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We have performed, w i t h i n  t h e  framework o f  t h e  o r d i n a r y  quantum 

mechan ics,  a  de ta  i l e d  s tudy o f  t h e  energy e igen func t  ions o f  N iden t  i c a l  

p a r t i c l e s  u s i n g  t h e  i r r e d u c i b l e  r e p r e s e n t a t i o n s  o f  t h e  permuta t ion  group 

i n  t h e  H i l b e r t  space. l t  i s  shown t h a t  the  para- s ta tes ,  as occurs  w i t h  

the  boson and fe rmion  s t a t e s ,  a r e  compat ib le  w i t h  the  p o s t u l a t e s  o fquan-  

tum mechanics and w i t h  t h e  p r i n c i p l e  o f  i n d i s t i n g u i s h a b i l  i t y .  T h i s  paper 

g i v e s  a mathematical suppor t  f o r  t h e  e x i s t e n c e  o f  para-bosons and para-  

- fermions and j u s t i f  ies,  i n  a  c e r t a i n  sense, G e n t i l e ' s  quantum s t a t  i s -  

t i cs .  

Fazemos um estudo pormenor izado, d e n t r o  do forma lismo da me&- 

n i ca  quânt i ca  o r d  i n á r  ia ,  das auto- funções da energ i a  de N p a  r t i c u  l a s  

idên t i cas ,  usando as representações i r r e d u t i v e i s  do grupo de permutações 

no espaço de H i l b e r t .  Mostramos que os  para-estados, assim como o c o r r e  

com os bósons e os  férmions,  são compat íve is  com os postu lados da mecâ- 

n i c a  q u â n t i c a e c o m o p r i n c í p i o d a  i n d i s t i n g u i b i l i d a d e .  Este t r a b a l h o  

fo rnece  um supor te  matemático para a e x i s t ê n c i a  de para-bósons e para-  

- férmions j u s t i f i c a n d o ,  de um c e r t o  modo, a e s t a t í s t i c a  quãn t i ca  de Gen- 

t i l e .  

1. INTRODUCTION 

About f o u r  decades age ~ e n t i l e l - ~  invented, w i t h o u t  any quantum 

m e c h a n i c a l  o r  another  t ype  o f  j u s t i f  i c a t i o n ,  a  p a r a s t a t i s t i c s .  He has 

ob ta ined  a s t a t i s t i c a l  d i s t r i b u t i o n  f u n c t i o n  f o r  a  system o f  N "weakly 



i n t e r a c t i n g l '  p a r t i c l e s  assuming t h a t  t h e  quantum s t a t e s  o f  an i n d i v i d u a l  

p a r t i c l e  can be occupied by an a r b i t r a r y  f i n i t e  number d o f '  p a r t i c l e s .  

The Fermi and the  Bose s t a t i s t i c s  a r e  p a r t i c u l a r  cases o f  t h i s  paras ta -  

t i s t i c s  f o r  2 = 1 and < = -, respec t  i v e l y .  

Ten years l a t e r ,  ~ r e e n ~  has shown t h a t  i n  quantum f i e l d  theory,  

t h e  para-Bose and t h e  para-Ferm i quant i z a t  ions, cons idered as genera l  i - 
z a t i o n s  o f  t h e  Bose and Fermi q u a n t i z a t i o n ,  were t h e o r e t i c a l l y  p o s s i b l e .  

5 - 1 0  
A f t e r  t h i s ,  many papers have been w r i t t e n  about t h e  p a r a- p a r t i c l e s  i n  

the  domain o f  t h e  quantum f i e l d  theory .  Messiah and ~ r e e n b e r ~ "  have 

a l s o  analysed t h i s  problem f rom the  usual  quantum-mechanical s tandpo in t .  

I n  t h i s  work we per fo rm a d e t a i l e d  s tudy,  i n  t h e  o r d i n a r y  quan- 

tum-mechanical approach, o f  t h e  energy e i g e n f u n c t i o n s  o f N i d e n t i c a l  pa r -  

t i c l e s  u s i n g  t h e  i r r e d u c i b l e  r e p r e s e n t a t i o n s  o f  t h e  permuta t ion  group i n  

the  H i l b e r t  space. Ana lys ing  these energy e i g e n f u n c t i o n s  we a r r i v e d  a t  

the  f o l  l ow ing  conc lus ions :  

1) The para- s ta tes ,  as occurs  w i t h  t h e  boson and t h e  fe rm ion  

s t a t e s ,  a r e  compat ib le  w i t h  t h e  p o s t u l a t e s  o f  t h e  Quantum Mechanics and 

w i t h  t h e  Principie o f  I n d i s t i n g u i s h a b i l i t y .  

