2) (I - < i )  - 1  2 r . r 1  f:+tfi2 

2Trz - i exp i;:$- < - - 
c= 0 

I n  t h i s  case the  residuum o f  t h e  Green's f u n c t i o n  i s  g i v e n  

b Y 

where k i s  the  rad ia1 quantum number and rn i s  the  az imuthal  quantum 

number. U j i n g  the  wave f u n c t i o n  i n  p o l a r  coord ina tes 6 we have 

-+ -+ 
Res G ( r , r l ; X )  = 

X=n+ 1 

5 
I f  we expand exp. C2r r '  --- tos(@-4')) i n  a Bessel ser  ies4 

n 1-52 
and use the c o n s t r a i n t  k = - -  lml we ge t ,  

2 

w i t h  r ' >  r, ~ e ( n / 2  - m) > O and Re(n/2 - 1) > 0 .  



The i n t e g r a l  rep resen ta t  i on  i n  eq. (18) c a n  a l  so be der  ived 

d i r e c t l y  f rom t h e  genera l  ized Mehler formula.  

We n o t e  t h a t  t h e  genera l i zed  Mehler formula can be used t o  

c a l c u  l a t e  t h e  t ime-dependent i s o t r o p  i c  harmon i c  osc i 1 I a  t o r  Green's f u n -  

t ion, if we change 5 = e x p ( i t )  and mul t i p l  y b o t h  s ides  o f  eq. ( 3 ) by 

e x p ( g ) ,  thus g e t t i n g  

= ( 2 i  s i n t )  
-N/2 

wh i c h  i s  t h e  t ime-dependent i s o t r o p i c  harmon i c  osc i 1  l a t o r  Green's func- 

t ion .  
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