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We discuss Cartan's s t ruc tu re  equations on complex mani fo lds 

and deduce holomorf i c  express ions f o r  curvature def  ined over t h i s  ma- 

n i f o l d .  I t ' s  poss ib le  t o  const ruc t  complex vers ions o f  E ins te in  f i e l d  

equat ions by con t rac t  ions o f  t h i s  curvature.  

Discutimos as equações de es t ru tu ra  de Cartan em uma var ieda-  

de complexa e  deduzimos expressões holomorfas para a  curvatura def i n  i- 

da sobre essa variedade. E possível se cons t ru i r  versões complexas das 

equações de campo de E ins te in  através de contrações da curvatura.  

1. INTRODUCTION 

I t ' s  we l l  known' t ha t  complex vers ions o f  Einstein 's equat ions 

are  easier  t o  solve than t h e i r  rea l  forms. We consider-here a  complex 
a  a  

m a n i f o l d d e f i n e d w i t h c o m p l e x c o o r d i n a t e s  z = o a + &  where  runs 

from 1 t o  n and a from n+l t o  2n (n i s  a  p o s i t i v e  integer).Over t h i s  

man i f o l d  def ine  a  metr i c  s t ruc tu re 2 

where bar over z denotes complex conjugat ion and 8 i s  the usual ten- 
a  

sor ia1 product. I n t h i s  way g = 2g - dz 8 dzB def ines a  covar ian t  
a% 

met r ic  o f  ( I , ] )  type. We use two d i f f e r e n t  kinds o f  e x t e r i o r  d e r i v a t i -  



ve besides t h a t  o p e r a t o r  d used i n  r e a l  r iemannian man i fo lds .  

F l a h e r t y  has shown t h a t  d = ü + 5. 

Over t h i s  m a n i f o l d  we use d i f f e r e i i t  i a l  forms o f  t ypes  

and (1 ,O): 

i )  t ype  (1 ,O) : w = R dz 
a 

a 

a 
i i )  t ype  ( 0 , l )  : w = R- dz 

a 

forms o f  h igher  degree a r e  ob ta ined  th rough  t h e  e x t e r i o r  p roduc t  

we can form v a r i o u s  t ypes  o f  2- forms: 

mathemat i c a l  s t r u c t u r e s  l i k e  g -, -3, w -, w- a r e  a l l  holomorphic 
a aB a aB a8 

f u n c t  ions o f  coord ina tes  z and z . 

2. CARTAN'S EQUATIONS ON COMPLEX FIIEMANNIAN 
MANIFOLDS 

S t a r t i n g  w i t h  an n-dimensional r e a l  a n a l y t i c  m a n i f o l d  N one 

c o n s t r u c t  an n-dimensional complex m a n i f o l d  by a l l o w i n g  t h e  coord ina-  

t e s  t o  take  complex va lues  and a n a l y t i c  ex tend ing  t h e  c o o r d i n a t e  t rans-  

f o r m a t i o n  maps. The r e s u l t i n g  complex m a n i f o l d  ?I i s  a l s o  a 2n-dimen- 

s iona l  r e a l  a n a l y t i c a l  m a n i f o l d  i n  which Iil s i t s  as  an n-dimensional 

submanifold, g i ven  l o c a l l y  by: 

- - 
a a a a a i n  the  a n a l y t  i c a l  l y  con t inued  c o o r d i n a t e s  z = x + z k  , x and 2 a r e  



r e a l  coord ina tes .  ( ~ o r  a d i s c u s s i o n  o f  r e a l  s l  i ces  on  complex space- 

-t ime see r e f .  ( 2 ) ) .  We d o t t e d  t h i s  complex m a n i f o l d  w i  t h  a I - form co-  

nex ion  : 

and w r i t e  C a r t a n ' s  express ions on t h i s  m a n i f o l d  as: 

where t h e  ha t  denotes as  u s u a l l y  t h e  e x t e r i o r  p roduc t  between forms and 

idz"1 l i k e  {dzU1 a r e  b a s i s  I - fo rms.  Remenbering t h a t  t h e  o p e r a t o r  d i s  

g iven  by: 

d = a + ã  

we have 

where we have used (2.2)  we can expl  i c  i t wr i t e  t h e  second term i n  ( 2 3 )  

as  

S u b s t i t u t i n g  (2.4) and (2.5)  i n  (2.3) and comparing b o t h  s i -  

des o f  t h e  l a s t  express ion  i s  easy t o  deduce f o r  c u r v a t u r e  



Other s i m i l a r  express ions f o r  R a 
6 ~ 6  

same way c o n s i d e r i n g  o t h e r  k inds  o f  

l t ' s  p o s s i b l e  t o  c o n s t r u c t  

and Ra- cou ld  be deduced i n  t h e  B Y ~  
comp1e.x I -forms as:  

comp1e.x v e r s i o n s  o f  E i n s t e i n  equa- 

t ions by t a k i n g  c o n t r a c t  ions o f  c u r v a t u r e  express ions l i ke (2.6) .  
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