2)  I n  the  l i m i t  o f  weakly i n t e r a c t  ing para-boson o r  p a r a - f e r -  

mions, t h e  occupat ion number 6,  f o r  t h e  quantum s t a t e s  o f  i nd iv idua l  p a r -  

t i c l e s ,  can be an a r b i t r a r y  f i n i t e  number. 

T h i s  a n a l y s i s ,  which g i v e s  suppor t  t o  t h e  mathematical e x i s t e n -  

ce o f  para- ferm ions and para-bosons w i t h  i n  the  framework o f  quantum me- 

chanics,  j u s t i f  i es ,  i n  a  c e r t a i n  sense, G e n t i l e l s  s t a t i s t  ics.  

2. THE IRREDUCIBLE REPRESENTATIONS OF THE 
PERMUTATION GROUP IN THE HILBERT SPACE 

Let  us cons ider  an i s o l a t e d  system, w i t h  t o t a l  energy, E, com- 

posed by a cons tan t  number N o f  i d e n t i c a l  p a r t i c l e s  t h a t  i s  desc r ibed  

by the  p a r t  i c l e  quantum mechanics. 

I f  H i s  t h e  Harn i l ton ian o p e r a t o r  o f  t h e  system, the  energy 



+ 
eigenfunct ion $, t ha t  obeys the equation H$ = E$ , i s  g iven $ = $ (x,, 

-+ -+ ' 
s,, . . . ,xN,:jN), where xi and S .  denote the p o s i t  ion coordinate and the 

Z 

spin o;ientat ion, respect i ve l  y, o f  the ith par t  i c l e .  We abbreviate the 

p a i r  (z S.) by a  s ing le  number i and ca l  1 1,2,. . . ,N a  p a r t i c l e  conf i- i' ,b 

gurat ion.  The se t  of a l l  possib le conf igura t ions  w i l l  be c a l l e d  thecon-  
(N) f , igura t ion  space E . 

Tlie quantum s ta tes  $ o f  the system composed by N  i den t i ca l  

p a r t i c l e s  are described by tensors" in  a  H i l b e r t  space L, o f  
(N) a l l  square in tegrab le  func t ions  over E . 

Tlie permutat ions Pi ( i  = 1,2,. . . ,N!) o f  the l abe l s  1,2,. . . , N 

o f  E ( ~ )  const i t u t e  the symmetr i c  group s ( ~ )  o f  order N! To each P  we i 
can associate, i n  a  one-to-one correspondence, an u n i t a r y  operator  u@.) 

Z 
(N) ) i n  the L, (E . 

S t a r t i n g  from the general subs t i t u t i ona  

perrnutations Pi l 3  . 
expression f o r  the 

P ~ !  (1) 

where P1 = E i s  the i d e n t i t y  permutat ion and the ai are  numercial coef-  

f i c i en ts ,  we construct  the u n i t a r y  operator  U(V) such as 

Now, i t  i s  we l l  known from group theory t ha t  we can const ruc t  

N! l inear l  y independent subst i t u t  ional express ions o f  the form (1) and 

tha t  any subs t i t u t i ona l  expression can be w r i t t e n  i n  terms o f  them. 

We associate t o  the 1 inear operators Pi, P  i'...' i n  a  one- to 

-one correspondence, a  se t  o f  ma tr ices H(pi) , Í - 4 ~ ~ 1 ,  . . . , such tha t  
(N) H(F'.) .H(P.) = H(P.P.). This se t  i s  a  representat ion o f  i n  E . 

" 3  3  

The representat ions o f  s(') i n  E(N) are re la ted  t o  the p a r t i -  

t i ons  o f  the number N. Any p a r t  i t i o n  o f  N w i  I 1  be d e n o t e d  by  

[a,,a2 ,..., %], where a, + a, + ..  . + % = N, w i t h  al > a2 2 ...>, "k 
I n  what fo l lows,  when no confusion i s  l i k e l y  t o  a r i se ,  we denote the 

p a r t i t i o n  simply by (a) .  O f  course, an i r r educ ib le  representat ion o f  



(N) 

such 

t u r a  

corresponding t o  a p a r t i t i o n  ( a )  o f  N i s  n o t  unique, 

r e p r e s e n t a t i o n s  a r e  e q u i v a l e n t .  I n  t h i s  work we shal 

1  represen ta t  ion.  

Now we spec if y the  N! 1 i near  1 y  independen t subs t 

p ress ions  v t h a t  w i l l  c o n s t i t u t e  t h e  b a s i c  s e t  o f  u n i t s ,  

a1 though a11 

use t h e  na- 

t u i o n a l  ex- 

i n  terms o f  

which any a r b i t r a r y  s u b s t i t u t i o n a l  express ion  can be decomposed. 

The n a t u r a l  u n i t s ,  i n  an i r r e d u c i b l e  r e p r e s e n t a t i o n  ( a ) , o f  t h e  
1 3  

symmetric group s(') a r e  g iven  by 

where = N !  / S ( a ) ,  f ( a )  t h e  dimens ion  o f  t h e  square sub-rnatr i x  as-  
( a )  soc ia ted  t o a g i v e n p S r t i t i o n  ( a ) ,  ~ i : ) ( r , t  = 1,2, . . . , f  ) a r e c o n v e -  

n i e n t  s u b s t i t u t i o n a l  express ions t o  be d e f i n e d  i n  t h e  sequence and 
(a )  
ts 

a r e  t h e  m a t r i x  elements o f  H. The f ( a )  s a t i s f y  t h e  F r o b e n  i u s  theorem 
( a )  C ( $  ) = N ! .  

a  

W h e n N S  4, t h e  c a l c u l a t i o n s  a r e  s i m p l i f i e d  and the  equa t ion  

(3) can be read: 

Correspond ing t o  any p a r t  i t  ion  ( a )  o f  t h e  number N, a c e r t a  i n  

arrangement o f  N spaces, c a l  l e d  a shape, can be ~ o n s t ~ r u c t e d  hav ing  al  
spaces i n  t h e  f i r s t  row, a, i n  t h e  second an so on. By permut ing t h e  N 

pos i t  ions we g e t  N! d i f f e r e n t  arrangernents. Each spat ia1 arrangement i s  

c a l l e d  a tab leau  o f  t h e  g i v e n  shape. O f  t h e  I J !  tab leaux  o f  t h e  shape 

( a )  t h e r e  w i l l  be a c e r t a i n  number P ( a )  which have t h e  p r o p e r t y  t h e t  the 

numbers i n  each row i n  each column a r e  i n  c rescen t  o r d e r .  Such tab leaux  

a r e  c a l l e d  s tandard tab leaux .  I f ,  f o r  a  g i v e n  p a r t i t i o n  ( a ) ,  we d e f i n e  

as an element o f  t h e  p o s i t i v e  symmetric g r o u p  o f  t h e  r o w s  r 
o f a s t a n d a r d  t a b l e a u  a n d  N ( a )  a s  a n  e l e m e n t  o f  t h e  n e g a t i -  t 
ve symmetr i c  group o f  t h e  c o l  urnns, t h e  ~ 2 )  a r e  d e f  ined by t h e  p roduc t  

(a) T h i s  completes t h e  de f  i n i t i o n  o f  Ert . To o b t a i n  t h e  

, g iven by equat ion  ( 3 ) ,  it i s  enough t o  c a l c u l a t e  the 

express ions E$) ,  which i s  a  s t r a i g h t f o r w a r d  procedure.  



The one-to-one correspondence between R and U(R), def ined by 

equat ions (1) and (Z), respect i ve l  y, impl ies a s i m i l a r  correspondence 
(a) between the u n i t s  g:) and the wavefunction' 'Vm , tha t ,  i n  the natura l  

representat ion are  g iven by 

where d a )  i s  a normal i za t  ion constant, ("I ( r ,s)  a re  coe f f  i c i e n t s  t ha t  
j 

assume the va l ues 0, +I and -1  , and the wavefunct ions [Y,, y,, . . . , YN! ] 
(N) ) are base-vectors i n  L 2 ( €  . 

The tensors Y ( ~ )  b(')] rs , w i t h  r ,  s = l,2,. . .,f(a), a re  the 

i r reduc i b l e  representat ions (a) o f  s ( I )  i n  I ~ ( E ( ~ ) )  . The wavefunct ions 

TS ' (a) = E$,:), belong t o  an i r r educ ib le  y(G) t ha t  obey the equat ion Hyps 

sub-space i ( a )  o f  L , ( E ( ~ ) ) .  The d imens ion o f  h(') i s  (f (a) 1 2 

Since the rub-spaces hla) and h('), w i t h  CI f B are  i r r educ i -  
(a) 1 b le,  the sca lar  product <YFS = O.  

There are  two i r reduc i b l e  sub-spaces o f  specia l  i n te res t :  (a) = 
N 

= (N) and (a) = ( I  ) . Since i n  both cases f(a) = 1, the correspond ing 

sub-spaces a re  one-d imens ional . The wavefunct ions assoc ia ted  t o  them 

are, respect ive ly :  

where 6 =:? 1, i f  P i s  an even o r  an odd permutation, respect ive ly .  P 
j j 

There are  onl  y two one-d imens ional sub-spaces. I n  the rema i n  ing 
2 

sub-spaces h (a), w i t h  d imens ions going from 2' up t o  (N-I) , the func- 

t ions '4'2) are  symmetr i c  wi t h  respect t o  some permutat ions, anty-symme- 

t r i c  w i t h  respect t o  others and have an i n d e f i n i t e  sy-metry w i t h  respect 

t o  the rema i n  ing ones. 

To i l l u s t r a t e  the above resu l t s ,  we consider the s implest  non 



t r i v i a l  case o f  N = 3 .  I n  t h i s  case the dimension o f  L , ( €  ( 3 ) )  i s  N! = 6 . 
Ind i ca t i ng  by [ Y ~ ,  Y, ,..., Y,] = ~ ( 1 2 3 1 ,  u(132), u(213), u(231), u(312), 

~ ( 3 2 1 )  the base vectors o f  L , ( E ( ~ ) ) ,  the wavefunction '4'::) = YS t h a t  

belongs t o  the sub-space h ( 3 ) ,  associated t o  the tableau m] i s  

g iven by: 

The t o t a l l y  anti-symmetric f unc t i on  Y A = Y:I3), associafed t o  

the tableau i s  w r i t t e n  as 

. The wavefunctions corresponding t o  this-space 

Y l l  = (1/2)(u(123) + ~ ( 2 1 3 )  - ~ ( 2 3 1 )  - ~ ( 3 2 1 )  

Besides these two one-dimensional sub-states there i s  o n l y  one 

sub-space, w i t h  dimension 4, which i s  associated t 6  the tableaux 

I are:  

These func t  ions, as one can eas i l y  ver i f y ,  obey the propert  ies 

o f  symmetry c i t e d  above. 



3. BASE VECTORS OF THE IRREDUCIBLE SUB-SPACES h '") 

( 01) Since t h e  Y ~ ~ ) ( P , S = I  ,2,...,f ) forrn a s e t  o f  1 i n e a r l y  inde-  

pendent f u n c t  ions tn  h ( a )  we can c o n s t r u c t  by an or thonormal  i i a t  i o n  pro- 

ces;, the  base- vectors o f  t h e  sub-space h  (' which w i l  l be denoted by 

t h e  column v e c t o r  Y ( a ) :  

h ( a )  1 
I . . . . .  I 

where T = ~(f ( 4 ( a ) ) 2  i s  t h e  d imens ion  o f  h  . 
Tht: base v e c t o r s  o f  t h e  one-d imens iona l  sub-spaces a r e  g iven 

s imp ly  by  :TA = yA and YS = ys , where YA and Y S  a r e  de f  ined by equat ions 

( 6 )  and (7). 

We w i l l  show now t h a t  a11 p h y s i c a l  p r o p e r t i e s  o f  o u r  N - p a r t i c l e  

system represented by a g iven  sub-space h (a )  can be ob ta  ined by us ing 

the  base-véictors Y ( a )  s a t  i s f y i n g  b o t h  t h e  p r o b a b i l  i s t  i c  i n t e r p r e t a t i o n  

of quantum mechanics and t h e  p r i n c i p l e  o f  i n d i s t i n g u i s h a b i l  i t y .  

A g iven  perrnutat i on  P  o f  t h e  p a r t i c l e  i n  E ( ~ )  ir represented 

by an u n i t a r y  opera to r  ( I @ )  i n  L , ( E ( ~ ) ) .  Thus, under t h e  permutat ions,  

t h e  base-vectors ~ ( a )  f h  ( a )  i r  changed i n t o  a v e c t o r  X ( a )  E h  ( a )  g i v e n  

by  X ( a )  = U ( P ) Y ( ~ ) .  Th is  permutat i o n  opera t  i on  can a1 so be represented 

by an u n i t a r y  m a t r i x  Ta : X ( a )  = Ta ~ ( a ) .  Since t h e  i r r e d u c i b l e  sub-spa- 

ces a r e  equiva lence c lasses14  d i f f e r e n t  sub-spaces have d i f f e r e n t  sym- 

met ry  p r o p e r t i e s  which a r e  def ined by  Ta m a t r i x .  T h i s  means t h a t  if 

Ta E h ( a )  and T B  € r e s u l t s  Ta # T B  i f  a # 8 .  

For t h e  one-dimensional cases, s ince  XA = U ( P )  YA = - YA and 

X = U ( P )  Y  = Y S ,  t h e  T  rnatr i ces  have o n l  y  one component T  = - 1  and S .S A  
T  = +l. Thiz permuta t ion  o f  p a r t i c l e s  changes t h e  s t a t e- v e c t o r s  o n l y  by 
S 

a numer i c a l  f a c t o r ;  X  and Y  belong t o  t h e  same r a y  i n  t h e  correspon-  

d i n g  sub-spaces. We see t h a t  t h e  permuted s t a t e- v e c t o r  X and t h e  o r i -  

g i n a l  one Y  d e s c r i b e  t h e  same p h y s i c a l  s t a t e ,  t h a t  i s  ( x I 2  = 1 ~ 1 ~ T h i s  

p e r m i t  us t o  i n t e r p r e t  t h e  permutat i on  i n v a r i a n t  f u n c t  ion  I y I 2  as  t h e  

p r o b a b i l  i t y  d e n s i t y  f u n c t i o n .  



+ 
For a  mu l t i - d imens iona l  h ( a ) ,  s ince  TaTa = 1, t h e  square modu- 

+ 
l u s  o f  ~ ( a )  i s  p e r m u t a t i o n- i n v a r i a n t ,  t h a t  i s ,  Y+(a) ~ ( a )  = X  ( a )  X ( a ) .  

'r 
So, f o r  these cases, t h e  f u n c t i o n  I $ ( ' ) I '  = Y+(a)Y(a)  = i.l IY,(a) 1 ' 
can be i n t e r p r e t e d  as t h e  p r o b a b i l  i t y  d e n s i t y  f u n c t  ion. 

We n o t e  t h a t  f o r  t h e  one-dimensional cases t h e  symmetry p ro -  

p e r t  ies o f  i' a r e  v e r y  s  imple because T = '1, whereas f o r  t h e  mul t i - d i -  

mensional h ( " ) ,  t h e  symmetry proper  ies  a r e  n o t  so e v i d e n t  because they 

a r e  def  ined by Ta wh i c h  has ~ f ( ~ ) ]  components. 

To o b t a i n  the  energy e i g e n f u n c t  ions ou bas ic  h y p o t h e s  i s  was 

t h a t  [u(P) ,H) = O .  Consequentl y, [ u ( P ) ,  ~ ( t ) ]  = 0, where ~ ( t )  i s  the  

t ime e v o l u t  i on  opera to r  f o r  t h e  system. 

The e x p e c t a t i o n  va lues o f  an a r b i t r a r y  Hermitean o p e r a t o r  A = 

= A(1,2, .  . . , N )  f o r  the  energy s t a t e - v e c t o r s  Y(a)  and x ( a )  a r e  def  ined 
'r 

by Ã y  = <Y(a) IAIY(a) > = ( 1 / ~ )  C <Yi(a) [AIYi(a) > and $ = < ~ ( a )  [ A I x ( ~ )  >= 
i= l 

7 
L 

( l / - r )  Z <X . (a) (A1x j (a )>,  respec t  i v e l  y.  S ince ~ ( a )  = T ~ ( a )  , we see 
j = 1  3 

t h a t  $ = <X(a) I A ~ x ( ~ ) >  = <Y(a)  T :  A % I Y ( ~ ) >  = <Y(ei) / A Y ( ~ ) >  = iy, im- 

p l y i n g  t h a t  @I(P) ,A]  = O. Moreover, i f  u(P)  cornmutes w i t h  ~ ( t ) ,  t h e  r e -  

l a t i o n  [ u ( P ) , A ( ~ ) ]  = [ V @ ) ,  s + ( ~ ) A s ( ~ ) ]  = O i s  s a t i s f  ied.  T h i s  means 

t h a t  Ã y ( t )  = Ã X ( t )  a t  any i n s t a n t  o f  t h e  t ime.  T h i s  expresses t h e  f a c t  

t h a t  s ince  the  p a r t  i c l e s  a r e  iden t  i c a l ,  any permutat ions o f  them does 

n o t  lead  t o  any observable e f f e c t .  T h i s  conc lus ion  i s  i n  agreement w i t h  

the  p o s t u l a t e  o f  i n d i s t i n g u i s h a b i l  ityl'. 

I n  t h e  1 i m i t  o f  weakly i n t e r a c t i n g  p a r t i c l e s  l e t  i s  i n d i c a t e  

by a,B,y,. . . the  i n d i v i d u a l  s t a t e s  t h a t  can be assumed by the  p a r t i c l e s  

So, w r i t i n g  t h e  base v e c t o r s  I Y  . I  (,=I , 2 , . . .  , N ! )  o f  L , ( &  
2 

('I) i n  the  

form Yi(m,n,p,. . .) = u a ( m ) u g ( n ) u y ( p ) .  . . , one can determine t h e  maximum 

v a l u e  2 f o r  t h e  occupa t ion  number o f  a  g i v e n  s t a t e .  We v e r i f y  t h a t  f o r  

Y ,d = N, which can be a r b i t r a r i l y  l a r g e ,  d = 1 f o r  Y and d goes f rom 
S A 

2 up t o  N-1 f o r  t h e  s t a t e- v e c t o r s  Y ( a )  o f  the  m u l t i -  d i m e n s  i o n a l  s u b -  

spaces h") .  That i s ,  f o r  a  system o f  weakly i n t e r a c t i n g  p a r t i c l e s ,  t h e  

maximum v a l u e  & f o r  t h e  occupa t ion  number o f  an i n d i v i d u a l  quantum s t a -  

t e  can be d = l,2,3, ..., N. I t  i s  equal t o  t h e  number o f  spaces a1 o f  
( a )  t h e  f i r s t  row o f  t h e  Young shape t h a t  i s  assoc ia ted  t o  h  . 



We must n o t e  t h a t  the  genera l  s o l u t i o n  o f  t h e  equa t ion  HY= EY, 

cornpatible w i t h  t h e  p r i n c i p l e s  o f  quanturn rnechanics and the  the  pos tu-  

l a t e  o f  i n d i s t i n g u i s h a b i l  i t y  o f  the  p a r t i c l e s ,  should be g iven  by a l i- 

near superpos i t  ion o f  t h e  s t a t e- v e c t o r s  ~ ( a )  :Y = C C ~ ( a ) ,  where 
C1 C1 

a r e  a r b i t r a r y  numer ica l  cons tan ts .  T h i s  genera l  e i g e n f u n c t i o n  should be 

a c01 umn-vector w i t h  N! rows composed by t h e  colurnn-vectors ~ ( a ) ,  each 

one w i t h  (f (a))2 rows. 

To i l l u s t r a t e  t h i s  s e c t i o n  we r e t u r n  t o  s tudy  t h e  case o f N = 3 .  

To s i r n p l i f y  t h e  n o t a t i o n  we w r i t e  t h e  s e t  o f  l i n e a r l y  independent func-  

t i o n s  yrs, def  ined by t h e  equa t ion  ( \O) ,  as a "colurnn-vector" rX]: 

The base-vector Y o f  t h e  4-d imens iona l  sub-space, c o n s t r u c t e d  

or thogonal  'iz ing [x] i s  g iven by t h e  1 inear  comb i n a t  i o n  o f  t h e  Yrs: 

App ly ing  an a r b i t r a r y  perrnutat ion P, t h e  s e t  h] i s  changed 

i n t o  a new s e t  [X ' ]  : 

Ind i c a t  ing by P. ( i = ]  ,2,. . . , 6 )  t h e  correspond ing permutat ions, we ge t  
Z 
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IxiI= 
y o o o  

,, 0 a 6 
o o y o  

L 



1 B = O ,  y = O  and 6 = 1  f o r  P 1  

a = 0, 6 = 1 ,  y =-1 and 6 =-1 f o r  P, 

a = - i ,  6 = - i  , y = 1  and 6 = O f o r  P 3  

a = O ,  6 = 1 ,  y = 1  and 6 = O  f o r  P, 

a = - I ,  B =-1 , y = O and 6 = 1  f o r  
5 

and a = 1 ,  B = O ,  y =-1 and 6 1 f o r  P, 

With  t h i s  new s e t  [X'] o f  l i n e a r l y  independent f u n c t i o n s  we 

ob ta  i n  t h e  base- vectors X = S h']. Thus, u s i n g  t h e  above r e l a t  ions, f i- 

n a l l y  we o b t a i n  t h e  r e l a t i o n X = T Y  as f o l l o w s :  

where T = SPS-I i s  u n i t a r y ,  as can be e a s i l y  v e r i f  i ed .  

I n  t h e  l i m i t  o f  weakly i n t e r a c t i n g  p a r t i c l e s ,  2 = 3 f o r  Y=YSl, 

d = Z f o r ' f ' = Y a n d d = l  f o r Y = Y  - - A ' 

4. CONCLUSIONS 

Due t o  t h e  i n d i s t i n g u i s h a b i l  i t y  o f  the  N p a r t i c l e s ,  accord ing  

t o  s e c t i o n s  2)  and 3 ) ,  t h e  energy e igenva lue  E i s  N !  degenerate. The 

energy e  igen func t  ions Y(a) t h a t  be long t o  t h e  i r reduc  i b l e s  sub- spaces 

h ( a )  a r e  co lumn-vectors w i t h  r rows where T = ( J @ ( ~ ) ) z  i s  t h e  dimension 

o f  h ( " ) .  The genera l  s o l u t i o n  o f  t h e  equa t ion  h"Y = EY i s  a  column- vec- 

t o r  ' f ' w i t h  N! rows, g i v e n  by  t h e  1 inear s u p e r p o s i t i o n  o f  the  s t a t e -  

where we have p u t  i n  ev idence t h e  one-d imens iona l  rep resen ta t  ions 
Y~ 

and YSand we have denoted t h e  mu l t i - d imens iona l  r e p r e s e n t a t i o n s  by 

Y' (a). 

We must n o t e  t h a t  i t  i s  n o t  p o s s i b l e  t o  determine,by any quan- 

tum-mechan i c a l  c o n s i d e r a t  ion,  t h e  va lues  t h a t  can be assumed by t h e  

cons tan ts  g. 



iiowever, s i n c e  t h e  sub-spaces h ( a )  a r e  equ i va lence  c lasses  i t  

seems reasonable t o  expect  t h a t  the  p a r t i c l e s  w i t h  a common c h a r a c t e -  

r i s t i c  should be represented by a s p e c i f i c  ~ ( a ) .  Indeed, up t o  now, f o r  

a l l  p a r t i c l e s  t h a t  have been t e s t e d  e x p e r i m e n t a l l y  $ i s  o n l y  g i v e n  by 

9 = YS o r  by $ = YA.  I n  t h e  f i r s t  case, t h e  p a r t  i c l e s ,  c a l l e d  bosons, 

have i n  common an i n t e g r a l  sp in .  I n  t h e  second case, t h e  fermions,  an 

odd h a l f - i n t e g r a l  sp in .  

Thus, t h e  bosons a r e  represented by YS and t h e  fe rm ions  by  Y . 
A 

The s t a t e - v e c t o r s  Y 1 ( a )  o f  t h e  mu l t i - d imens iona l  sub-spaces should r e -  

p resen t  p a r t  i c l e s  t h a t  a r e  n e i t h e r  bosons n o r  fermions.  They a r e  c a l  l e d  

para-bosons i f  they  have i n t e g r a l  s p i n  and para- fermions i f  they  have 

an odd h a l f - I n t e g r a l  s p i n 4 y 7 ' 8 .  

Since o n l  y bosons and fermions have been observ td ,  many pa- 
1 5 - 1 8  

p e r s  have been w r i t t e n  t o  p rove  t h a t  o n l y  t o t a l l y  syrnmetricor on ly  

t o t a l  l y  a n t  i- symmetr ic f u n c t  ions can e x i s t  i n  quanturn mechanics i f  t h e  

i n d l s t  i n g u i s h a b i l  i t y  o f  t h e  p a r t i c l e s  i s  assumed. However, the  arguments 

t h a t  have been adopted f o r  t h e  p r o o f  a r e  n o t  cornplete ly  s a t i s f a c t o r i e s  

since, as  i t  was shown by Messiah and ~ r e e n b e r ~ "  and by ~ a a ~ ' ~  , they  

a r e  equ i v a l e n t  t o  impose t h e  one-d imens iona 1 i t y  o f  t h e  e igen func t  ions Y. 

O f  course, i t  i s  q u i t e  p o s s i b l e  t h a t  a l l  p h y s i c a l  p a r t i c l e s  

obey t h e  o r d i n a r y  quantum s t a t i s t i c s  and t h a t  para-bosons and para-  

- fermions do n o t  e x i s t  i n  na tu re .  T h i s  should be an enormous simpl i f  i- 

c a t i o n  o f  t h e  N - i d e n t i c a l  p a r t i c l e s  problem because a11 m u l t i -  dimen- 

s  iona l  rep resen ta t  ions a r e  e l  iminated, rema i n  ing o n l  y  two v e r y  s  impl e  

one-d imens iona l  rep resen ta t  ions. 

As, a t  l e a s t  i n  p r i n c i p l e ,  t h e r e  a r e  no t h e o r e t i c a l  i ncons is -  

t e n c i e s  a t t h e  leve1 o f  wave mechanics i n  adopt ing any i r r e d u c  i b l e  r e -  

p resen ta t  i on  sub-space f o r  descr  i b  ing t h e  quantum s ta tes ,  we a r e  o b l  i- 

ged t o  accept  an "a p r i o r  i" argument t o  r u l e  o u t  t h e  inconvenient  r e-  

presen ta t  ions. We adopt i n  t h i s  case t h e  Symmetr i z a t  i on  P o s t u l a t e  which 

can be i n t e r p r e t e d  as a supplementary c o n d i t i o n  f o r  t h e  quantum pro -  

blem. 

1 - 3  
The Gent i l e  p a r a s t a t  i s t  i c s  was developed t o  t r e a t  p a r t i -  

c l e s  which have an a r b i t r a r y  f i n  i t e  occupat ion  number d .  The fe rmion  - 



and boson d e s c r i p t i o n s  a r e  ob ta ined  as  p a r t i c u l a r  cases o f  t h i s  paras-  

t a t  i s t i c s  f o r  d=l  and d = -, r e s p e c t i v e l y .  The p a r a - p a r t i c l e s  should 

be descr ibed  f o r  a  f i n i t e  d >  1 .  

Even assuming t h a t  t h e  p a r a - p a r t i c l e s  do n o t  e x i s t  i n  na tu -  

re ,  i n  o u r  o p i n i o n ,  G e n t i l e ' s  approach i s  v e r y  impor tant  as an impro- 

vement o f  Bose s t a t i s t i c s .  I t  i s  a b l e  t o  d e s c r i b e  more r e a l  i s t i c a l l y  

and more a c c u r a t e l y  t h e  systems composed o f  a  f i n i t e  number N o f  bo- 
1 - 3 , 2 0 , 2 1  

sons . I n  t h i s  sense, Bose s t a t  i s t i c s  should be r i g o r o u s l y  va- 

1 i d  o n l y  i n  t h e  l i m i t  o f  N-)03 as i t  occurs,  f o r  instance,  w i t h  t h e  pho- 

tons i n  a c a v i t y Z 2 .  

I n  quantum f i e l d  theory ,  s p e c i f  i c  t h e o r e t  i c a l  model s ~ ' ~ '  '- 
have been proposed t o  see i f  a11 p a r t i c l e s  obey e i t h e r  Bose o r  Fermi 

s t a t i s t  i c s .  Among t h e  a l t e r n a t i v e s  f o r  t h e  problern23 we quote t h a t  

~ r e e n '  showed t h a t  quantum s t a t  i s t  i c s  can be cons ide rab l  y  genera l  i- 

zed i f  one quant izes f i e l d s  accord ing  t o  a system o f  axioms t h a t  aban- 

don t h e  u s u a l l y  accepted c-numbers p o s t u l a t e ,  i . e . ,  t h e  requirement 

f o r  the  commutador o r  t h e  ant i- commutator o f  two f i e l d  t o  be a c-num- 

ber .  A s t r o n g  i n d i c a t  ion i n  suppor t  o f  Green's p a r a s t a t  i s t  i c s  con jec -  

t u r e  i s  g iven  by t h e  decomposit ion o f  a  p a r a f  i e l d .  Thus, f o r  instance,  

a  para-Fermi f i e l d  of o r d e r  may be w r i t t e n  as t h e  sum o f p  m u t u a l l y  

commut ing Fermi f i e l d s .  The observables should be f u n c t  ions o f  t h e  pa- 

r a f i e l d  and t h e  t h e o r e t i c a l  p o s s i b i l  i t i e s  f o r  t h e i r  s e l e c t i o n  a r e  res-  

t r i c t e d  by t h e  p r i n c i p l e  o f  l o c a l  i t y .  By adop t ing  t h e  p o i n t  o f  v iew o f  

Dopl i cher ,  Haag and ~ o b e r t s ~ ' ' ~ ~ ,  i f  t h e  n e t  U o f  a lgebras  o f  l o c a l  

observables i s  t h e  bas ic  mathematical o b j e c t  o f  t h e  theory,  and i f  we 

cons ider  a s e t  C as s t a t e s  over  U as r e p r e s e n t i n g  t h e  s t a t e s  o f  i n t e -  

r e s t  i n  e lementary p a r t i c l e  phys ics,  i t  i s  p o s s i b l e  t o  show t h a t  t h e  

pure s t a t e s  o f  t h i s  se t  a r e  subd iv ided  i n t o  superse lec t  i on  s e c t o r s .  

Each s u p e r s e l e c t i o n  s e c t o r  i s  l a b e l l e d  by genera l  ized charge quantum 

numbers and possesses a " s t a t i s t i c s  parameters" X which determines t h e  

na tu re  o f  t h e  r e p r e s e n t a t i o n s  o f  t h e  group s ( ~ )  o f  t h e  permutat ions on 

n elements, f o r  a11 n. T h i s  group i s  analogous t o  t h a t  considered i n  - - 
sect  ions 2)  and 3 ) ,  which a r i s e s  i n  wave mechanics when permut ing t h e  

arguments o f  t h e  N- p a r t i c l e s  s t a t e- v e c t o r s .  

Thus, i f  taken i n  a v e r y  c a u t i o n s  sense, we can f o l l o w  t h e  



analogy, and say t h a t  G e n t i l e  has a n t e c i p a t e d  t h e  f o r m u l a t i o n  o f  paras- 

t a t i s t  i c s  i n  t h e  scheme o f  wave mechanics. I t  i s  a l s o  i n t e r e s t  ing t o  

n o t e  t h a t  t h e  assurnpt ion o f  a f i n i t e  - d i n  t h e  quantum s t a t  i 5 t  i c s  o f  

Gent i l e  i s  compat i b l e  w i t h  t h e  occupat i o n  nunbc:rs deduced by Green f rom 

h i s  quantuin t h e o r e t i c a l  f i e l d  reasoning.  However, t o  pursue such an 

analogy i s  o u t s i d e  t h e  scope o f  t h e  p resen t  work and o n l y  t h i s  b r i e f  

remark i s  ~ e r r n i t e d  here.  
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